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Abstract

A new method of banknote image retrieval is proposed by using new set of rotated quaternion wavelet
filters (RQWF) and standard quaternion wavelet transform (QWT) jointly. The robust and rotationally
invariant features are extracted from QWT and RQWF decomposed sub-bands of banknote image. Three
different sets of databases are used to demonstrate the effectiveness of the proposed method. The exper-
imental results show that the proposed method improves the recognition rate from 78.79% to 91.22% on
(16000 images) database D1, form 74.08% to 94.62% on (20000 images) database D2 and from 76.44%
to 88.78% on (10000 images) database D3. The proposed method can also obtain a reasonable level of
computational complexity.

Keywords: discrete wavelet transform (DWT), complex wavelet transform (CWT), quaternion wavelet
transform (QWT), rotated quaternion wavelet filters (RQWF), feature extraction, support vector machine
(SVM).

1. Introduction

With the development of modern science,the ban-
knote recognition system becomes more and more
important.The goal of the system is to sort the ban-
knotes according to their value and face automati-
cally. Feature extraction and classification are very
important components in banknote recognition sys-
tem.

Several authors have proposed many feature ex-
traction methods.Liu and Picard [1] used wold fea-
tures for image modeling and retrieval. Man-

junath and Ma [2] used Gabor wavelet coeffi-
cients for image retrieval.Discrete wavelet trans-
form (DWT) [3-8] was proposed for image fea-
ture extraction.Do and Vetterli[9] proposed wavelet
based texture retrieval by the use of generalized
Gaussian density and Kullback-Leibler distance
metric.A comparative study of rotation invariant
texture analysis method was proposed by Janney
et al [10].Magnitude of a discrete Fourier trans-
form in the rotation dimension of features obtained
with a multi-resolution [11-12].Chen [13] mod-
eled the features of wavelet sub-band as a hid-
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den Markov model (HMM).In [14],Manthalkar pre-
sented rotation-invariant texture features using a
wavelet packet transform.The real DWT has two
drawbacks of shift sensitivity and poor directional-
ity [15].Selesnick and Kingsbury [16]proposed DT-
CWT which can represent image texture efficiently
in six directions.Also,reference [17] obtained im-
proved retrieval performance by the use of DT-CWT.
But DT-CWT is a single phase, which can’t resolve
the image shift in both the horizontal and vertical
directions from the change of only one CWT coeffi-
cient phase.

The new quaternion wavelet transform (QWT)
[18-19] was proposed in recent years for overcom-
ing drawbacks of DWT and DT-CWT.The QWT can
provide three phases for image analysis by using
the phase concept.QWT used the Gabor kernel as
quaternion mother wavelet,and extended to multi-
resolution analysis.Different phases are computed
in different resolutions by the modulated quaternion
Gabor filters.

To improve the retrieval performance both in
terms of retrieval accuracy and retrieval time, a
new set of 2-D rotated quaternion wavelet filters is
proposed in this paper.The proposed banknote im-
age retrieval method combined QWT and RQWF is
used in banknote recognition system. The method
is checked on three sets of large databases and
compared with existing available methods on cor-
responding databases. The performance of the pro-
posed method is better than that of the existing avail-
able methods on each database.

This paper is organized as follows.Rotated
quaternion wavelet filters are proposed in section 2.
Section 3 provides an overview of support vector
machine (SVM). The banknote image retrieval sys-
tem using QWT+RQWF+SVM is proposed in sec-
tion 4. Experimental results are given in section 5,
which is followed by the conclusion in section 6.

