










Then we have
Theorem [Theorem 4.2 in [10]] Łukasiewicz∗

logic is complete w.r.t. complete MV –algebras.
Similarly, to obtain completeness of Semi–

divisible Monoidal logic, it is necessary and suffi-
cient that we add another infinitary inference rule

From [¬¬α⇒ ¬α& · · ·&¬α] ∀n infer ¬α, (41)

where the new logical connective & is defined recur-
sively via ¬α&¬β = ¬¬[¬α&¬β].

Then we have
Theorem Semi–divisible Monoidal logic is com-

plete w.r.t. complete semi–divisible residuated lat-
tices.

However, we have not been able to prove or dis-
prove that strongness is preserved under MacNeille
completion. If this conjecture is true, then we have
Theorem Strong semi–divisible Monoidal logic

is complete w.r.t. complete strong semi–divisible
residuated lattices.
Theorem A predicate formula α is derivable in

Strong Semi–divisible Monadic logic if, and only if
its double negation ¬¬α is derivable in Łukasiewicz∗
logic.

References

[1] Cignoli, R. and Torrens A.: Hájek basic fuzzy
logic and Łukasiewicz infinite-valued logic. Arch.
Math. Logic 42(2003) 361–370.

[2] Cignoli, R. and Torrens A.: Glivenko like theo-
rems in natural expansions ofBCK–logic.Math.
Log. Quart. 50(2004) 111–125.

[3] Chovanec, F.: States and observables on MV –
algebras, Tatra Mt. Math. Publ. 3(1993), 467–
490.

[4] Dvurečenskij, A.: States on Pseudo–MV–
algebras. Studia Logica 68(2001), 301–327.

[5] Dvurečenskij, A. and Rach �unek, J.: On
Riečan and Bosbach States for Bounded
Non–commutative R`–Monoids. Math. Slovaca
56(2006), 487-500.

[6] Dvurečenskij, A. and Rach �unek, J.: Prob-
abilistic averaging in bounded commutative
residuated l–monoids. Discrete Mathematics
306(2006), 1317-1326.

[7] Galatos, N., Jipsen, P., Kowalski, T. and Ono,
H.: Residuated Lattices: An Algebraic Glimpse
at Substructural Logics, Studies in Logic and
the Foundations of Mathematics. Vol 151. Else-
vier, Amsterdam (2007).

[8] Glivenko, V.: Sur quelques points de la logique
de M. Brower. Bull. Acad. des Sci. de Belgique
15(1929), 183–188.

[9] Hájek, P.: Metamathematics of Fuzzy Logic,
Trends in Logic, Studia Logica Library, Kluwer,
Dordrecht, Volume 4 (1998).
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