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Abstract—In this paper, we consider an autonomous Lotka-
Volterra competitive system with stochastic perturbation and
feedback controls. Firstly, we show the existence, the
uniqueness and the positivity of the solution. Secondly, under a
simple assumption, sufficient conditions for stability in the
mean and extinction of each population are established.
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I INTRODUCTION

For the last decades, the classical Lotka-Volterra
competition system has been studied extensively. Many
excellent results are obtained (see [13, 14]).

In [1], the authors argued that in a situation where the
equilibrium is not the desirable one (or affordable) and a
smaller value is required, we are required to alter the system
structurally by introducing a feedback control variable [2].
This can be implemented by means of a biological control or
some harvesting procedure so as to make the population
stabilize at a lower value. In 1931 V. Volterra explained the
balance between two populations of fish in a closed pond
using the theory of feedback. Later, a series of mathematical
models have been established to describe the dynamics of
feedback control systems.

Gopalsamy and Weng [3] introduced a two species
autonomous Lotka-Volterra competitive system  with
feedback controls.

Where X ® denotes the population density, u; (1) denotes
the feedback control variable, and 8 C.€.d (" J :1'2)
are positive constants.

dx, (£) = %, (O[r, —a,x (1) —a,,x, () —c,u, (t)]dt

dx, (t) = X, (O)[r, —a,,x,(t) —a,x, (t) —c,u, (t)]dt

dul (t) = [_elul (t) + d1X1 (t)]dt

duz (t) = [_ezuz (t) + dzxz (t)]dt-

They obtained sufficient conditions for the globally
asymptotically stable of system (1).

M

But, in the real world population systems often subject to
environmental perturbations. In  many cases, these
perturbations should not be neglected, and there are many
authors have introduced stochastic population models in
order to investigate the effect of environmental noises; see
(e.g. [4, 6-10, 12]). For example, Meng Liu, Ke Wang [9]
discussed a stochastic competition system
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dx, (t) = X, (1)1, —ay, %, (t) —ay, X, ()]dt + oyx, ()dB, (t)
dX2 (t) =% (t)[rz —ay% (t) —a,X (t)]dt +05%, (t)de (t) (2)

Where i (" 1=12 ) are positive constants.

However, to this day, no scholar has investigated the
dynamic behaviors of the stochastic Lotka-Volterra
competitive system with feedback controls. In this paper, we
consider a stochastic Lotka-Volterra competitive system with
feedback controls. Suppose that the environmental noises

mainly affect the growth rate i : =1 +0,dB (1) , (see [6-10]),

2
where @i denotes the intensity of the noise, and Bi(1) is a
standard Brownian motion defined on a complete probability

space (©.F.P) : i=
population system

dx, (t) = x (O[r, —a,x (t) —a,X, () —c,u, ()]dt + o, (t)dB, (t)
dxz (t) =X, (t)[rz - a21x(t) —a, y(t) —Gu, (t)]dt +0,X%, (t)de (t)
du1 (t) = [_elul (t) + dlxl(t)]dt
duz (t) = [_ezuz (t) + dzxz (t)]dt

With initial conditions % (®) >0, u(©) >0, i=12.

We can easy to see that system (3) has no positive
equilibrium. Hence, there is an interesting and important
question is that of whether system (3) still has some stability
around some positive point. In this paper, we shall show it.

L2 Then we get following stochastic

®)

I MAIN RESULTS

In this section, we first show that the solution of system
(3) is global and positive.

Theorem 2.1 For any given initial

value (0. %(0),u:(0),u,(0) €RY ' quctem (3) has a unique
positive solution *®x®.u®.LM®) on t=0 and the

4
solution will remain in R, with probability 1, where

RY ={(%,%,,U,U,) €R | % >0,u >0,i =12}

Proof Define a function
V (X, Xy, U, , u2)=fj(xi -1-1Inx,) +22)ei’1di (u,—1-Inu,) it
i1 =y , 1

(% (1), %, (1), u, (), u, (V) Rf , we obtain that



dV (%, %,,U;,U,) = (X, —1)[1, —a,X —a,X, —cu, |dt+0.507dt + (x, ~1)o,dB, (t)
+(x, ~1)[r, —a, X, —a,X, —c,u, |dt + 0.507dt + (x, —1)0,dB, (t)
—cu, +c +e'cdx —dxu*—c,u, +c, +6&,'c,d,x, —d,x,u,*
< [(r1 +a, +a, +e'cd, )X —a,X +(r, +a, +a, +8,c,d, )X, —a,X;
+0.507 +0.507 +¢, +, |dt +(x ~1)0,dB, (t) +(x, 1), dB, (t)
< K+(x, -1 ,dB, (t) +(x, —1)o,dB, (t).

