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Abstract

Inflow data plays an important role in water and en-
ergy resources planning and management. In general,
due to the limited availability of historical inflow data,
synthetic streamflow time series have been widely used
for several applications such as mid- and long-term hy-
dropower scheduling and the identification of hydrolog-
ical processes. This paper explores the use of fuzzy in-
ference systems for the identification of two hydrologi-
cal processes, and its use in the generation of synthetic
monthly inflow sequences. Experiments using Brazil-
ian monthly records show that fuzzy systems provide a
promising approach for synthetic streamflow time series
generation.

Keywords: Fuzzy inference systems, synthetic time se-
ries, inflow data, stochastic process.

1. Introduction

Inflow time series are an essential component in energy
and water resources planning and management. Some of
the concerns in hydropower scheduling are the stochas-
tic nature of inflows and the generally limited duration
of the historic inflow time series available. In order to
improve the description provided by the observed data,
synthetic time series are usually used.

Several proposals have been made in the literature
for the generation of synthetic series. The most pop-
ular model used for modelling hydrological processes
on a monthly basis is the autoregressive moving aver-
age (ARMA) model [1]. Concerns about this model
are related to the determination of adequate data trans-
formation, since ARMA models assume a static nature
for the deseasonalized series (stationarity), which con-
tradicts empirical evidence [2].

In order to overcome this problem, different ap-
proaches based on computational intelligence models
have appeared in recent decades. Such tools are par-
ticularly powerful in situations where it is difficult to
determine the actual physical process. Artificial neural
networks (ANN) are what is most often used for this pur-
pose. The proposal detailed in [3] suggests the ANN as a
viable alternative for multivariate generation of monthly
inflow series. Furthermore, the work detailed in [4]
shows that ANN models are able to generate synthetic
inflow series which are statistically similar to those ac-
tually observed, outperforming ARMA models.

Fuzzy rule-based systems and fuzzy clustering algo-
rithms are another option which are widely used for in-
flow forecasting [5], [6], [7]). These papers have con-
cluded that fuzzy models are able to deal with non-
linearities inherent in hydrological processes and that
they provide an adequate performance in forecasting
tasks.

This paper suggests a fuzzy inference system (FIS)
for synthetic monthly inflow generation. The model
structure is given by a set of fuzzy rules, which are ini-
tialized using a Subtractive Clustering algorithm (SC),
originally proposed in [8]. This initialization already
provides a FIS with singletons as consequents. Another
FIS has been obtained via parameter optimization using
the Expectation maximization (EM) algorithm, as de-
tailed in [9].

Inflow innovations are built based on the FIS models
for representing the deterministic component, whereas
the stochastic one is determined using a bootstrapping
technique. Comparison of results obtained show the
problem of assuming a normal distribution over ob-
served data when the theoretical distribution is assymet-
ric and unknown, as well as the capability of the FIS
models for the generation of synthetic inflow time se-
ries.

The rest of the paper is organized as follows. The next
section presents the structure of the fuzzy inference sys-
tem and the learning algorithm involved. The methodol-
ogy used to generate a synthetic data, as well as an ex-
perimental evaluation using real Brazilian inflow series,
are detailed in Section 3. Finally, conclusions and sug-
gestions for future research are presented in Section 4.

2. Fuzzy inference system

2.1. Structure

Let xk = [xk
1 , x

k
2 , . . . , x

k
p ] ∈ R

p denote the input vec-
tor at instantk, k ∈ Z

+

0 ; ŷk ∈ R is the output model,
for the correspondent inputxk. The input space repre-
sented byxk ∈ R

p, is partitioned intoM sub-regions,
each represented by a fuzzy rule;k = 0, 1, 2, . . . is the
time index (Figure 1). The antecedents of each fuzzy
If-Then rule (Ri) are represented by their respective
centersci ∈ R

p and covariance matricesVi|p×p. The
consequents are represented by local linear models, with
outputyi, i = 1, . . . ,M defined by:

yk
i = φk × θi

T (1)
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whereφk = [1 xk
1 x

k
2 . . . xk

p]; θi = [θi0 θi1 . . . θip] is
the coefficient vector of the local linear model for theith

rule.
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Figure 1: General FIS formulation.