2. Rotated Quaternion Wavelet

2.1. Real Wavelet Transform

The one-dimensional (1-D) discrete real wavelet
transform decomposes signalf (x) with dilated and
shifted mother waveletϕ(x) and scaling function

φ(x).

f (x) = ∑
l∈Z

A j0,l φ j0,l (x)+
j0

∑
j=1

∑
l∈Z

D j,l ϕ j,l (x) (1)

where the approximation coefficientsA j0,l and
wavelet coefficientsD j,l at scale j can be cal-
culated using the standard inner productA j0,l =〈

f ,φ j0,l
〉

and D j,l =
〈

f ,ϕ j,l
〉
, in which φ j0,l (x) =

2
√

j0φ
(
2 j0x− l

)
and mother wavelet function

ϕ j,l (x) = 2
√

jϕ
(
2 jx− l

)
.Given the approximation

coefficientsA j,l at scalej, then the approximation
coefficientsA j+1,l and wavelet coefficientsD j+1,l

at scalej + 1 are obtained by passingA j,l through
low-pass filterh and high-pass filterg.The opera-
tion of down-sampling is by a factor of two. The
standard two-dimensional (2-D) wavelet transform
is obtained using tensor products of 1-D wavelets
transform over the vertical and horizontal directions.
It decomposes the signal of imagef (x,y) in terms
of a set of wavelet functions which are strongly ori-
ented in{0◦,90◦,±45◦} and scaling function.

f (x,y)= ∑
l∈Z2

A j0,l φ j0,l (x,y)+ ∑
k∈α

j0

∑
j=1

∑
l∈Z2

Dk
j,l ϕ

k
j,l (x,y)

(2)
whereφ j0,l (x,y)=2 j0φ(2 j0(x,y)− l) andϕk

j,l (x,y)=
2 jϕk(2 j(x,y)− l). The 2-D separable wavelet trans-
form is constructed in terms of 2-D scaling and three
2-D wavelet functions as follows

φ(x,y) = φ(x)φ(y)
ϕ0(x,y) = φ(x)ϕ(y)
ϕ90(x,y) = ϕ(x)φ(y)
ϕ±45(x,y) = ϕ(x)ϕ(y)

(3)

where φ ,ϕ are 1-D scaling function and wavelet
functions as described in (1).The 2-D real wavelet
transform of three sub-bands is shown in Fig1.

 

Fig. 1. Impulse response of 2-D wavelet filters
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2.2. Complex Wavelet Transform

The real DWT has two drawbacks. The first is shift
variance which causes significant fluctuation in the
wavelet coefficient energy. The second drawback is
poor directional selectivity as shown in Fig 2. Com-
plex wavelet transform (CWT) provide an avenue
to remedy these two drawbacks.In CWT, the filters
have complex coefficients and make the output sam-
ples are complex. However, it is difficult to achieve
a perfect reconstruction for complex wavelet decom-
position beyond level one.Selesnick and Kingsbury
[11] proposed a method of DT-CWT which reme-
died this drawback of CWT.The DT-CWT is imple-
mented by two parallel fully decimated trees with
real filter and then combining sub-band coefficients
appropriately.The 1-D DT-CWT decomposes a sig-
nal f (x) in terms of scaling function and a set of
complex shifted and dilated mother wavelet func-
tions as follows.

f (x) = ∑
l∈Z

A j0,l φ j0,l (x)+
j0

∑
j=1

∑
l∈Z

D j,l ϕ j,l (x) (4)

whereA j0,l andD j,l denotescaling coefficients
and complex wavelet coefficients respectively. They
are determined byφ j0 = φ r

j0,l
+ j × φ i

j0,l
andϕ j,l =

ϕ r
j,l + j ×ϕ i

j,l . Two real wavelet transform consists
of complex wavelet transform. The real and imagi-
nary parts of the DT-CWT are calculated usingh0,h1

andg0,g1,which are separate wavelet filters.In 2-D
DT-CWT, an image signalf (x,y) is decomposed
using a complex scaling function and six complex
wavelet functions.

f (x,y)= ∑
l∈Z2

A j0,l φ j0,l (x,y)+ ∑
k∈α

j0

∑
j=1

∑
l∈Z2

Dk
j,l ϕ

k
j,l (x,y)

(5)
where A j0,l and Dk

j,l are scaling coefficients and
wavelet coefficients respectively. φ j0,l (x,y) de-
notes the scaling function andϕk

j,l (x,y) denotes six
wavelet functions which are oriented atk ∈ α =
{±15◦,±45◦,±75◦}.Minh[20] proposed a theorem
that if H0(ejω) andG0(ejω) are low-pass conjugate
quadrature filters as follows:

G0(ejω) = H0(ejω)e− j0.5ω (6)

the corresponding wavelets are a Hilbert transform
pair denoted asϕg(x) = H{ϕh(x)}.Then the 2-D
DT-CWT is constructed by combining the two ori-
ented non-separable 2-D wavelet transform.The di-
rectional wavelet function and scaling function are
obtained by 2-D wavelet basis as follows:

φ1(x,y) = φh(x)φh(y)
φ2(x,y) = φg(x)φg(y)

(7)

ϕ+15◦(x,y) = ϕ1(x,y) = φh(x)ϕh(y)
ϕ−15◦(x,y) = ϕ2(x,y) = φg(x)ϕg(y)

(8)

ϕ+75◦(x,y) = ϕ3(x,y) = ϕh(x)φh(y)
ϕ−75◦(x,y) = ϕ4(x,y) = ϕg(x)φg(y)

(9)

ϕ+45◦(x,y) = ϕ5(x,y) = ϕh(x)ϕh(y)
ϕ−45◦(x,y) = ϕ6(x,y) = ϕg(x)ϕg(y)

(10)

Thesix complex wavelets are obtained by

ϕk(x,y) = 2
√

2(ϕk(x,y)+ϕk+1(x,y))
ϕk+1(x,y) = 2

√
2(ϕk(x,y)−ϕk+1(x,y))

(11)

where k = {1,3,5}.The 2-D DT-CWT is imple-
mented by taking sum and difference of two sepa-
rable wavelet filter banks.The impulse response of
six wavelets of DT-CWT is shown in Fig2. The DT-
CWT are strongly oriented at six angles and can cap-
ture more image information than the conventional
wavelet transform.

 

Fig. 2. Impulse response of 2-D DT-CWT filters
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2.3. Quaternion Wavelet Transform

The 2-D DT-CWT can only capture the image fea-
tures perpendicular to its orientation as it has a sin-
gle phase.When the features oriented in both hori-
zontal and vertical directions, it will cause ambigu-
ity in the 2-D DT-CWT domain.Quaternion wavelet
transform (QWT) can remedy this drawback. Each
quaternion wavelet consists of a real part and three
imaginary parts which are organized according to
quaternion algebra.The quaternion algebra H is pro-
posed by W.R.Hamiton in 1843.GivenQ = {s+
k1a+k2b+k3c|s,a,b,c∈R}has multiplication rules
which arek2

1 = k2
2 = k2

3 = −1,k3 = k1k2 = −k2k1.
Q∗ which is conjugate ofQ is defined asQ∗ =
{s− k1a− k2b− k3c|s,a,b,c ∈ R} and the magni-
tude is defined as|Q| = √

QQ∗. Another way to
represent a quaternionQ in a polar form asQ =
|Q|ek1α1ek2α2ek3α3, where are the quaternion phase
angles.They are calculated using the following for-
mulas.

α1 =
1
2

arctan

(
2(ac+sb)

s2 +a2−b2−c2

)
(12)

α2 =
1
2

arctan

(
2(bc+sa)

s2−a2 +b2−c2

)
(13)

α3 =−1
2

arcsin(2(bc−ad)) (14)

where (α1,α2,α3) ∈ [−π,π] ∪ [−π
/

2,π
/

2
] ∪[−π

/
4,π

/
4
]
.There are three nontrivial algebra in-

volutions as follows.

T1(Q) =−k1Qk1 = f (x,−y) (15)

T2(Q)=−k2Qk2 = f (x,−y) (16)

T3(Q) =−k3Qk3 = f (−x,−y) (17)

where functionf : R2→H is called quaternion Her-
mitian for each(x,y). For image signalf (x,y), the
quaternion wavelet multi-resolution decomposition
is defined as

f (x,y) = Aq
l f +

l

∑
j=1

[
Dq

j,1 f +Dq
j,2 f +Dq

j,3 f
]

