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Abstract

Given a Brouwerian complete lattice (L,≤) and two
referential sets K and E, and using a fuzzy relation
R ∈ LE×E which is reflexive and symmetric, cer-
tain fuzzy relations Ĥ ∈ LK×E are characterized
as solutions of X C R = X. These solutions Ĥ
can be determinated by means of the L-fuzzy con-
cepts associated with the K-labeled L-fuzzy context
(L,K,E,E,R).

Keywords: Fuzzy relational equations, L-fuzzy tol-
erances, Formal Concept Analysis, L-fuzzy Concept
Theory.

1. Introduction

We start the introduction by recalling some aspects
about L-fuzzy tolerances and the fundamental defi-
nitions and results about the L-fuzzy Concept The-
ory. Next, these two theories are related when we
try to find the solutions of the equation X C R = X
associated with a fuzzy tolerance R ∈ LE×E .

1.1. L-fuzzy tolerances

Let (L,≤,∨,∧) be a complete Brouwerian lattice
[7], i.e., such that

α ∧ supM = sup(α ∧M), ∀α ∈ L, ∀M ⊆ L.

As a generalization of the classical tolerance
spaces [14], we analyze in this work the L-tolerance
spaces (L,K × E,R) in which K and E are two
ordinary non empty referential sets, (that can be
coincident: K = E), K × E is the usual product
of ordinary sets and where R ∈ LE×E is an L-fuzzy
tolerance relation on E ([23],[13]), also denoted L-
fuzzy compatibility [19]. That is, R is an application
R : E × E → L such that

R(x, x) = 1, ∀x ∈ E and

R(x, y) = R(y, x), ∀(x, y) ∈ E × E.

In the following, the expressionRop represents the
opposite relation of R, that is, Rop(x, y) = R(y, x),
∀(x, y) ∈ E × E.

For every S ∈ LK×E there is an associated
family (Sw)w∈K of L-fuzzy subsets Sw ∈ L

E such
that Sw(x) = S(w, x), ∀w ∈ K, ∀x ∈ E.

Moreover, the elements that we will use in this
work are the following:

• A left-continuous t-norm ᵀ on L, that is,

α ᵀ supM = sup(α ᵀM), ∀α ∈ L, ∀M ⊆ L.

• The residuated implication  associated with
this t-norm:

α β = sup{γ / α ᵀ γ ≤ β}, ∀(a, β) ∈ L2.

• Two non empty ordinary referential sets K and
E.
• The operator C: LK×E × LE×E −→ LK×E

associated with the implication  , defined
∀S ∈ LK×E , ∀R ∈ LE×E and ∀(w, y) ∈ K×E
as:

(S C R)(w, y) = inf{S(w, x) R(x, y) / x ∈ E}

and that is said to be a  −triangle.
• The operator ×̃ : LE × LE −→ LE×E associ-

ated with the t-norm ᵀ, defined as:

(A×̃B)(x, y) = A(x) ᵀB(y),

∀(x, y) ∈ E × E,∀A,B ∈ LE

that is said to be a ᵀ- ˜product.

Notice that as L is a Brouwerian lattice, then at
least a left-continuous t-norm exists.

Next, we define an extension of this ᵀ- ˜product
operator to the L-fuzzy relations that will be used
in the next section.
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Definition 1 The ᵀ- ˜product operator defined on
the set of the L-fuzzy relations ×̃ : LK×E ×
LK×E −→ LE×E is given by:

S×̃Q =
∨

w∈K

(Sw×̃Qw) = Sop ◦ᵀ Q, ∀S,Q ∈ L
K×E

where ◦ᵀ is the usual composition of relations asso-
ciated to the t-norm ᵀ on L, that is, ∀(x, y) ∈ E×E:

(S×̃Q)(x, y) = sup{S(w, x) ᵀQ(w, y) / w ∈ K}

1.2. L-fuzzy Concept Analysis

The Formal Concept Analysis developed by Wille
[26] tries to extract some information from a
binary table that represents a Formal context
(E,F,R) with E and F two finite sets (of objects
and attributes, respectively) and R ⊆ E × F the
incidence relation.

This information is obtained by means of the for-
mal concepts which are pairs (A,B) with A ⊆ E,
B ⊆ F where A is the extension and B the inten-
sion of the formal concept. These pairs verify that
A∗ = B and B∗ = A where ∗ is the derivation op-
erator which associates to each object set A the set
B of the attributes related to A, and viceversa:

A∗ = {y/xRy ∀x ∈ A}

B∗ = {x/xRy ∀y ∈ B}

These formal concepts represent a group of
objects A that share some attributes B.

The set of the formal concepts is a complete
lattice and is said to be the Formal concept lattice
(L(E,F,R),≤) ([26], [16]).