Each input pattern has a membership degree associ-
ated with each region of the input space partition. This
is calculated through membership functionsgi(x

k) that
vary according to centers and covariance matrices re-
lated to the fuzzy partition, and are computed by:

gi(x
k) = gk

i =
αi · P [ i | xk ]

M
∑

q=1

αq · P [ q | xk ]

(2)

whereαi are positive coefficients satisfying
∑M

i=1
αi =

1 andP [ i | xk] is defined according to

P [ i | xk ] =

1

(2π)p/2 det(Vi)1/2
exp

{

−
1

2
(xk − ci)V

−1

i (xk − ci)
T

}

(3)

wheredet(·) is the determinant function. The model
outputy(k) = ŷk, which represents the predicted value
for future time instantk, is calculated by means of a
non-linear weighted averaging of local outputsyk

i and
its respective membership degreesgk

i , i.e.

ŷ(xk) = ŷk =

M
∑

i=1

gk
i y

k
i (4)

2.2. Optimization

Model structure is initialized using the Subtractive Clus-
tering Algorithm (SC), an unsupervised clustering algo-
rithm proposed in [8]. This algorithm provides a set of
M clusters from a specific training data set presented to
the algorithm. Patterns processed by the SC algorithm
are composed of the input-output patterns to be used in
a second stage for model optimization.

These groups are associated with a set of fuzzy rules
codified in the FIS structure. Therefore, after the num-
ber of fuzzy rules is defined, we proceed to initialize the
model parameters fori = 1, . . . ,M , according to the
following criteria:

• c
0
i = ψ0

i |1...p, whereψ0
i |1...p is composed of the

first p components of theith center found by the
SC algorithm;

• σ0
i = 1.0;

• θ0i = [ψ0
i |p+1 0 . . . 0]1×p+1, whereψ0

i |p+1 is the
(p+ 1)th component of theith center found by the
SC algorithm;

• V
0
i = r2aI, whereI is ap×p identity matrix andra

is the spread parameter used by the SC algorithm;

• α0
i = 1/M .

This initial structure is a simple fuzzy-rule based sys-
tem with consequents defined by singletons (FIS-S).

After this initialization, model parameters are re-
adjusted on the basis of the offline EM algorithm (see
[9] for the complete formulation), with the objective of
maximizing the log-likelihoodL of the observed values
of yk at each step M of the learning process. This objec-
tive function is defined by

L(D, Ω) =
N
∑

k=1

ln

(

M
∑

i=1

gi(x
k, C) × P (yk | xk, θi)

)

(5)
whereD = {xk, yk|k = 1, . . . , N}; Ω contains all
model parameters andC contains just the antecedents
parameters (centers and covariance matrices). The FIS
model obtained after EM optimization is known as FIS-
EM. As observed, for maximizingL, it is necessary to
know the data distribution. Since this probability dis-
tribution is unknown, the FIS-EM model must be ad-
justed by assuming a normal distribution for the ob-
served records.

3. Methodology and case study

The FIS-S and FIS-EM models were applied in the gen-
eration of 2000 years of synthetic monthly inflows for
two plants of the Brazilian hydroelectric system. These
plants, the Furnas and Peixoto plants are part of a cas-
cade on the Rio Grande river, located in the southern
part of Brasil. Historical time series consist of monthly
records from 1931 to 2009. Twelve different models
were adjusted, one for each month, since due to wet and
dry periods over the year, each month has unique fea-
tures in terms of statistics and probability distribution.

Input-output data was normalized between 0 and 1.
Model selection utilized the past ten years of historical
data as a validation dataset, and the model with the low-
est Bayes Information Criterion (BIC) [10] was selected
as the most adequate for each month. Therefore, the
model selection considered the choice of input variables
as well as the choice of the spread parametersra and
rba (used by the SC algorithm, whererba represents the
distance between centers found by the algorithm). Pa-
rameterra varied from0.25 to 1.0 whereasrba varied
from 1.0 to 2.0. The set of possible input variables was
defined by the first five lags of the series. All the models
selected incorporated a single lag input, except for June
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and July, where the best configurations consisted of the
first two lags.

After model adjustment, we proceeded to the gener-
ation of the synthetic series. As mentioned in Section
1, the deterministic component was represented by the
FIS model (FIS-S or FIS-EM), while the stochastic por-
tion was defined using a bootstrap resampling technique
considering the replacement of the elements resampled.

According to [1], non-parametric techniques such as
those based on bootstrapping may capture any distribu-
tional information retained in the residuals of a data-
driven model. Therefore, residuals estimated from the
historic sequence used for FIS adjustment were calcu-
lated, and a sample was randomly selected for represent-
ing the stochastic part of the simulated innovations. This
random selection assumed that residuals were indepen-
dent and identically distributed (i.i.d.) and following a
uniform distribution so that all the residuals for a given
model would have the same chance of being selected.
As a consequence, although the actual distribution of the
series was unknown, it was assumed that the empirical
density function of the original observations would be
preserved.

