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Abstract

A methodology for estimating vehicle dynamics
whith road geometry consideration is presented in
this paper. Vehicle sideslip and roll parameters are
estimated in the presence of the road bank angle
and the road curvature as unknown inputs. The un-
known inputs are then estimated using the observer
results. This information about the road geometry
and vehicle parameters is needed in the driver assis-
tance systems to be able to calculate the risk index
of a rollover or a lane departure crashes. Taking into
account the unmeasured variables, an unknown in-
puts (TS) observer is then designed on the basis of
the measure of the roll rate, the steering angle and
the lateral offset given by the distance between the
road centerline and the vehicle axe at a look-ahead
distance. Synthesis conditions of the proposed fuzzy
observer are formulated in terms of Linear Matrix
Inequalities (LMI) using Lyapunov method. Simu-
lation results show good efficiency of the proposed
method to estimate both vehicle dynamics and road
geometry.

Keywords: Unknown input fuzzy observer, vehicle
dynamics, road geometry estimation, LMI.

1. Introduction

The possibility to accurately measure or estimate
vehicle dynamics and road geometry is a critical de-
terminant in the performance of many vehicle con-
trol and driver assistance systems such as braking
control, lane departure avoidance, rollover detection
and lateral control systems [1][2]. In emergency sit-
uations, sideslip is necessary to detect a sliding ve-
hicle, the road curvature is necessary to detect a
lane departure, vehicle roll and road bank angle are
very useful to detect a rollover. Vehicle parameters
and road geometry are necessary in determining the
vehicle’s behavior and the crash risk in such situa-
tions. However, all these values are not directly
measured on production cars because the adequate
sensors and measurement systems still very expen-
sive. Therefore they must be estimated using avail-
able measurements [3].

Over the last few years, several methods were
proposed to estimate the vehicle dynamics, some

methods propose to integrate inertial sensors di-
rectly, others use a physical vehicle model to design
a model based observer [4][5]. A combination or
switch between these two methods was also used in
order to estimate vehicle parameters [1][3]. Direct
integration methods can accumulate sensor errors
and unwanted measurements from road grade and
superelevation. Methods based on a physical vehi-
cle model can be sensitive to changes in the vehicle
parameters but this effect can be reduced using un-
certain and robust observers.

The problem of observer design with unknown in-
puts has received considerable attention during the
two last decades [6][7]. In [8] a Proportional- Inte-
gral (PI) observer is proposed to estimate the state
and the fault simultaneously. The presence of the
integral of the estimation error makes it effective in
estimating the system perturbations and input dis-
turbances. However, the performance of these kinds
of observers are generally deteriorated in the pres-
ence of measurement noise [9]. In [10] the authors
propose a descriptor system based approach for a PI
observer design in order to estimate the lateral vehi-
cle dynamics in combination with the estimation of
possible yaw moment disturbance input, wind gust
input or road bank input. A paper given in [11]
presents a method for identifying road bank and
vehicle roll separately using a disturbance observer
and a vehicle dynamic model. But these methods
are only reliable in the linear region because they
consider a linear approximation of the cornering
forces. In this work a model based unknown input
observer is designed in order to estimate both ve-
hicle dynamics and road geometry (road curvature
and road bank angle), a vision system (camera) is
used to measure the lateral displacement at a looka-
head distance of the vehicle. A representation of
the nonlinear model of vehicle lateral and roll dy-
namics by a Takagi-Sugeno (TS) fuzzy model [12],
has been considered. This representation has been
largely used and studied over the last few years (see
for example [13]).

This paper is organized as follows: section II in-
troduces the used vehicle dynamics model and its
representation by a TS fuzzy model. Section III fo-
cuses on the TS observer designed by considering
the case where the activation functions depend on
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Figure 1: Vehicle lateral parameters

unmeasured variables. The estimation of the road
curvature and the road bank angle is also presented
in this section. Simulation results are presented in
section IV. Finally, conclusions are given in section
V.