The order relation ≤ of the lattice (L(E,F,R),≤)
is given by:

(A,B) ≤ (C,D)⇐⇒ A ⊆ C

(or, equivalently, B ⊇ D).

There exist in the literature extensions of the
formal concept theory to L-fuzzy subsets, ([9],
[10], [12], [4], [5], [6], [20], [21], [2], [15], [22]).
In these extensions, the incidence relation R of
the context (L,E, F,R) is an L-fuzzy relation
R ∈ LE×F . The concepts are pairs of L-fuzzy
subsets (A,B) ∈ LE × LF obtained from certain
structures on the lattice L.

For example, in [12] an implication operator  :
L2 → L is used to define the derivation operators

1 : LE → LF and 2 : LF → LE such that

A1(y) = inf{A(x) R(x, y) / x ∈ E},

B2(x) = inf{B(y) R(x, y) / y ∈ F},

∀A ∈ LE , ∀y ∈ F,∀B ∈ LF , ∀x ∈ E

An L-fuzzy concept of the context (L,E, F,R)
associated with these operators, is a pair (A,B) ∈
LE × LF such that A1 = B and B2 = A.

The set of these L-fuzzy concepts (A,B), that is
represented by L(L,E, F,R), is a complete lattice
with the order 4 defined by:

(A,B) 4 (C,D)⇐⇒ A ≤ C

(or, equivalently, B ≥ D),

where ≤ is the usual L-fuzzy inclusion.

The defined L-fuzzy subsets A1 and B2 are said
to be the fuzzy extension and the fuzzy intension
respectively, and can be expressed by means of the
operator C associated with the implication opera-
tor, that is:

A1 = A C R, B2 = B C Rop,

where Rop ∈ LF×E is the opposite relation of R
and C is a particular case of the definition given in
the previous section.

On the other hand, we want to indicate that the
referential sets E and F can be coincident. Some
properties of the L-fuzzy concepts in contexts as
(L,E,E,R) can be seen in [1], in which we studied
different types of relations R ∈ LE×E (reflexive,
symmetric, etc).

This L-fuzzy concept theory has been extended
in [11] to some more general L-fuzzy contexts
called K-labeled, (L,K,E, F,R), where a new
set K is introduced. In this case, E and F
are two ordinary referential sets of objects and
attributes respectively and R ∈ LE×F an L-
fuzzy incidence relation. The set of labels K is
used to represent some important aspects of the
study and is related to the object and attribute sets.

For instance, it is studied in [11] the situation
where an academy offers some courses ( represented
by E) for unemployed who want to train for a job
(F ). By means of the use of L-fuzzy concepts we
give to these unemployed some recommendations
about the courses and the jobs taking into account
their different motivations represented by the set
of labels (K).

In this case, the derivation operators are defined
using the relations in the analogous way:

S1(w, y) =(S C R)(w, y) =

= inf{S(w, x) R(x, y) / x ∈ E},

∀S ∈ LK×E ,∀(w, y) ∈ K × F,

Q2(w, x) =(Q C Rop)(w, x) =

= inf{Q(w, y) R(x, y) / y ∈ F},

∀Q ∈ LK×F ,∀(w, x) ∈ K × E.
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and the L-fuzzy concepts are now the pairs of
L-fuzzy relations (S,Q) such that S1 = Q and
Q2 = S. The order is defined in the analogous way
to the mentioned above.

Although the referential sets E and F of the L-
fuzzy context and the lattice L can have any car-
dinality, from the point of view of the applications,
the interesting cases are those in which the cardi-
nality is finite. This is the situation in the following
example:

Example 1 Let (L,K,E, F,R) be the K-labeled L-
fuzzy context with L = {0, 0.2, 0.4, 0.6, 0.8, 1}, K =
{k1, k2, k3} and coincident sets of objects and at-
tributes, E = F = {x1, x2, x3, x4, x5}. Let us sup-
pose the following reflexive and symmetric relation
R ∈ LE×E:

R x1 x2 x3 x4 x5

x1 1 1 0.2 0 0
x2 1 1 1 0.8 0
x3 0.2 1 1 1 0
x4 0 0.8 1 1 0.2
x5 0 0 0 0.2 1

We show here two K-labeled L-fuzzy concepts that
have been calculated using as implication  the
Lukasiewicz implication operator:

(S1, Q1) =




x1 x2 x3 x4 x5

k1 0.2 1 0.2 0 0
k2 0 0.8 1 0.8 0
k3 1 1 0.2 0 0

,

x1 x2 x3 x4 x5

k1 1 1 1 0.8 0
k2 0.2 1 1 1 0
k3 1 1 0.2 0 0




(S2, Q2) =




x1 x2 x3 x4 x5

k1 0 0 0 0.2 1
k2 0.2 1 1 0.8 0
k3 1 1 0.2 0 0

,

x1 x2 x3 x4 x5

k1 0 0 0 0.2 1
k2 0.2 1 1 0.8 0
k3 1 1 0.2 0 0




The meaning of these concepts will be explained
in the next section.