Therefore, the final synthetic innovation can be repre-
sented as follows:

zk
m = FISm(xm

k) + εk
∗

m (6)

wherezk
m represents thekth synthetic streamflow for

themth month,FISm represents the fuzzy model ad-
justed for themth month,xm

k is the input vector for
theFISm used for generatingzk

m andεk
∗

m is the boot-
strapped residual selected for building thekth synthetic
replicate related to monthm. The synthetic series was
initialized considering the respective long term histori-
cal monthly average as the first twelve innovations, al-
though the first year of the synthetic series was then dis-
regarded to eliminate the effect of the initialization.

The statistics considered to compare the synthetic
time series with the historical data were mean monthly
value of inflow, monthly standard deviation and skew-
ness and kurtosis coefficients. For graphical analysis,
histograms, partial autocorrelation functions and qq-
plots were also analized.

3.1. Analysis of results

Figure 2 shows the observed histograms for the Furnas
and Peixoto plants.

The use of the FIS-EM reveals an adequate perfor-
mance for forecasting tasks if one assumes a normal
distribution over a set of different applications, includ-
ing monthly inflow forecasting [11], [5]. However, the
normality hypotheses about the inflow distribution af-
fects the FIS performance considerably when used for
the generation of synthetic inflows. A normal distribu-
tion gives the same chances to very low and very high
inflows, although the histograms depicted in Figure 2
show that very high inflows are much less likely than
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Figure 2: Observed histograms: (a) Furnas, (b) Peixoto.

are very low ones. An analysis of monthly distributions
shows the same behavior, with a greater skewness dur-
ing drought periods. Table 1 provides the information
about observed and and synthetic mean, standard devia-
tion and skewness and kurtosis coefficients for the Fur-
nas inflow time series.

Figure 3 shows a comparative plot of these summary
statistics for the historical and synthetic inflow time se-
ries. From these results for the Furnas plant, it can be
seen that the assumption of normality considered for the
parameter adjustment of the FIS-EM model does not af-
fect its ability to reproduce mean and standard deviation
of streamflow series, but it reproduces neither skewness
nor kurtosis coefficients. Even though the FIS-S struc-
ture is simpler than that of the FIS-EM model, its per-
formance is better in terms of mean and standard devia-
tion; moreover, monthly skewness is better preserved for
all of the months except September and October, where
both fuzzy models revealed problems. This difficulty
can be explained because of deviations during wet peri-
ods of some years as observed in the general histogram
of monthly inflows depicted in Figure 4-(a). 4 also de-
picts the synthetic histogram as well as the observed and
synthetic autocorrelation function and qq-plots.

In general, the synthetic data resulting by the appli-
cation of the FIS-S model was able to replicate the ob-
served histogram and preserve the autocorrelation struc-
ture, as well as replicating the general statistical charac-
teristics of the time series. However, the qq-plots show
that the main difficulty of the FIS-S model is the replica-
tion of the highest inflows (peaks) observed during the
eighty years of historical data.

The results achieved for the streamflows of the
Peixoto plant are summarized in Table 2.

A similar behavior was observed for the two models
in relation to the replication of means and standard de-
viations. However, the FIS-S model outperformed the
FIS-EM model in reproducing skewness and kurtosis
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Figure 3: Observed and estimated statistics for the Furnas plant inflow time series: (a) mean, (b) standard deviation, (c)
skewness coefficient, (d) kurtosis coefficient.

Table 1: Observed and synthetic statistics for Furnas inflow time series.

Month 1 2 3 4 5 6 7 8 9 10 11 12
Mean

Observed 1171 1141 1011 693 506 418 341 277 294 341 473 818
FIS-S 1186 1131 1049 706 514 418 338 276 283 335 469 806
FIS-EM 1148 1290 1366 868 614 513 299 240 285 312 472 750

Standard deviation
Observed 484 448 417 256 166 177 113 88 166 161 214 323
FIS-S 461 420 396 240 158 175 109 77 115 114 200 288
FIS-EM 465 447 421 278 208 272 143 101 172 129 212 325

Skewness
Observed 0.75 0.25 1.19 1.12 0.78 4.16 2.00 1.16 3.36 3.03 1.45 1.18
FIS-S 0.65 0.12 0.90 1.12 0.68 4.73 2.40 0.65 1.32 0.84 0.81 0.45
FIS-EM 0.54 0.06 0.21 0.31 0.24 1.88 1.31 1.23 1.41 1.79 0.85 0.73

