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Abstract 

The paper shows how a specific notion of consistency 

based on a definition of interactions of decision goals is 

linked with the notion of separability. Subsets of deci-

sion alternatives for which additive aggregation as deci-

sion making concept is allowed are systematically iden-

tified. These subsets contain alternatives compatible 

with their preferences and are explicitly calculated in 

polynomial time. Linear preference information given 

separately for every single goal turns out to be suffi-

cient in order to describe the input preferences. Despite 

of this linearity heuristics serving for the resolution of 

multidimensional decision and optimization problems 

with interacting goals can be formulated. 

Keywords: Decision making, preference relations, sep-

arability of preferences, interactions between goals, ef-

ficient optimization heuristics. 

1. Introduction 

In decision making and optimization in many cases 

weighted sums are used [1], [5], [13], [18], [19], [22], 

[23], [24], [25]. In all such cases implicitly additive 

separability is thus assumed. In some other cases the 

separability is explicitly assumed and the approaches 

then explicitly deal with separable problems only, for 

example recently in [21]. In [2] and [3] the negative 

implications of this assumption is mentioned and in [6] 

described in detail. Basically, if there are (for instance 

complementary) interactions between the criteria or 

goals then the preferences are not additive. In some 

cases this fact is compensated by assuming the prefer-

ence relation as given and explicitly known on all pos-

sible subsets of the set of the decision alternatives, i.e. 

on its power set [15]. Even if there are some interesting 

properties like the so-called commensurability [16], 

there is no escape from the combinatorial complexity of 

such representations of preference information. Nor is 

this the case if tree oriented representations of the pref-

erences are chosen [20]. 

In real world decision and optimization problems 

however, not only the complexity from the point of 

view of the representation of the preferences is a prob-

lem, but also providing the preferences as input as such. 

This is because the stakeholders of the processes to be 

optimized usually are not able to provide such complex 

(even if it is not combinatorial) preference information 

in advance. Either the preference information is simply 

not known or it changes continuously or both. Howev-

er, what can usually be provided is a preference of deci-

sion alternatives, linearly for each decision goal, deci-

sion goal by decision goal. To a certain extent this is 

obvious because in almost all business processes there 

are some so-called key performance indicators (KPIs) 

that are linearly expressing the positive or negative 

quality of possible decision options KPI by KPI. If such 

rankings are considered as linear preferences then the 

challenge is to take this minimum complex input and 

calculate maximum complex (optimization) decisions 

as if they had been calculated based on nonlinear pref-

erence information. 

The paper shows how a specific decision model to-

gether with the notion of consistency based on a defini-

tion of interactions of decision goals is linked with the 

notion of separability. Subsets of decision alternatives 

for which additive aggregation as decision making con-

cept is allowed are systematically identified. These sub-

sets contain alternatives compatible with their prefer-

ences and are explicitly calculated in polynomial time. 

Linear preference information given goal by goal 

for every single goal turns out to be sufficient as input. 

Of course, in general such kind of single goal linear 

preference information may be partly inconsistent with 

respect to the other goals. If this is the case then the in-

consistencies are revealed based on the concept of in-

teractions between the decision goals the linear prefer-

ences are given for.  

Using the described decision model several complex 

real world optimization problems have been heuristical-

ly solved [9], [12] with efficient (polynomial) computa-

tional time [10]. The link to the notion of separability 

helps to understand how to formulate such heuristics.  

The subsequent sections of the paper are organized 

as follows. First in order to provide for consistent read-

ability of the paper a description of the concept of deci-

sion making based on interactions between goals al-

ready introduced in [7], [8] is repeated (Section 2). 