(18)

where q denotes indication quaternion 2-D
signal.Aq

j f (x,y) is approximation function and
Dq

j,p f (x,y)(p = 1,2,3) is detail function which are
computed by means of scaling functionφq(x,y) and
quaternion wavelet functionϕq

p(x,y).We apply two
wavelet filtersh and g to each dimension of 2-D
image signal.All possible combination of wavelet
filters arehh,gg,hg,gh.They are applied to the 2-D
image signal to generate four wavelet components
oriented at horizontal, vertical and diagonal.The
QWT coefficients are obtained using quaternion al-
gebra by combing the wavelet components of the
same sub-band from the filter bank.So the QWT
wavelets at each scale can be organized as follows:

M =




φh(x)ϕh(y)
ϕh(x)φh(y)
ϕh(x)ϕh(y)


 + k1




φg(x)ϕh(y)
ϕg(x)φh(y)
ϕg(x)ϕh(y)


 +

k2




φh(x)ϕg(y)
ϕh(x)φg(y)
ϕh(x)ϕg(y)


+k3




φg(x)ϕg(y)
ϕg(x)φg(y)
ϕg(x)ϕg(y)


 (19)

2.4. RotatedQuaternion Wavelet Transform

The diagonal sub-band of the QWT is diffi-
cult to distinguish the information oriented in
45◦ or 135◦.We propose new 2-D rotated quater-
nion wavelet filters (RQWF) to remedy this draw-
back.The new RQWF are oriented by rotating the
non-separable quaternion wavelet filters using (19)
by rotating the angle of 45◦ for each filters.So
the decomposition is performed along the new di-
rections.Leth and g represent 1-D high pass and
low pass filter respectively.The size of filter is
(2N−1)× (2N− 1),whereN is the length of fil-
ter.Given 2-D image signalf (x,y),the 2-D RQWF
is performed by using 2-D down-sampling opera-
tion.The set of RQWF has orthogonal property and
the computational complexity of RQWF is the same
as the QWT in the 2-D frequency domain.Fig3 il-
lustrates the impulse response of RQWF which are
strongly oriented in{45◦,90◦,135◦,0◦} correspond
to {0◦,45◦,90◦,135◦} of QWT.From the Fig3, the
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RQWF is obtained by rotating the filters of QWT
the angle of 45◦.As the characteristics of RQWF and
QWT, it is possible to use them jointly in the image
feature extraction. With rotated quaternion decom-
position the diagonal characteristics in 45 and 135
degrees are clearly seen.An example of one level im-
age decomposition using QWT and RQWF is shown
in Fig4.

 
(a)

 
(b)

Fig. 3. Impulse response of 2-D QWT and RQWF, (a).2-D
QWT filters with orientations: 0, 45, 90, 135 degrees. (b).2-
D RQWF filters with orientations: 45, 90, 135, 0 degrees.

 
(a)

   
(b)

   
(c)

Fig. 4. One-level decomposition of texture image us-
ing QWT and RQWF,(a)Original image,(b)sub-bands using
QWT (from left:0,-45,+45 and 90 degree),(c)sub-bands us-
ing RQWF (from left:45,0,90,135 degree)

3. Support Vector Machine

Classification is a common task in machine learn-
ing.Support vector machine (SVM) is one kind of
classifier and it is based on strong foundations of
the statistical learning theory.It is used in many ap-
plications such as face detection, character recogni-
tion,image classification and so on.Compared with
other classifiers,there are many advantages, such as
low computational complexity, better capacity of
dealing with high dimensional data, less number of
training data and robustness against noisy data.The
goal of SVM which is a binary classifier can be rep-
resented as pairs of data denoted(xi ,yi),wherexi ∈
xm,m is dimension of input space andyi ∈ {−1,+1}
for the output classes.The linear classification func-
tion

f (x) = wX+b (20)

where w,b denotes slope and intersection respec-
tively. Fig5 illustrates the optimal and non-optimal
hyper-planes of the SVM.