Note that in the second case S2 = Q2. These K-
labeled L-fuzzy concepts that have coincident ex-
tension and intension will be of special interest.

2. Solutions of the equation X C R = X

The study of the eigen fuzzy sets equations of the
type R◦X = X was introduced by Sanchez[24], with
applications to medical diagnosis. There are more
references about these equations in the bibliography
([25, 17]).

In this paper, we are interested in solving the
equation X C R = X which solutions can be
interpreted as eigenvalues associated with the
operator C instead of ◦. We prove that if R is a
fuzzy tolerance, then the set of eigenvalues is not a
void set and we give an algorithm for their calculus
related with the Fuzzy set theory.

Proposition 1 The following equivalence is ful-
filled:

(S×̃S) ≤ R⇔ S ≤ (S C R)

Proof: Let us suppose that S ×̃ Q ≤ R. Then,

S(w, x) ᵀQ(w, y) ≤ R(x, y), ∀x, y ∈ E, ∀w ∈ K.

Let w and y be two elements of E, then, as the
implication is the residuum ([8]) of the t-norm ᵀ,
it is verified that:

Q(w, y) ≤ (S(w, x) R(x, y)), ∀x ∈ E,

therefore

Q(w, y) ≤ inf
x∈E

(S(w, x) R(x, y)) = (S C R)(w, y).

And this happens for every pair of elements y and
w, hence,

Q ≤ (S C R).

To prove the inverse implication, let us suppose now
that Q ≤ (S C R), then:

Q(w, y) ≤ (S(w, x) R(x, y)),∀w ∈ K,∀x, y ∈ E,

and, consequently,

S(w, x) ᵀQ(w, y) ≤ R(x, y),∀w ∈ K,∀x, y ∈ E.

That is:
S×̃Q ≤ R.

�

Now, we study the classes of L-fuzzy sets SR and
HR, characterized by the relation R and the opera-
tor C.

To do this, we consider the ordinary set SR ⊂
LK×E :

SR = {S ∈ LK×E / S ≤ (S C R)}

And the ordinary set HR ⊂ SR :

HR = {H ∈ LK×E / H = (H C R)}

HR can be empty, but since ∅ ∈ SR, SR 6= ∅.
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Proposition 2 It is true that:

1. If R is an L-fuzzy tolerance, then HR =
MAXIMAL(SR) 6= ∅.

2. The subset NHR ⊂ HR of the maximals of SR
defined by:

NHR ={Ĥ / (Ĥ = (Ĥ C R))

( Ĥk is normal,∀k ∈ K) },

where Ĥk ∈ L
E is such that Ĥk(x) = Ĥ(k, x),

∀x ∈ E, verifies that NHR 6= ∅.

Proof:

1. As we know that HR ⊆ MAXIMAL(SR)
holds, then we have to prove the other inclu-
sion:

Let S ∈ MAXIMAL(SR), then S ≤ (S C R).
Let us suppose that S < (S C R). Then, there
exists at least one (w, t) ∈ K × E such that
S(w, t) < (S C R)(w, t).

Let be Swt ∈ L
K×E defined by:

Swt(k, x) =

{
S(k, x) if (k, x) 6= (w, t)

(S C R)(w, t) if (k, x) = (w, t)

Then, it is verified that:

S < Swt = S ∨ (w, t)
(SCR)(w,t)

,

where

(w, t)
(SCR)(w,t)

(k, x) =

=

{
0 if (k, x) 6= (w, t)

(S C R)(w, t) if (k, x) = (w, t)

Thus,

Swt C R = (S ∨ (w, t)
(SCR)(w,t)

) C R =

= (S C R) ∧ ((w, t)
(SCR)(w,t)

C R).

We will prove now that Swt ≤ (Swt C R):

• ∀k, 6= w , taking into account the defini-
tion of (w, t)

(SCR)(w,t)

and that

0 β = 1,∀β ∈ L,

it is verified:

(Swt C R)(k, x) =

= (S C R)(k, x) ∧ ((w, t)
(SCR)(w,t)

C R)(k, x)

= (S C R)(k, x)∧

inf{((w, t)
(SCR)(w,t)

(k, z)) R(z, x)/z ∈ E} =

= (S C R)(k, x) ∧ 1 =

= (S C R)(k, x) ≥ S(k, x) = Swt(k, x)

• ∀k = w and x 6= t, taking into account
that:

α ≤ (α β) β

proven in [4] and that R(x,w) = R(w, x)
holds, it follows:

(Swt C R)(k, x) = (Swt C R)(w, x) =

(S C R)(w, x) ∧ ((w, t)
(SCR)(w,t)

C R)(w, x)

= (S C R)(w, x) ∧ ((S C R)(w, t) R(t, x))

= (S C R)(w, x)∧

( inf
z∈E
{S(w, z) R(z, t)} R(t, x)) ≥

(S C R)(w, x)∧

((S(w, x) R(x, t)) R(t, x)) =

= (S C R)(w, x)∧

((S(w, x) R(t, x)) R(t, x)) ≥

(S C R)(w, x) ∧ S(w, x) =

= S(w, x) = Swt(w, x).