Then it is also repeated [11] how the concept is used in 

order to transform preference information into decision 

goals (Section 3) and how to express consistency of 

preferences in terms of interactions between decision 

goals. In Section 4 the link between the r-concistency 

and the separability condition is shown. In Section 5 the 

consequences of the results of the previous sections are 

discussed. Some conclusions close the paper.  
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2. Decision Making based on Interactions between 

Goals 

In the following four subsections the steps of decision 

making based on interaction between decision goals 

(DMIG) are described. First the notion of positive and 

negative impact sets is introduced. Then different types 

of interaction between goals are defined. After this it is 

shown how interactions between goals are used in order 

to aggregate pairs of goals to the so called local deci-

sion sets. Then it is described how the local decision 

sets are used for the calculation of a final decision set. 

 

2.1. Positive and Negative Impact Sets (Step 1)  

Before we define interactions between goals as fuzzy 

relations, we introduce the notion of the positive impact 

set and the negative impact set of a goal. A more de-

tailed discussion can be found in [7] and [8]. 

 

Definition 1) 

Definition 1a) 

1. Let A be a non-empty and finite set of decision al-

ternatives, G a non-empty and finite set of goals,  

A  G . 

For each goal g we define the two fuzzy sets Sg 

and Dg, each from A into [0, 1] by:  

Positive impact function of the goal g: Sg(a):= , if 

a affects g positively with degree,  

Sg(a):=0 else. 

2. Negative impact function of the goal g: Dg(a):= , 

if a affects g negatively with degree , Dg(a):=0 

else. 

Definition 1b) 

Let Sg and Dg be defined as in Definition 1a). Sg is 

called the positive impact set of g and Dg the negative 

impact set of g. 

The set Sg contains alternatives with a positive im-

pact on the goal g and  is the degree of the positive 

impact. The set Dg contains alternatives with a negative 

impact on the goal g and  is the degree of the negative 

impact. 

 

2.2. Interactions between Goals (Step 2) 

Let P(A) be the set of all fuzzy subsets of A. Let 

X, Y  P(A), x and y the membership functions of X 

and Y respectively. Assume now that we have a binary 

fuzzy inclusion 𝐼: 𝑃(𝐴) × 𝑃(𝐴) → [0,1] and a fuzzy 

non-inclusion 𝑁: 𝑃(𝐴) × 𝑃(𝐴) → [0,1], such that 

𝑁(𝑋, 𝑌) = 1 − 𝑃(𝑋, 𝑌). 

In such a case the degree of inclusions and non-

inclusions between the impact sets of two goals indicate 

the degree of the existence of interaction between these 

two goals. The higher the degree of inclusion between 

the positive impact sets of two goals, the more coopera-

tive the interaction between them. The higher the de-

gree of inclusion between the positive impact set of one 

goal and the negative impact set of the second, the more 

competitive the interaction. The non-inclusions are 

evaluated in a similar way. The higher the degree of 

non-inclusion between the positive impact sets of two 

goals the less cooperative the interaction between them. 

The higher the degree of non-inclusion between the 

positive impact set of one goal and the negative impact 

set of the second, the less competitive the relationship. 

The pair (Sg, Dg) represents the whole known impact 

of alternatives on the goal g. Then Sg is the fuzzy set of 

alternatives which satisfy the goal g. Dg is the fuzzy set 

of alternatives, which are rather not recommendable 

from the point of view of satisfying the goal g. 

Based on the inclusion and non-inclusion between 

the impact sets of the goals as described above, 8 basic 

fuzzy types of interaction between goals are defined. 

The different types of interaction describe the spectrum 

from a high confluence between goals (analogy) to a 

strict competition (trade-off) [7]. 