Where K is a positive constant. By the similar proof of
[12, Theorem 2.1], we can obtain the desired assertion.

For simplicity, we introduce the following notation. Let
c,d,

A1:(5122"' 2e

2

)(r, —0.507) ~(r, -0.507)a,,

= @+ )6 050 (5 -050)a,

%)@, + %%
2

& &
" = lim sup f (t)

A=(a, +

) —a,8,

f. = liminf f (t)
( f (t)) =t f(s)ds
2 2
Theorem 2.2 () If '+ <0991 ang 2 <0592 tpen poth
X and % go to extinction almost surely (a.s.),ie.

> 0507 r, <0.507 X

zan If i and , then "I goes to
extinction as. and % is stable in time average a.s.
i,j=12 i#]j
limt [ x (s)ds — (L=0:500)e. |
e ae +cd,
Iimt’ﬁéu(s)ds:w as
o aiiel + Cidl

2 2
an If r, > 0.50; and " > 0.50, )

(1) Suppose that A>0 (It is easy to see that 2:=0 and
A2<0 cannot simultaneously hold in this case).

() If 210 and 25=0 | then *i goes to extinction a.s.

and X is stable in time average a.s., Ly=12 i#] ,

Iimt’lj;x,(s)ds:m' |imt4ﬁul(s)dszm as
o ae+cd a,e +cd,
(b) If A1>0 and 220 then both *and *2 are stable in

time average a.s.,

A Ad
limt*{ x (s)ds=—, limt*{u(s)ds=—— as.i=12.
e (5)ds = 2, imefu, (s = 22

(2) Suppose that A<0O (It is easy to see that A,>0 and

4,>0 cannot simultaneously hold in this case).
(@) If 2= and ~i=°, then % goes to extinction a.s.

X . o I C
and "7 is stable in time average a.s., "1 =12 1= 1
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(r, —0.507)e,

ae+cd
nl J

(r, ~0.507)d,

limt™[ x (s)ds =
o .[O J( ) aueJ +c1d1

, limt” [Ju, (s)ds =

]

(b) If A,<0 and A2<0, then % and *2 not simultaneously
go to extinction (a.s).

Il PROOF OF THE THEOREM 2.2

Firstly, we introduce some fundamental lemmas which
will be used.

Lemma 3.1 ([7]). Suppose that 2(1) € C2xR.),

(i) If there exist two positive constants T, and u such that

Inz2(t) < At—uf; 2(s)ds + >, B, (1)

Forall t=T where % (1=12) are constants, then
(z(t)) <u?4, as.if 120 4)
limz(t) =0, as.if 1<0.

(ii) If there exist three positive constants;/l , Tand u such

Inx(t) > At —u[: x(s)ds + 3 o, B, (t)
hat / = , for all 12T | then

(z(t)). =u™2, as.

Lemma 3.2 (see [11]).
stochastic differential equation

dx = X[a—bx]dt + oxdB(t) (5)
where a, b, O are positive, and B(t) is standard
Brownian motion, Under the condition &> 0.507 for any

initial value % >0 , the solution x(t) to (5) has the

~ limt™tInx(t) =0, as.
properties t—+»

Consider one-dimensional

2
Lemma 3.3 If  #0.50; , for any initial

vatve (0% @OWO.LO) R XOU®B o

system (3) have [t'Inx®)] <0, limt?u,() =0, as.j=12,

Proof. From 3), it is  obvious that
dx, (t) < % (DIF, —a,x, (V)]dt + o;x, (t)B, (1)

Denote i is the solution to the following stochastic
equation

dX; (1) = X, (O[r, —a, X; (t)]dt + o, X, ()dB, (t)
X, (0)=x() i=12
Then X () have the following explicit representations
respectively
exp{rt—0.507t +0,B, (t)}

Xi (t) = Xi—l (0) + aii J’(; exp{r‘is — 0.5Gizs + O, Bi (S)}ds ,

i =1,2.(6)



From the third and fourth equations of system (3), we can
obtain U ® have the following explicit representations
respective|y ui (t) = exp{_eit}[di I{E X(S) exp{ei S}dS + ui (O)]