� �

(a) (b)

Fig. 5. Optimal and non-optimal hyper-planes,(a)various
hyper-planes,(b)optimal hyper-plane

SVM can be extended for multi-class problem. It
incorporates kernel functions for projecting of non-
linearly separable input space to a higher dimen-
sion linearly separable space.There are many ker-
nel functions, such as Gaussian, sigmoid, linear and
radial bases functions.Multi-class problem includes
one against all, one against one and all at once.Fig6
shows the process of grouping different classes in
the banknote image database.Each SVM separates
one class from the rest of the banknote images.
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�

Fig. 6. One against all classification using three SVM

4. Banknote Image Retrieval System

4.1. Banknote Image Preprocessing

The process of preprocessing includes edge detec-
tion and slant correction.The edge detection is im-
plemented by testing many dispersed points on the
borders of the image and then adopt the least square
method to fit the border line of the banknote im-
age.As the banknote image samples are scanned
in the movement,the geometric distortion occur to
some extent.So slant correction is used to the ban-
knote image for remedy the drawback.Fig7 and Fig8
show the process of the banknote image preprocess-
ing.

� �

(a) (b)

Fig. 7. Banknote image edge detection,(a)original im-
age,(b)edge detection

� �

(a) (b)

Fig. 8. Banknote image slant correction,(a)original im-
age,(b)slant correction

4.2. Banknote Image Feature Extraction

Features are extracted from each banknote image in
the image database using QWT and RQWF respec-

tively.Five different sets of features are computed as
follows.
(a).Feature Set1: DWT only.
(b).Feature Set2: DT-CWT only.
(c).Feature Set3: QWT only.
(d).Feature Set4: RQWF only.
(e).Feature Set5: QWT and RQWF.
The feature vector is constructed using energy and
standard deviation.In each sub-band the feature vec-
tor is formed using the two parameter values.The
motivation of using these features is that they are
discriminated texture of the banknote image in
the frequency domain.In the large banknote image
database, the retrieval performance with combina-
tion of two features outperforms that using these two
features individually. The energy and standard devi-
ation of thekth sub-band is computed as follows:

Ek =
1

M×N

M

∑
i=1

N

∑
j=1

|Xk(i, j)| (21)

σk =

[
1

M×N

M

∑
i=1

N

∑
j=1

(Xk(i, j)−µk)

]
(22)

where Xk(i, j) denotesthe kth quaternion wavelet
coefficients,M×N is the size of quaternion wavelet
sub-band andµ i j is the mean value of quaternion
wavelet coefficients.The feature vector is formed us-
ing a combination ofEk and σk as follows f =
[σ1,σ2, · · · ,σk,E1,E2, · · · ,Ek].So the length of the
vector is 2×k.

4.3. BanknoteImage Query Method

Some typical banknote image samples which be-
long to each class are selected for training using
SVM.Considering the high speed and reliable per-
formance, one against all training method is used
in the experiment.The process is done bytrainlssvm
function of LSSVM. RBF is used as kernel function
for the training SVM. LSSVM provides a function
which can be used for overcoming the drawbacks of
optimal parameter selection of SVM. In the experi-
ment, grid search method is used for searching opti-
mal parameters.Then the functionsimlssvmis used
for computing the distance of each image included
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in the database from each trained SVM is calculated.
The distance vector store the distance of each image
from each support vector machine.The correlation
based metric can be used for comparison.

dC(xr ,xs)=
(xr −µr)(xs−µs)

′

√[
(xr −µr)(xr −µr)

′][
(xs−µs)(xs−µs)

′]

(23)
where xr is the query image distance vector and
xs is the distance vector of images included in the
database.µr and µs are the means of the vectorsxr

andxs.

5. Experimental Results

To verify the retrieval performance of the proposed
method, three different banknote image sets in the
experiments are presented separately.

5.1. Banknote Image Database

The banknote image samples are scanned by contact
image sensor with 200dpi.The samples are classified
to three database described as follows:
(1). Database D1: the banknote image database D1
consists of 16000 images of RMB.The size of each
image is 270×140.It has five main values which are
100,50,20,10,5 Yuan, and each value has four faces.
So there are 20 classes in the D1.
(2). Database D2: the banknote image database D2
consists of 20000 images of USD.The size of each
image is 270× 140.It has six main values which
are 100,50,20,10,2,1 Dollar,and each value has four
faces. D2 has 24 classes totally.
(3). Database D3: the banknote image database
D3 consists of 10000 images of EURO.The size of
each image is 270× 140.It has seven main values
which are 500,200,100,50,20,10,5 euro-dollar, and
each value has four faces.There are 28 classes in the
D3.