 

The fuzzy types of interaction between two goals are 

defined as relations which are fuzzy subsets of as fol-

lows: 

 

𝑔1𝑖𝑠 𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑡 𝑜𝑓 𝑔2 

: ⇔   𝑇(𝑁(𝑆1, 𝑆2), 𝑁(𝑆1, 𝐷2), 𝑁(𝑆2, 𝐷1), 𝑁(𝐷1, 𝐷2)) 

 

𝑔1𝑎𝑠𝑠𝑖𝑠𝑡𝑠 𝑔2: ⇔   𝑇(I(𝑆1, 𝑆2), 𝑁(𝑆1, 𝐷2)) 

 

𝑔1cooperates 𝑔2: ⇔  𝑇(I(𝑆1, 𝑆2), 𝑁(𝑆1, 𝐷2), 𝑁(𝑆2, 𝐷1)) 

 

𝑔1is analogous to 𝑔2 

: ⇔   𝑇(I(𝑆1, 𝑆2), 𝑁(𝑆1, 𝐷2), 𝑁(𝑆2, 𝐷1), 𝐼(𝐷1 , 𝐷2)) 

 

𝑔1hinders 𝑔2: ⇔   𝑇(N(𝑆1, 𝑆2), I(𝑆1, 𝐷2)) 

 

𝑔1competes with 𝑔2 

: ⇔   𝑇(N(𝑆1, 𝑆2), I(𝑆1, 𝐷2), I(𝑆2, 𝐷1)) 

 

𝑔1is in trade − off  to 𝑔2 

: ⇔   𝑇(N(𝑆1, 𝑆2), I(𝑆1, 𝐷2), I(𝑆2, 𝐷1), N(𝐷1 , 𝐷2)) 

 

𝑔1is unspecified dependent from to 𝑔2 

: ⇔   𝑇(I(𝑆1, 𝑆2), I(𝑆1, 𝐷2), 𝐼(𝑆2, 𝐷1), 𝐼(𝐷1 , 𝐷2)) 

 

Note that the complexity of the calculation of every 

type of interaction between two goals is O(card(A) * 

card(A)) = O((card(A))
2
) [4]. 

 

2.3. Two Goals Decisions based on the Type of their 

Interaction and Goal Priorities (Step 3) 

The interactions between goals are crucial for an ade-

quate orientation during the decision making process 

because they reflect the way the goals depend on each 

other and describe the pros and cons of the decision al-

 1,0,,,  GgAa
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ternatives with respect to the goals. For example, for 

cooperative goals a conjunctive decision modeling is 

appropriate. If the goals are rather competitive, then de-

cisions calculated based on an exclusive disjunction are 

appropriate. For a more detailed formal discussion see 

for instance [7], [8]. 

Especially in case of competitive goals for which the 

decision is rather an “either or” one it is needed to know 

which of the goals is more important than the other in 

order to resolve the contradiction implied by the com-

petition. In strongly competitive decision situations this 

information is expressed in terms of goal priorities and 

then combined with the knowledge of the competition 

as follows: if (g1 is in trade-off to g2 ) and  (g1 is slightly 

more important than g2) then 

L1,2  := S1 / D2, where L1,2 is the so called local or 

two-goals decision set for the goals g1 and g2. 

In case of very similar goals (analogous or coopera-

tive goals) the priority information even is not neces-

sary and the local decision set is calculated as if (g1 co-

operates with g2) then L1,2  := S1S2 because S1S2  

surely satisfies both goals. 

In this way for every pair of goals gi and gj, 

i,jϵ{1,…,n}, decision sets are aggregated. The im-

portance of goals is expressed by the so called goal pri-

orities. A priority of a goal gi is modelled as a real 

number Piϵ[0,1]. The comparison of the priorities is 

modelled based on the linear ordering of the real inter-

val [0,1]. The statements like gi is slightly more im-

portant than gj are defined as linguistic labels that simp-

ly express the extent of the difference between Pi and Pj 

(for more details see [2]). 

 

2.4. Final Multigoal Decision based on the Local 

Decision Sets (Step 4) 

The next step of the decision process is the calculation 

of the final multigoal decision. The calculation of the 

final decision is performed based on an intersection 

procedure of all local decision sets Li,j. Again a priority 

information assumed as given is used to build a semi-

linear order of the local decision sets by sorting them. 