1 & <0597 then from (6) we have

X (1) < X,(0) < X, (0)exp{-{0.507 —1, ~ot "B O]t}

limt™B (t)=0as. limx (t)=0
Because of t—+- , then t and

[t Inxi(t)] <0as. obviously, ]qut U ()=0 as i=12 '

2
1ffi > 0.50; , by virtue of Lemma 3.2 we have
!imt‘l Inx (t) < tlimt‘1 InX,(t)=0as.i=12.

or exp(et) In X; (1) apply 1t8s formula, we can see that

a, ;exp(e;s) X, (s)ds =In X, (0) —exp(et) In X, (t) +¢ [;exp(e;s) In X, (s)ds
+],exp(es)(r, —0.50; )ds + o, [,exp{es}dB, (s).

Using mean value theorem of integrals, we obtain

a,[,exp(es)X (s)ds _ InX,(0) InX,(t) e InX (z)],exp(es)ds
texp(et) Tt exp(et) T texp(et)
+ j; eXp(ei s)(r-. — 0.50‘5 )dS + i [exp{elt}Bi (t) -6 Bi (Tz )J‘; exp{ei S}ds]
texp(et) texp(et)

<ttIn X, (0)—t*In X, (t) +t " In X, (7,) —t exp{—et}In X,(z,)
+(et)*(r, —0.507)+t "0, B, (t) -t o,B, (z,) +t " exp{—et}o,B,(z,)

Where 7 e[0t], i=12

limt 'B(t)=0

. By virtue of Lemma 3.2 and

, then we can get

d,;exp(e;s)X (s)ds +1,(0) _
texp(et)

jim 0L EXP(ES) X, (5)ds +u,(0)
e texp(et)

0<Ilim =0 as.

ot

limt™u (t)=0 as. i=12.
Therefore, =+

Proof of Theorem 2.2. Applying It8s formula to (3), we
can see that

tInx (t)/x(0)= (r,-0507)-a, (x (t))-a, (% ()~
tInx, (0)/x,(0) = (r, ~0507) -2, (x (1)) -a, (X, () -

¢, (u(t)+t B (1) (7)
¢, (u,(t)+t"a,B,(1)(8)

', (0 -, (0] =~ (u () +d, (x ©) (9)
U, (1) - u, (0)] = —&, (U, (1)) +d, (%, (1)) (10)
(): Suppose that f, <0507 and "2 <050 , by virtue of
Lemma 3.3's proof we can obtain

tIim xi(t):O,lIim u(t)=0 as. i=12

(1): Without loss of generality, Suppose that * f, > 050

and <059 ginge <0507 , then by (I) we can get,
lim x,(t) =0 limu,(t)=0.
oo () and o+ 0 for arbitrary € >0
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There exist a positive constant T such that fort > T,
—£13<a, (X, (t))<el3
-£/3<t7Inx,(0)<&/3

—e/3<c (et) [u ) -u, )] <&/3

Thus computing (7)—e"cd; x(9) , we have
N (t) < (r,-0.507 +¢) - (a, +& '¢d) (% () +t ;B (1) (11)
N (1) 2 (- 0.507 — ) - (a, +&"cd) (% (1)) +t ;B (1) (12)
r, > 0.507

r,-0507 -

, we can choose ¢ sufficiently small
g>0

Since 1
such that *

Apply (i) and (ii) of Lemma 3.1 to above inequalities, we
obtain

(r,—0.507 — (r —0.507 +¢&)e,

g)el < * 1 :
<(x @), <(x () S———— as.
alle]. +C1d1 < > < > a:lle]. +C1d1

An application of the arbitrariness of ¢ leads to

_ 2
limt™ [ x,(s)ds = (i=050)e Jdimt ) ul(s)ds—M
el a’llel + Cld I%M a’llel + Cldl
(M -2x(9)
Now let us prove (IlI), computing & and
(8) — 2 < (10)
€2 we have
I 0/%0)~(et) 6w O -uOI=(; ——) (a11+%)<x1> a,{x)+ 08,0 (13)
)06 ¢, 0-w01= —% (80 22 )3, )+ 8,) (14)

for arbitrary € >0 There exist a positive constant T,
such that for t > T,
-¢/2<t™Inx (0)<e/2, —g/2§ci(eit)’l[ui(t)—ui(O)]s5/2, i=12(15)
Substituting the above inequalities into (13) and (14), one
can obtain that fort > T | we have