2. VEHICLE MODEL DESCRIPTION

The model used in this work describes vehicle lat-
eral and roll dynamics, which is obtained by con-
sidering the well known single-track (bicycle) model
with a roll degree of freedom (Fig. 1). The three-
dimensional model with road bank angle consider-
ation and nonlinear tire characteristics of the four
wheels vehicle behavior can be described by the fol-
lowing differential equations [11] [14]:

Figure 2: Vehicle roll parameters


m(vβ̇ + vψ̇ + ϕ̈vh) = 2Fyf + 2Fyr −msgϕr
Izψ̈ = 2Fyf lf − 2Fyrlr
Ixϕ̈v = msgh(ϕv + ϕr) +msayh−Kϕϕv − Cϕϕ̇v

(1)
Where β denotes the side slip angle, whereas ψ ,
ϕv and ϕrare respectively the vehicle yaw, the roll
angle and the road bank angle, Ff is the corner-
ing force of the two front tires, Fr is the cornering
force of the two rear tires. For further description
of the parameters appearing in the vehicle dynamics
model refer to table 1.

2.1. TS representation of the the cornering
forces

In this work, we take into account the nonlinear
forces by considering a TS representation of the
tire model using the following rules:
If |αf | is M1 then

{
Fyf = Cf1αf
Fyr = Cr1αr

If |αf | is M2 then
{

Fyf = Cf2αf
Fyr = Cr2αr

Cfi, Cri are the front and rear tire cornering
stiffness which depend of the road adhesion and
the mass of vehicle.
The slip angle of the front tires αf and the slip
angle of the rear tires αr are given as follow:

αf = δf −
lf ψ̇

v
− β

αr = lrψ̇
v
− β

(2)

where δf is the front steer angle.
The overall forces are obtained by :{

Fyf = µ1(|αf |)Cf1αf + µ2(|αf |)Cf2αf

Fyr = µ1(|αf |)Cr1αr + µ2(|αf |)Cr2αr

(3)

Where µj(j = 1, 2) is the jth bell curve membership
function of fuzzy set Mj . They satisfy the following
properties: 

2∑
i=1

µi(|αf |) = 1

0 ≤ µi(|αf |) ≤ 1 ∀i = 1, 2

(4)

The expressions of the membership functions used
are:

µi(|αf |) = ωi(|αf |)
2∑
i=1

ωi(|αf |)

, i = 1, 2

where ωi(|αf |) = 1(
1+

∣∣∣( |αf |−ciai

)∣∣∣)2bi

(5)

Table 1: Vehicle model parameter definition

Parameter Description Unit
β Sideslip angle at CG [rad]
ψ̇ Yaw rate [rad/s]
ϕv Roll angle [rad]
ϕ̇v Roll rate [rad/s]
δf Front ster angle [rad]
ms Sprung vehicle mass [kg]
m Vehicle mass [kg]
v Vehicle speed [m/s]
Ix Roll moment of inertia at CG [kgm2]
Iz Yaw moment of inertia at CG [kgm2]
lr Distance from CG to rear axle [m]
lf Distance from CG to front axle [m]
T Vehicle track width [m]
h CG height from roll axis [m]
Cϕ Combined roll damping coefficient [Nms/rad]
kϕ Combined roll stifness coefficient [Nm/rad]

2.2. TS model with vision system
measurement

Using a vision system measuring the lateral dis-
placement of the vehicle at a look-ahead distance
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(Fig. 3), the equations describing the evolution of
the measurement extracted from image, caused by
the motion of the car and changes in the road ge-
ometry can be written as follows [15]:

Figure 3: Vision System measurement

ẏs = v(β + ∆ψ) + ls∆ψ̇ (6)

The angular displacement ∆ψ is obtained as fol-
lows:

∆ψ̇ = ψ̇ − v
Rc

= ψ̇ − vw (7)

ys is the offset from the centerline at the look-
ahead distance, ∆ψ the angle between the tangent
to the road and the orientation of the vehicle with
respect to the road, ls the look-ahead distance at
which the measurement is taken and w the road
curvature.
Using the above approximation idea of nonlinear
lateral forces by TS rules the vehicle dynamics
model (1) and the vision dynamics (6) and (7) leads
to a single dynamical system with the following
form:

ẋ(t) =
2∑
i=1

µi(|αf |)
(
Aix(t) +Biδf (t)) +Bff(t)

y(t) = Cx(t)
(8)

with
Ai =

−
σiIxeq
mIxv

ρiIxeq
mIxv2 − 1 −hCϕ

Ixv

h(msgh−kϕ)
Ixv

0 0

ρi
Iz

− τi
Izv

0 0 0 0

−hσi
Ix

hρi
Ixv

−Cϕ
Ix

(msgh−kϕ)
Ix

0 0

0 0 1 0 0 0
v ls lh 0 0 v
0 1 0 0 0 0


Bi =

[
2
CfiIxeq
mIxv

2Cfilf
Iz

2mshCfi
mIx

0 0 0
]T

Bf =
[
−msg
mv

0 0 0 0 0
0 0 0 0 −lsv −v

]T
,

C =
[

0 1 0 0 0 0
0 0 0 0 1 0

]
, f(t) =

[
ϕr(t) w(t)

]T
and x(t) =

[
β(t) ψ̇(t) ϕ̇(t) ϕ(t) ys(t) ∆ψ(t)

]T
is the state vector of the model.
Where Ixeq denotes the equivalent roll moment of

inertia of the vehicle about the roll axis, which is
given by

Ixeq = Ix +msh
2 (9)

and σi, ρi and τi are auxiliary variables introduced
in order to simplify the model description, they are
defined as follows:
σi = 2(Cri+Cfi), ρi = 2(lrCri−lfCfi), τi = 2(l2fCfi+l

2
rCri)

(10)

3. Vehicle dynamics and road geometry
estimation

To estimate the road curvature, it is necessary to
know some of the model states which are difficult or
even very expensive to measure directly. These lat-
ter can be estimated using measurable signals such
as the lateral displacement and the steering angles.
In this study, we design a TS model based observer
which estimates the sideslip angle, the yaw rate,
the relative yaw rate and the vehicle roll angle by
considering the road curvature w(t) and the road
bank angle as unknown inputs (Fig. 4). We measure
steering angle, vehicle velocity, the roll rate and the
lateral displacement at a lookahead distance pro-
vided by a camera.

Figure 4: Vehicle dynamics and road geometry es-
timation

3.1. TS Fuzzy observer design conditions

The TS model based estimator in presence of the
road curvature as an unknown input is represented
as follows:

˙̂x(t) =
2∑
i=1

µi( ˆ|αf |)
(
Aix̂(t) +Biδf (t) + Li(y(t)− ŷ(t))

)
+ η(t)

ŷ(t) = Cx̂(t)
(11)

The aim of the design is to determine gain
matrices Li, and variable η(t) ∈ ℜn, that guaran-
tee the asymptotic convergence of x̂(t) towards x(t).

Notice that the variable η(t) is introduced to
compensate the errors due to the used unmeasur-
able premise variables in the dynamic of the state
estimation error. Let us define the state estimation
error:

e(t) = x(t)− x̂(t) (12)
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The output estimation error is defined as follows:

ey(t) = y(t)− ŷ(t) = C(x(t)− x̂(t)) = Ce(t) (13)

In the following sections, to simplify the expression
of equations, time variable (t) will be omitted.
The dynamic of the state estimation error is gov-
erned by:

ė =
2∑
i=1

µi( ˆ|αf |)(Ai−LiC)e+∆Ax+∆Bδf+Bff−η

(14)
where

∆A =
2∑
i=1

µ̄iAi, ∆B =
2∑
i=1

µ̄iBi, µ̄i = µi(|αf |)− µi( ˆ|αf |)

(15)
which can be rewritten as follows:

ė =
2∑
i=1

µi( ˆ|αf |)(Ai−LiC)e+∆Ax+Bff−η (16)

where Bf = [Bf I] f = [f b]T and b =
∆BT δf

Remark 1: The convex sum property of the
membership functions allows to write

−1 ≤ µ̄i ≤ 1 (17)

then the variable matrices ∆A and ∆B are bounded
and the following property is verified