The sorting process sorts the local decision sets with 

respect to the priorities of the goals. Subsequently an 

intersection set of all local decision sets is built. If this 

intersection set is empty then the intersection of all lo-

cal decision sets except the last one in the hierarchy is 

built. If the resulting intersection set again is empty 

then the second last local decision set is excluded from 

the intersection process. The process iterates until the 

intersection is not empty (or more generally speaking 

until its fuzzy cardinality is big enough with respect to a 

given threshold). The first nonempty intersection in the 

iteration process is the final (multigoal) decision set and 

the membership values of this set give a ranking of the 

decision alternatives that is the result of the decision 

process. The set of indices {i1,…,ik } indicates, which 

set of goals {gi1
, … , gik

} of which local decision sets Lr,s , 

r,s ∈ {i1,…,ik } have contributed to F{i1,…,ik}  (for more 

details see [7]). Please note, that as already discussed 

for instance in [12] the complexity of the decision pro-

cess is O((card(A))
2
 * (card(G))

2
) and the complexity of 

the information required for the description of  both the 

positive and the negative impact functions is O(card(A) 

* card(G)). Please note also that if there is no priority 

information given, the local decision sets Li,j  may be 

sorted w.l.o.g only according to their fuzzy cardinali-

ties. 

3. Application of the Decision Making based on In-

teractions between Goals to Alternatives ranked 

by Reduced Preference Relations 

In preference-based decision making the input prefer-

ence information has to be defined upon the power set 

of the decision alternatives [7]. This means that the 

complexity of the input information required is expo-

nential with respect to the cardinality of the set of deci-

sion alternatives. This also means that the input infor-

mation required is very difficult to obtain. Especially if 

the number of decision goals increases and the goals are 

partly conflicting the required preference information 

has to be multidimensional and the provider of the pref-

erence information has to express all the multidimen-

sional interactions between the goals through the pref-

erence relation. With an increasing number of goals and 

interactions between them the complexity of the re-

quired input preference relation possesses the same 

complexity as the decision problem itself. But, if the 

complexity of the required input is the same as the solu-

tion of the underlying decision problem itself then the 

subsequent processing of the input does not really help 

to solve the problem and is rather obsolete. 

Therefore we propose to reduce the complexity of the 

input preference relation. Instead of requiring a prefer-

ence relation defined upon the power set of the set of 

the decision alternatives, which expresses the multidi-

mensionality of the impacts of the decision alternatives 

on the goals, for every single decision goal a linear 

preference ranking of the decision alternatives with re-

spect to that goal is required. This means that for every 

goal a preference ranking defined on the set of decision 

alternatives is required instead of a ranking defined on 

the power set of the alternatives. The multidimensional-

ity of the goals is then computed from all the single 

goal preference rankings using the concept of interac-

tions between the goals as defined in section 2.2. 

Subsequently we extend Definition 1. The extension 

defines how a single goal preference ranking defined on 

the set of the decision alternatives is transformed into 

positive and negative impact sets: 

 

Definition 1c) 

Let A be a non-empty and finite set of  decision al-

ternatives, G a non-empty, finite set of goals as defined 

in Definition 1a), 𝐴 ∩ 𝐺 = ∅, 𝑎 ∈ 𝐴, 𝑔 ∈, 𝛿 ∈ (0,1] 
Let  >𝑝𝑔

 be a preference ranking defined upon A with 

respect to g defining a total order upon A with respect 

to g, such that 𝑎𝑖1 >𝑝𝑔
𝑎𝑖2 >𝑝𝑔

𝑎𝑖3 >𝑝𝑔
… >𝑝𝑔

𝑎𝑖𝑚  ,     

where m=card(A) and   aij, aik  A, aij  >pg  aik  : aij  

is preferred to  aik  with respect to the goal g. The pref-

erence relation  >𝑝𝑔
 is called the reduced single goal 

preference relation of the goal g. 
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For simplicity, instead of  >𝑝𝑔
 we also equivalently 

write RSPR of the goal g. All the RSPRs for all g  G 

are called the reduced preference relation RPR for the 

whole set of goals G. In order to avoid complete redun-

dancy within the RPR we additionally define that the 

RSPRs of all the goals are different. 