Kurtosis
Observed 3.21 2.91 4.72 4.58 4.48 29.73 11.31 6.17 19.71 18.09 6.22 6.00
FIS-S 2.93 2.67 3.68 4.63 4.35 32.59 12.11 4.34 5.86 3.12 3.27 3.13
FIS-EM 2.76 2.59 2.74 2.66 2.46 6.95 4.22 4.06 5.14 10.89 3.36 3.43

0 500 1000 1500 2000 2500
0

50

100

150

Observed inflows

(a)

0 500 1000 1500 2000 2500
0

1000

2000

3000

4000

Generated inflows

(b)

0 5 10 15 20
−0.5

0

0.5

1

Lags

O
bs

er
ve

d 
FA

C

(a)

0 5 10 15 20
−0.5

0

0.5

1

Lags

G
en

er
at

ed
 F

A
C

(b)

−5 −4 −3 −2 −1 0 1 2 3 4 55
−2000

0

2000

4000

Theoretical quantiles

O
bs

er
ve

d 
qu

an
til

es

(a)

−5 −4 −3 −2 −1 0 1 2 3 4 5
−1000

0

1000

2000

3000

Theoretical quantiles

G
ne

ra
te

d 
qu

an
til

es

(b)

Figure 4: Histogram, autocorrelation function (AFC) and qq-plot of observed and synthetic time series for Furnas: (a)
observed, (b) generated.
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Table 2: Observed and synthetic statistics for inflow time series of Peixoto plant.

Month 1 2 3 4 5 6 7 8 9 10 11 12
Mean

Observed 204 208 186 128 92 72 59 49 48 56 75 128
FIS-S 202 203 185 126 93 76 65 54 49 57 78 129
FIS-EM 201 214 194 131 103 78 73 65 54 58 72 124

Standard deviation
Observed 92 99 83 56 35 29 24 21 22 29 38 52
FIS-S 89 95 85 55 33 26 22 18 19 26 36 50
FIS-EM 91 97 82 60 40 34 29 25 21 30 34 54

Skewness
Observed 0.82 0.65 0.93 0.43 0.60 0.41 0.70 0.55 0.87 1.29 1.29 0.84
FIS-S 0.65 0.58 0.96 0.40 0.37 0.28 0.46 0.43 0.87 1.45 1.41 0.65
FIS-EM 0.53 0.51 0.64 0.23 0.15 0.15 0.05 -0.08 0.35 0.74 0.85 0.70

Kurtosis
Observed 3.81 3.65 3.88 2.69 3.22 2.91 3.67 3.65 3.40 5.21 4.72 3.92
FIS-S 3.66 3.41 3.76 2.58 2.92 2.82 3.29 3.59 3.31 5.55 5.24 3.40
FIS-EM 3.37 2.93 3.10 2.45 2.20 2.09 2.03 2.13 2.69 3.37 3.48 3.14

features for all the month of the year. To facilitate the
comparison of the results, statistics calculated for the
historical and synthetic series are depicted in Figure 5.
The observed and synthetic histograms, autocorrelation
function and qq-plots are illustrated in Figure 6.

The figures presented here show the need for consid-
eration of an adequate marginal distribution for the gen-
eration of statistically similar synthetic series. Although
lack of knowledge about theoretical distribution or an
inadequate hypothesis apparently does not affect mean
and variance estimations, the reproduction of extreme
samples represented by the asymmetric tails of the his-
togram will not be replicated.

4. Conclusions and suggestions for future work

Preliminary results presented in this paper show fuzzy
systems to be a potential tool for the generation of syn-
thetic inflow time series. In general, the means a stan-
dard deviations for all months were adequately repli-
cated. On the other hand, the model encountered some
difficulties in replicating skewness and kurtosis coeffi-
cients for some of the months of streamflow series of the
Furnas plant. In general, the data-driven model that was
optimized disregarding hypotheses about the marginal
distribution of the series outperformed the one that con-
sidered a normal data distribution, such as is done by
most of the models using the EM algorithm to adjust
model parameters. Even though expected means and
standard deviations are less affected by this hypothesis,
the results show its relevance and its effect on the repli-
cation of other statistical aspects such as the skewness
and kurtosis coefficients. Therefore, despite the sim-
plicity of the FIS-S model, it was able to provide a rea-
sonable reproduction of summary statistics and marginal
distributions.

For future research, the authors intend to develop
comparative studies with other models found in the liter-
ature, as well as developing statistical tests for the vali-
dation of these synthetic series, and the analysis of other
hydrological features, including annual distribution and
correlation.
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