∥∆A∥ ≤ ρ , ρ =
2∑
i=1

ρi (18)

where ρi > 0 is the matrix norm of Ai. The TS
estimator gains have been computed by consider-
ing the effect of the unknown input vector f to the
state estimation errors. One possible method is to
minimize the L2 gain (H-infinity norm) from f to
estimation errors.
The L2 gain between the unknown input f and the
estimation error e is defined by the following quan-
tity:

γ = sup
∥e∥
∥f∥

(19)

By the definition of the supremum and the L2 gain,
(19) can be expressed as∫ ∞

0
eT (t)e(t)dt ≤ γ2

∫ ∞
0

f
T (t)f(t)dt (20)

The demonstration of the asymptotic convergence
of the robust observer uses the following lemma:

Lemma 1: For any matrices X and Y with
appropriate dimensions, the following property
holds for any positive scalar β :

XTY + Y TX ≤ βXTX + β−1Y TY (21)

Theorem 1: The system (14) is stable and the L2
gain of the transfer from the unknown input vector
f to the state estimation errors is bounded by γ
if there exist a positive and symmetric matrix X,
matrices Ni, and positive scalars β0 and β1 such
that the following LMIs hold for i = 1, 2: Ωi XBf X

B
T
f X −γ2I 0
X 0 −β1I

 < 0 (22)

with Ωi = ATi X+XAi+NiC+CTNTi +β0ρ
2I and

η is given by the following equations
η = 0 if ey = 0

η =
(
β1β0
β1−β0

)
ρ2 x̂(t)T x̂(t)

2ey(t)T ey(t)X
−1CT ey(t) otherwise

(23)

The TS estimator gains are then computed by
Li = X−1Ni (24)

Proof: Consider the following Lyapunov function
candidate:

V (t) = eT (t)Xe(t) (25)

where X = XT > 0. Substituting (14) into (25)
and taking the time derivative gives

V̇ =
2∑
i=1

µi( ˆ|αf |)eT (ATi X +XAi)e+ xT∆ATXe+ eTX∆Ax−

2ηTXe+ 2eTBff
(26)

where Ai = Ai − LiC. The lemma (1) property
allows to write:

V̇ ≤
2∑
i=1

µi( ˆ|αf |)eT (ATi X +XAi + β−1
1 X2)e− 2ηTXe+

β1ρ2(x̂T x̂+ eT e) + β1ρ2(x̂T e+ eT x̂) + 2eTBff
(27)

Using again the property of the lemma (1), the ex-
pression (27)

V̇ ≤
2∑
i=1

µi( ˆ|αf |)eT (ATi X +XAi + β−1
1 X2 + β0ρ

2I)e−

2ηTXe+ β1(1 + β2)ρ2x̂T x̂+ 2eTBff
(28)

with β0 = β1(1 + β−1
2 ). Substituting variable η by

the expression given by (23), allows to write :

−2ηTXe =
(

β1β0

β1 − β0

)
ρ2 x̂

T x̂

eTy ey
eTy CX

−1Xe = β1(1+β2)ρ2x̂T x̂

(29)
Therefore, after simplification, we obtain:

V̇ ≤
2∑
i=1

µi( ˆ|αf |)eT (ATi X+XAi+β−1
1 X2+β0ρ

2I)e+2eTBff

(30)
The system (14) is stable and the L2 gain of the
transfer from the unknown input vector f to the
state estimation errors is bounded by γ if the fol-
lowing condition holds

J∞ = V̇ + eT e− γ2f
T
f < 0 (31)
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substituting (30) in (31), the following inequality is
obtained

2∑
i=1

µi( ˆ|αf |)eT (ATi X +XAi + β−1
1 X2 + β0ρ

2I)e+ 2eTBff+

eT e− γ2f
T
f < 0

(32)
Inequality (32) can be rearranged as follows:

2∑
i=1

µi( ˆ|αf |)