Let us assume that there is a decision situation with n 

decision goals where n=card(G) and m decision alterna-

tives where m=card(A). In the subsequent we propose 

an additional extension of the original definition Def. 

1b with the aim to transform the single goal preference 

relations RSPR of every goals g  G into the positive 

and negative impact sets Sg and Dg: 

 

Defintion 1d) 

Let again A be a non-empty and finite set of  decision 

alternatives, G a non-empty, finite set of goals as de-

fined in Def. 1) a),  A  B  , aiA, m=card(A), 

gG, i, c {1, …, m}. For any goal g we obtain both 

the positive and the negative impact sets Sg and Dg by 

defining the values of  according to Def. 1a) and 1b) 

as follows: 

1.  For the positive impact set: 

Sg(ai)=:=1/i iff i[1,c–1],  Sg(ai)=:=0 iff 

i[c,m]. 

2.  For the negative impact set:  

Dg(ai)=:=0 iff i[1,c–1],  Sg(ai) = := 1/(m-i+1) iff 

i[c, m]. 

Using the Definition 1a) and Definition 1b) for any goal 

gG we obtain a transformation of the RPR into posi-

tive and negative impact sets of all the goals and can 

evaluate the interactions of the goals using Definition 2 

that are induced by the RPR. 

Compared to classical preference based decision 

models this transformation helps to reduce the complex-

ity of the input preference information required without 

losing modeling power for complex real world prob-

lems. The advantage is that using Definition 2, the in-

teractions between goals that are induced by the RPR 

expose the incompatibilities and compatibilities that 

may be hidden in the RPR. The exposed incompatibili-

ties and compatibilities are explicitly used during the 

further calculation of the decision sets. Note that the 

exposition is calculated with a polynomial number of 

calculation steps with degree 2. The only additional in-

formation required from the decision maker is the prior-

ity information for each goal, which has to be expressed 

as a weight with a value between 0 and 1. Many real 

world applications show that despite the reduced input 

complexity there is no substantial loss of decision quali-

ty [3]. 

In particular this means that it is not necessary to 

have classical preference relations defined upon the 

power set of the decision alternatives in order to handle 

complex decision problems with both positively and 

negatively interacting decision goals. 

 

Another interesting question is how the decision mak-

ing based on interactions between decision goals is 

formally related to decision methods based on utility 

functions or weighted sums. In order to investigate this 

we introduce the notion of r-consistency of RPRs and 

will consider the question under which conditions the 

weighted sum may be appropriate from the point of 

view of the application of the decision making based on 

interactions between goals if we have an RPR as input. 

For this we define the following: 

 

Definition 3) 

Given a discrete and finite set A of decision alterna-

tives and given a discrete and finite set G of goals. Let r 

 (0,1]. The reduced preference relation RPR is called 

r-consistent :  A´ ⊆ A such that  (gi ,gj)  GG, i,j 

 {1, … ,k},k  ≤  n, n =card(G), (gi cooperates with gj) 

 r. 

Intuitively, the r-consistency expresses that the RPR 

is at least partly consistently structured and that some of 

the preferences to a certain extent go along which each 

other. This can be seen by observing the induced inter-

action structure of the induced goals: If there is a subset 

A´ ⊆ A for which all goals cooperate then there is some 

consistency of the RPR. Let us now consider an im-

portant consequence of r-consistency. The notion of r-

consistency will later be used to characterize a new 

condition for the separability of the RPR in context with 

decisions calculated based on the interaction of decision 

goals. Consequently this will help to recognize to which 

extent weighted sum based decisions may lead to an 

appropriate result. 