• ∀(k, x) = (w, t), taking into account that
R(w,w) = 1:

(Swt C R)(k, x) = (Swt C R)(w, t) =

inf
z∈E
{Swt(w, z) R(z, t)} =

inf
z 6=t
{Swt(w, z) R(z, t)} ∧ (Swt(w, t) R(t, t))

= inf
z 6=t
{S(w, z) R(z, t)} ∧ 1 ≥

inf
z∈E
{S(w, z) R(z, t)} =

(S C R)(w, t) = Swt(w, t)

Then S < Swt ≤ (Swt C R), that is,
S < Swt ∈ SR, but this is wrong since S
is a maximal element of SR. Consequently,
S = S C R, and S ∈ HR is proven.

2. We consider the set of maps EK and we asso-
ciate ϕ ∈ EK with the binary relation Q(ϕ) ∈
LK×E defined by

Q(ϕ)(k, x) =

{
1 if x = ϕ(k)

0 in other case

We will prove that Q(ϕ) ∈ SR, that is,
Q(ϕ) ≤ Q(ϕ) C R, ∀ϕ ∈ EK :

We only have to verify that,
∀k ∈ K, (Q(ϕ) C R)(k, ϕ(k)) = 1:

(Q(ϕ) C R)(k, ϕ(k)) =

= inf{Q(ϕ)(k, x) R(x, ϕ(k)) / x ∈ E} =

1 R(ϕ(k), ϕ(k)) = 1 1 = 1.

Then, there is a maximal element Ĥ ∈
MAXIMAL(SR) such that Q(ϕ) ≤ Ĥ and ev-

idently Ĥ(k, ϕ(k)) = 1.
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Therefore, for every k ∈ K exists x = ϕ(k) ∈

E such that Ĥ(k, x) = 1. Consequently Ĥ ∈
NHR.

�

At this point, from Proposition 2, we are on
conditions to find the solutions of the equation
X C R = X when R is reflexive and simetrical.

Corollary 1 If R is an L-fuzzy tolerance, the equa-
tion X C R = X has solutions in LK×E, and the
set of solutions is the set of maximals L-fuzzy re-
lations H ∈ LK×E. Consequently, every element
Ĥ ∈ NHR is a solution of this equation.

Moreover, from Proposition 1 and Proposition 2,
these solutions verify that H ×̃ H ≤ R that is
related to the blocks in the context of the crisp
tolerance relations.

On the other hand, by the definition of L-fuzzy
concepts in the L-fuzzy context (L,K,E,E,R),
these solutions are the extension (or intension) of
some special L-Fuzzy concepts where the extension
and intension are coincident and formed by normal
L-fuzzy sets.

Example 2 If we come back to Example 1,
we can consider the k-labeled L-Fuzzy Context
(L,K,E,E,R) where K is the set of tasks that a
group of workers (E) has to do and the tolerance re-
lation R, the opinion of the person in charge about
the relationship between the different workers.

Then, some solutions of the equation are the fol-
lowing ones:

H1 =

x1 x2 x3 x4 x5

k1 0 0 0 0.2 1
k2 0.2 1 1 0.8 0
k3 1 1 0.2 0 0

H2 =

x1 x2 x3 x4 x5

k1 0.2 1 1 0.8 0
k2 0 0.8 1 1 0
k3 1 1 0.2 0 0

since they are the extensions (or intensions) of some
K-labeled L-fuzzy concepts where both elements of
the pair are equals, and then verify the equation
H C R = H.

These solutions can be understood as the different
ways of doing the tasks by the workers, taking into
account the relationship among them (if the relation
of two workers is bad, it is better no to put both in
the same task).

Moreover, these solutions (that are the set of max-
imals L-fuzzy relations H ∈ LK×E such that H ×̃
H ≤ R) can be interpreted as follows:

∀k ∈ K,H(k, x) ᵀH(k, y) ≤ R(x, y)

That is: if x and y are involved in the same task k,
then they must have a certain compatibility degree
(expressed in relation R).

3. Conclusions and Future work

In this paper, we have showed a relationship
between the solutions of the equation X C R = X
when R is a fuzzy tolerance and the L-fuzzy
concepts of certain L-fuzzy context.

In future works, we will study the conection be-
tween these solutions and the blocks [3] in the con-
text of the crisp tolerance relations.
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