5.2. Average Retrieval Accuracy

The combination of standard deviation and energy
is used as feature of the banknote image. From Ta-
ble1 to Table3, they provide a comparison of average

retrieval accuracy for D1, D2 and D3 using feature
sets (a)-(e) respectively.The results of accuracy indi-
cate that the proposed method outperforms the other
methods on each database. The main reason is that
the RQWF provides complementary banknote im-
age texture information to the QWT by the use of its
orientation selectivity.The retrieval performance is
evaluated in terms of the average rate of the recogni-
tion rate.Fig9(a), Fig9(b) and Fig9(c) show the com-
parison for D1, D2 and D3, respectively.It is clear
that the proposed method is superior to the other
method. The performance increased up to 98.10%,
98.98% and 98.16% respectively.

5.3. Banknote Image Retrieval Time

Table4 shows the time of feature extraction and
search of the each database for given query ban-
knote image.The simulation is performed in Mat-
lab7.5 running on 3.0G.Hz CPU and 1.0 GB of
RAM. The results show that the proposed method
saves reasonable time compared with other methods.

6. CONCLUSION

A new banknote image retrieval method that us-
ing standard quaternion wavelet transform (QWT)
and rotated quaternion wavelet transform jointly
is proposed in this paper.The proposed method
is shift invariant,which it inherits from DWT and
DT-CWT and captures the diagonal texture infor-
mation of banknote image clearly.SVM is used
as classifier in the banknote retrieval system.The
proposed method is verified on Database D1-D3.
Experimental results on database D1 consisting
of 16000 banknote images of RMB, database D2
consisting of 20000 banknote images of USD and
database D3 consisting of 10000 banknote im-
ages of EURO indicate that the proposed method
significantly improves the recognition rate from
78.79% to 91.22%, 74.08% to 94.62% and 76.44%
to 88.78% respectively, over the other method.
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�

(a)

�

(b)

�

(c)

Fig. 9. Retrieval rate using different database,(a) D1,(b)
D2,(c)D3.

Table 1. Average retrieval accuracy of RMB of the database D1
with energy and standard deviation as feature measure.

RMB DWT DT-CWT QWT RQWF
QWT

RQWF
100 73.21% 69.39% 75.40% 73.28% 85.48%
50 74.68% 76.06% 83.07% 79.15% 89.72%
20 78.25% 75.45% 86.72% 83.52% 93.45%
10 82.14% 80.25% 85.48% 82.78% 95.27%
5 85.68% 81.65% 81.29% 80.86% 92.18%

Table 2. Average retrieval accuracy of USD of the database D2
with energy and standard deviation as feature measure.

USD DWT DT-CWT QWT RQWF
QWT

RQWF
100 71.08% 76.09% 80.06% 77.45% 94.98%
50 72.35% 78.56% 81.35% 78.78% 92.87%
20 71.64% 79.14% 83.17% 82.58% 95.50%
10 76.03% 73.89% 78.84% 76.84% 95.96%
2 75.14% 72.75% 76.92% 75.28% 91.98%
1 78.24% 74.95% 75.97% 74.62% 96.45%

Table 3. Average retrieval accuracy of Euro of the database D3
with energy and standard deviation as feature measure.

EURO DWT DT-CWT QWT RQWF
QWT

RQWF
500 74.28% 69.48% 72.18% 70.95% 83.69%
200 76.40% 72.15% 76.24% 73.28% 85.46%
100 77.36% 74.86% 74.48% 71.40% 88.49%
50 72.73% 73.28% 68.73% 70.36% 90.25%
20 80.03% 68.84% 73.46% 72.46% 92.51%
10 74.92% 73.48% 70.26% 69.50% 91.45%
5 79.38% 75.28% 76.85% 75.58% 89.58%

Table 4. Searching time of query banknote image.

Feature
measure

DWT DT-CWT QWT RQWF
QWT

RQWF
Feature
length

24 40 96 96 192

Extraction
time

0.53s 0.68s 0.82s 0.78s 1.01s

query time 0.058s 0.065s 0.072s 0.073s 0.078s
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