4. The Notions r-consistency and the Separability of 

Preferences 

In decision making and optimization in context with 

multiple goals it is usually assumed that the separability 

condition holds and therefore utility functions based on 

weighted sums are a valid calculation method [6]. Ac-

cording to [3], for commodity choice problems separa-

bility is defined as follows: 

 

Definition 4) 

Let M be a subset of the commodity set {1, .. n} with 

m < n members and let ~𝑀 be the set of commodities 

not in M. Let the consumption set 𝑆 be the Cartesian 

product  𝑆𝑀  𝑥 𝑆~𝑀 of possible consumption bundles of 

the goods in M and of goods in ~𝑀 (1
. Where 𝑥 ∈ 𝑆, we 

write 𝑥 = (𝑥𝑀 , 𝑥~𝑀), where 𝑥𝑀 is an m vector listing a 

quantity of each good in M and 𝑥~𝑀 lists a quantity of 

each good in ~𝑀. 

Preferences R are separable on M if whenever it is true 

that if  𝑥 = (𝑥𝑀 , 𝑥~𝑀) R 𝑥 = (𝑥′
𝑀 , 𝑥~𝑀) for some 𝑥~𝑀,  

it must also be that 𝑥 = (𝑥𝑀 , 𝑥′~𝑀) R 𝑥 = (𝑥′
𝑀, 𝑥′~𝑀) 

for all 𝑥′
~𝑀  ∈  𝑆~𝑀. 

 

Let us now adopt Definition 4) to the decision making 

described in the previous section in the following way: 

                                                           

𝑆
𝑆𝑀  𝑎𝑛𝑑 𝑆~𝑀

M

~𝑀
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𝐺𝑘 : = {𝑔𝑖1
, … , 𝑔𝑖𝑘

} ⊆

𝐹{𝑖1,…,𝑖𝑘}  ∈

|𝐺|
𝐹𝐺𝑘 𝐹{𝑖1,…,𝑖𝑘}

𝐹~𝐺𝑘 𝐴 \ 𝐹𝐺𝑘

𝐹𝐺𝑘

𝐹𝐺𝑘 ∪ 𝐹~𝐺𝑘

 

Let us now consider the 𝐹𝐺𝑘  as result of the decision 

making procedure as described in section 2.4. Intuitive-

ly, the higher the value of k for a 𝐹𝐺𝑘  the higher the 

number of goals that are simultaneously positively im-

pacted by the decision alternatives 𝑎 ∈  𝐹𝐺𝑘 ⊂ 𝐴.  

Therefore a final decision set 𝐹𝐺𝑘 is preferred to anoth-

er final decision set 𝐹𝐺𝑙  if more goals are persecuted 

simultaneously, that means if  𝑘 > 𝑙. 
 

Now the definition of separability as defined in Defini-

tion 5 is used in order to formally describe how some 

final decision sets obtained based on interactions be-

tween decision goals may be preferred to others. For 

this new preference relation PREF defined upon 

𝑃(𝐴) 𝑥 𝑃(𝐴) is introduced as follows: 

 

Definition 6) 

Let (𝐹𝐺𝑘 ,   𝐹~𝐺𝑘) and (𝐹′
𝐺𝑘 ′ ,   𝐹~𝐺𝑘) be subsets of A. 

Let PREF be defined upon 𝑃(𝐴) × 𝑃(𝐴) as 

(𝐹𝐺𝑘 ,   𝐹~𝐺𝑘) PREF (𝐹′
𝐺𝑘 ′ ,   𝐹~𝐺𝑘) : ⇔ if  𝑘 > 𝑘′. 

 

Intuitively PREF means that we prefer a global decision 

set to another one if the decision alternatives belonging 

to the preferred decision set have a positive impact on 

more goals. Please note that the index i in each 𝐹𝐺𝑖,  

means that i goals are simultaneously positively im-

pacted by the global decision set.  