—(

> (1, ~0.507 &)~ (
<(r,-050; +¢) -
tInx, (t) > (r,-0.507 —¢) -

Computing (16)x(a, +€, czdz)—(19)><a12’ by virtue of
Lemma 3.3, we can obtain

)
a,+e7¢d,)
(a,+€, cd)
(a, +&'c,d,)

(3, +&,"C,0, )t N X, (1) < (3, +8,7c,0, )(1, ~0.507 +£) —a,,(r, ~0.50; —¢) (20)
_A<X1(t)> + (ezt)il(aﬂez + Cde)O'lBl(t) _tilazlo-sz (®),
For t > T, at the same
Computlng (18) X (a11 + eilcldl) - (17) X a‘21 ,
Lemma 3.3, we can obtain

time,

by virtue of



(8, +e e )t Inx, (1) < (a, +e7cd,)(r, ~0.507 +£) —a,(r, ~0.50; —¢) (21)
- A<X2 (t)> + (‘31071 (a8 +c,d;)o, B, (t) _t71a210—181 ®.

Case (1) :( a) Without loss of generality. Suppose 4,>0
and 4,<0 , then let € be sufficiently small such

that (@a +&'6A)(;, ~050% +£)— (5 ~0.507 ~#)a, <0 anplving

(i) of lemma 3.1 to (21) have
imx%®=0limu, =0 as. then the proof of
st (r, 70.50'12)61 PRSI (r, 70-50-12)d1
limt= [ x (s)ds =——=, limt~[ju(s)ds=——"—"" as.
O = e, R e e,
is similar to that of (I1) and hence is omitted.
(b) Suppose A, >0 and A, >0. Since 21> 0, by virtue

of Lemma 3.1 (i), (20) and the arbitrariness of ¢, we can
obtain

<X1(t)>* < (2, +&, 6,0, )(r, ~0.507) ~ay, (r, ~0.507) :ﬁ’
A A
Similarly, by virtue of (21), Lemma 3.1 (i) and the
arbitrariness of € , we have

as.(22)

(%, (0) < % as. (23)

Let ¢
d,. A
(aﬂ+%)f—g>o.

sufficiently small such that

when (15) and (23) are used in (17),
we have

- A d -
%) 2 (50507 —£) ~a, 5~ (@, + 1) (4 (1) +1 B ()
1

@+ S R e @t LR (0(0) + U080,

Applying (i) of lemma 3.1 to above inequality and
making use of the arbitrariness of ¢, we have

(x®), = % a.s. (24)
X, (1)), > A, as.
Similarly, leads to A together with (22)-
(24), have
Iim(xi>:ﬁ, as. Iim(ui>=A‘—d‘, as. i=12
t—+o0 A t—+o0 Aei
Case (2): (a) without loss of generality.
Suppose 4A,<0 and 4,20 .
@9 (a, + 2%y _ae)xa,
Computing "e , have
cdy cd,

(ay, +?)t’1 Inx, () 2 t™a, Inx,(t) +(a, +?)(r2 ~0.507 ~&)~a,(r,~0507 +¢) (25)

- A<X2 (t)> +(ay8 +¢d)o, (tel)il B,(t) - azlg1tilB1(t)-

Let ¢ be sufficiently small such
(ay + Cldl)(r2 —0.567 —¢) —ay, (, —0.5567 + &) > 0,
that & we can
obtain from (25)
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2, [t %] > (a8, +660,)(1, ~0507 ), (5 ~050% +6) >0

Make use of the arbitrariness of € and Lemma 3.3, we
can obtain

tIim X, (t) =0, lIim u(t)=0, as.
At the same time, the similar proof of (1), we can obtain
(rz _0'50-22)92

_ 2
| (,-0503)d,
a6, +C2d2

limt?{ x, (s)ds =
'[O 2( ) a2262 +C2d2

t—>+0

lim t™[;u,(s)ds =

t>+0

So we omitted it in here.

(b) According to (19), we can see
3, (% (1) +(a, +&'c,d, ) (%, )+ X, () 2 (1, 0503 —£) +1 3, B, (1)

tinx, ()] <
byvirtueof[ nXZ()} O,Wecanobtain

a, (% (1) +(ay, +6,'c,d, ) (%, (1)) = (r,—-0505)>0 (26)

So the fact that is * and %2 not simultaneously go to
extinction from (26).
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