([
eT

f
T

]T [
Γi XBf

B
T
f X −γ2I

][
e

f

])
< 0

(33)
where Γi = ATi X + XAi − CTLTi X − XLiC +
β−1

1 X2 + β0ρ
2
i I + I

Since the conditions in (33) are not convex in vari-
ables X and Li, by introducing a new variable,
Ni = XLi and applying the Schur complement,
(33) can be rewritten as the equivalent LMI con-
dition (22).
The solution of this LMI in X and Ni allows to com-
pute the observer gains Li = X−1Ni, β1, β0 and
then η which define completely the observer (11).

3.2. Road curvature and road bank angle
estimation

Once the states of the system rebuilt, they will be
used to estimate the road curvature. From equa-
tion (6), the road curvature w can be computed as
follows:

w̃ =
1
ls
β̂ +

1
ls

∆ψ̂ +
1
v

˙̂
ψ −

1
lsv

ẏs (34)

where v is the vehicle velocity, ˙̂
ψ and ∆ ˙̂

ψ are the
estimate results of the observer.
From equation (8), the road bank angle is estimated
as follow:

ϕ̃r(t) = (−
mv

msg
)
( ˙̂
β(t)− s(t)

)
(35)

with

s(t) =
2∑
i=1

µi( ˆ|αf |)
(
A11iβ̂(t) +A12i

˙̂
ψ(t) +A13i

˙̂
ϕv(t)+

A14iϕ̂v(t) +B1iδf (t)
)

(36)

4. Simulation results

In this study, simulations are conducted to illus-
trate the efficiency of the above presented method.
The vehicle model and the designed observer are
implemented in MATLAB software. The simulated
vehicle test is in two successive turns, the vehicle
path for this scenario is shown in Fig. 5. The road
curvature and the road bank angle are illustrated in
Fig. 7. Table 2 gives the vehicle parameter values.

The estimated vehicle states using the designed
observer are shown in Fig. 6. It is clearly shown
that the observer converge fatly to the actual states
dispite the initial conditions of the model.

Figure 7 shows the road curvature and the road
bank angle estimation. This results show the per-
formance of the method to estimate simultaneously

Table 2: Simulation vehicle parameters
Parameter value Unit

ms 1592 [kg]
m 1832 [kg]
v 20 [m/s]
Ix 614 [kgm2]
Iz 2488 [kgm2]
lr 1.77 [m]
lf 1.18 [m]
T 1.5 [m]
h 0.559 [m]
Cϕ 6000 [Nms/rad]
kϕ 48000 [Nm/rad]

0 50 100 150 200 250 300
−50

0

50

100

150

200

y(m) 

x(
m

)

Path

Figure 5: The vehicle path

the vehicle dynamics and the road geometry. But
it still not completely ready to be tested in exper-
imental studies since the vehicle speed, parameters
variations and sensor noise are not considered. This
issue will be considered in the future works before
performing real world

5. CONCLUSIONS AND FUTURE
WORKS

Using H∞ approach, a Takagi-Sugeno fuzzy ob-
server with unknown inputs is designed in presence
of the road geometry. The nonlinear model given
by vehicle lateral and roll dynamics is represented
by a TS fuzzy model. This representation take into
account the non-linearities introduced by the cor-
nering forces. The vehicle dynamics and the road
geometry are estimated simultaneously using avail-
able measurement like the offset displacement at a
lookahead distance of the vehicle given by a cam-
era. The designed TS observer use unmeasurable
premise variables. Design conditions are formulated
in LMI terms easy to solve using numerical tools.
The conducted simulation show good performance
of the designed observer and the used method to
estimate vehicle dynamics and the road attributes.
The advantage of this approach is in the used model
which can be very useful in the lane departure de-
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Figure 6: Simulation results of the vehicle state es-
timator

tection and rollover detection simultaneously. In
further works we will extend the results by consider-
ing more complex vehicle model in order to increase
the observer robustness. We also expect to validate
our approach in experimental studies using software
simulator and experimental vehicle.
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