 

With the definition made above we are now able to link 

the decision making based on interactions between de-

cision goals as described in section 2 and the notion of 

r-consistent reduced preference relations RPR as de-

scribed in section 3 with the separability of preferences 

(see Definition 4) [2], [3], [6] using the understanding 

of preferred sets of decision alternatives as defined by 

the preference relation PREF. 

 

Theorem 1 

𝐺 =  {𝑔1, … , 𝑔𝑛}

{𝐹𝐺1 , … , 𝐹𝐺𝑙}

𝐹𝐺𝑘

 

Sketch of the proof: 

According to Definition 6) of the separability condition 

it has to be shown that from knowing that RPR is r-

consistent it can be shown that it is true that if 

(𝐹𝐺𝑘 ,   𝐹~𝐺𝑘) 𝑃𝑅𝐸𝐹 (𝐹′
𝐺𝑘′ ,   𝐹~𝐺𝑘) for some 𝐹~𝐺𝑘  it 

must also be (𝐹𝐺𝑘 ,   𝐹′
~𝐺𝑘′ )  𝑃𝑅𝐸𝐹 (𝐹′

𝐺𝑘′ ,   𝐹′~𝐺𝑘) for 

all 𝐹′~𝐺𝑘 . 

 

Since RPR is r-consistent it is true by definition of r-

consistency that all pairs of goals gi, i=1,…,k cooperate. 

Therefore there exists a subset A´ of A such that all a 
A´ have a positive impact on all goals gi, i=1,…,k. 

Therefore after the application of both the local deci-

sion strategies and (subsequently) the global decision 

strategy the intersection of all local decision sets Li,j 

will consist exactly of all a  A´ (with a membership 

>0). Therefore we have that 𝐹𝐺𝑘 , is maximum possible 

for the simultaneous persecution of the k goals. This 

again means that if any other A would be added to 

A´(let us call this new set A´´) then no additional goal 

of the k goals would be simultaneously positively im-

pacted by the elements of A´´. This means that in this 

sense A´ is maximal because it will always be that for a 

𝐹′
𝐺𝑘′ ,  derived from A´´ compared to 𝐹𝐺𝑘   it will al-

ways be k´< k. Therefore 𝐹𝐺𝑘  will always be preferred 

to any 𝐹′
𝐺𝑘′ ,   in the sense of the definition of PREF and 

consequently the expression 

(𝐹𝐺𝑘 ,   𝐹′
~𝐺𝑘′ )  𝑃𝑅𝐸𝐹 (𝐹′

𝐺𝑘′ ,   𝐹′~𝐺𝑘) is true for all 

𝐹′~𝐺𝑘 . 

5. Discussion of the Consequences 

The notion of r-consistency provides a possibility to 

quantify the consistency within the RPR and therefore 

the interaction between the RSPRs that express the 

compatibility of the preferences over the RSPRs. The 

higher the number k of goals for which the r-

consistency condition holds the better the compatibility 

of the RPR and therefore of the RSPRs compared to 

each other. More exactly: Theorem 1 shows that r-

consistency on the RPR implies the separability of the 

preference relation PREF on the subset 

 𝐹𝐺𝑘  =A´⊆ A. This again shows that r-consistency 

helps to understand, which part of the RPR can be con-

sidered as additively separable. Since r-compatibility is 

defined based on the notion of cooperating decision 

goals Theorem 1 gives a link between the utility func-

tion or weighted sum based aggregation of preferences 

and the decision making based on interactions between 

goals (DMIG). In [11] a link to the theory of matroids 

[17] was discussed. With the result of this paper a rela-

tion to the notion of separability is shown. 

In section 3 it is described how a reduced preference 

relation RPR can be obtained from single goal prefer-

ence relations RSPR, even if the given decision prob-

lem may be multidimensional and the goals may partly 

positively and partly negatively interact instead of re-
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quiring a preference relation defined upon the power set 

of the set of the decision alternatives in advance. It 

turns out that for every single decision goal of the deci-

sion alternatives with respect to every single goal only a 

linear preference relation is required as apriori input. 

Although the input complexity required about the pref-

erences is linear, applying DMIG provides a method 

that reveals how the hidden multidimensionality of the 

consequences of the preference structure should imply 

the calculation of decision [11] (in [11] it is also shown 

that this can be done with polynomial computation 

time). Using the result of Theorem 1 it is possible to 

identify a subset of A for which additive separable ag-

gregation is not allowed. This is namely the difference 

set A \ A´. Please note that in real world applications 

such information derived in advance is a substantial ad-

vantage because providing single goal preferences is 

usually possible whereas providing multidimensional 

preferences as input is not. Please note also that the re-

maining n-k goals for which the r-consistency condition 

does not hold usually are conflicting. Therefore an ag-

gregation of decisions based for these goals is not al-

lowed. This means that if the r-consistency does not 

hold for k-n goals then the input preference information 

may contain conflicts (being partly inconsistent). These 

conflicts are recognized and balanced by DMIG, too. 

The recognition is provided by the calculation of nega-

tive interactions as also defined in section 2.2. The in-

teraction of the type “compete” is an example, the in-

teraction of the type “trade-off” another one. This result 

is similar to [14] where the separability of classes of 

domain competence is measured for a particular appli-

cation case. However, compared to [14] the method 

presented here is rather domain independent. 

In [12] it is described how DMIG is used for the 

resolution of the optimization of a complex real world 

resource optimization problem. In the context of such 

problems the goal set G usually can be understood as 

derived from key performance indicators (KPIs) that 

describe the quality of the business process to be opti-

mized. Hence there is a direct correlation between G 

and the KPIs of the process to be optimized. The input 

information required for such optimization until now 

had to be numerically prepared in the sense of fuzzy 

impact functions defined in the value domains of the 

KPIs. Instead of this, based on RPR the complexity of 

the input information required may now be reduced to 

the calculation of reduced single goal preference rela-

tions RSPR. This is easier because the decision alterna-

tives that have to be analyzed in the optimization pro-

cess require only to be ranked according to their single 

goal/KPI preferences without substantial loss of the 

quality of the optimization result. More complex inter-

actions between the preferences are revealed and are 

not required in advance. 

Optimization heuristic algorithms like that described 

in [12] iterate navigating step by step through the opti-

mization space implied by the goals and the RPR. Be-

cause of Theorem 1 it is clear that such optimization 

algorithms may concentrate only on the separable sub-

set of decision alternatives, which as such are provided 

by DMIG and therefore by the analysis of interaction 

between decision goals. This result is similar to the re-

sult presented by Carbonell [4] in the field of data min-

ing in Bioinformatics where partial additive separability 

is assumed by considering only particular interrelations 

among gene data. These particular interrelations there 

are comparable with the particular type of interactions 

between decision goals, namely its cooperation, here. 

6. Conclusions 

The paper shows how the notion of r-consistency 

based on a formal definition of interactions of decision 

goals introduced in DMIG is related to the notion of 

separability of the preferences of decision sets. It turns 

out that r-consistency helps to identify a subset of deci-

sion alternatives for which additive aggregation is al-

lowed. This identifies a link between preference rela-

tions, the separability condition and decision making as 

formalized in DMIG. Using that link subsets of decision 

alternatives compatible with their preferences can be 

explicitly calculated in polynomial time and therefore 

efficiently. Preference information required as input is 

reduced to linear rankings of the decision alternatives. 

More complex interactions between the preferences are 

revealed and are not required in advance. The link be-

tween r-consistency, separability and DMIG helps to 

formulate efficient optimization heuristics that ade-

quately navigate between additively separable parts of 

the decision or optimization space. Many heuristics 

based on DMIG that could successfully be applied in 

numerous real world applications underline the suitabil-

ity of the r-consistency condition. 
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