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Abstract. In this paper, we mainly discuss the Turing computability of the solution operator of a
higher order modified Camassa-Holm equation. Firstly, we transform the equation to its integral
equation by Duhamel principle. Then applying the TTE theory, we prove that the solution operator
of the integral equation is computable in a short interval. Finally, by constructing computable
function, we extend the solution from partial internal to the entire space. The result enlarge the
application in computing differential equations on digital computers.

Introduction

Camassa-Holm equation is an important equation. In the shallow water wave

theory, different nonlinear completely integrable partial differential equation can be obtained
by different levels of approximation. These equations with soliton solution, that is, they tend to be
the determine constant in the infinity of space. Not disappear when they collide with each other and
waveform, and speed also have no or only a small change. In addition, they show similar particle
scattering behavior.

In this paper, for m >3 odd, we will prove that the solution operator of the initial problem(2) is
computable by the TTE theory [1-3].
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Erika A.Olson show in [4] that the periodic initial value problem for Eq.(1) is well posed.

At present, the computability of solutions of the nonlinear evolution equations

have become an important topic to the workers of physics and mathematics [5-6]. Researching
boundedness and computability of the solutions of the nonlinear equations will offer effective tools
for the application of equations, enrich theoretical foundation of computer science and promote the
development of computer software.

The structure of the article is that: In part 2, we introduce some basic definitions and lemmas,
which are relevant to the proof of part3; In part 3, we prove the main theorem of the paper mainly.

Preliminaries

Definition 1" For any Vs,beR, X*°denotes the completion of the Schwartz spaceS(Rz)with
respect to the norm
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Definition 2 In the sequel, let y =y (t)eCy (-11) be a cut-off function with 0<y <1 and

w(t)=1for |t|<%.

Definition 3"} For0 <& <1, define w(t)= y/(%j,Téu =y, T (y,u).
Lemma 1™ (type conversion)
Let 5 :cX”— X; bearepresentation of the set X; (0<i<k),
fiic X, x-xX, > X, , and define L(x,-X_)(%)="f(x,x%) then if f
is(8,,++0,,,)-computable if and only if L is (&, d,,,[6, — &,])-computable.
Lemma 2 Lety:.cY >M and 'Y —>M' are two representations, v, is admissible
representation of N . Then we have the following propositions:
1) If f.cM —>M'is (7,7')-computable, then f":c NxM'xM — M’ is
(V. 7',7,7")- computable.
We define a function g':c NxM — M’ as follow:

9'(0,x)=f(x),g'(n+1,x) = f'(n,g’(n,x),x),
where xeM , neN, then g'is (vy,7,7')- computable.
2) Assumingthat h:=M — M is (y,)- computable, Define a function

HcNxM > M

H(0,x)=x%H (n+1x)=hoH(n,x)=h"*(x).

So, the function H is (v,y,y)- computable.
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Lemma 3% Given se iwi , there exists B>0 such that
2 m-3m+2 2

ifbe(%,%+ﬂ}, b'eB—ﬁéj, and b+b <1, then there exists ¢>0 such that for any

f,ge X, ||Wfg Sb7l£c||f||'s‘b, ||g||'syb.,where w,, satisfies
25 i » ¢ *

o (66)0 £+ 252 |86 1500 Bua(e).

Main Result

From the problem (1), we establish a nonlinear map K, :H® — C(R; H S(R)),
which translate the initial data ¢ to the solution u. The map K, is the solution operator of
the initial problem.
2
Theorem 3.1 For any teR , when EW< S <i , the solution operator
2 m°-3m+2 2

KR:H5—>C(R;H$(R)) is (5Hs,[p—>5Hs])-computable,Where m>3 odd.

Proof  Defining w=%ax(u2)+(1—a§)la{uu%(axu)ﬂ, We can get Eq.(1) equivalent
integral equation by Duhamel principle:
t
=W —| W (t- .
u(x,t)=W(t)e(x) IO (t—7)w(x,7)dz @
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where W (t) ()= [ o(£)e ™ de.

(1 m*=3m+1 1 _
For peH’| -.—————-<s<|, define operator
2 m-3m+2 2

t
S(u,t) =y ()W ()@ (x) v, (t) [ W (t-rw(x,7)dz,
S(u,p)(t)=S(ugpt).
According the Lemma 3.2 in [1], itis easy to prove S is([ p — &, |, &, p. J, ) -computable,
By lemmal, Sis ([p—4,].6,.[p — &,])-computable.
Define function v:S(R)xN — C(R;S(R))
V(9,0)=5(0,p), v(p, j+1)= S_(V(go, j),(p).
The function v is defined by primitive recursion from computable functions. By Lemma 2 v
is(5,,vy.[p — 6,])-computable.
Let o(x,t)=u(x,t,+t), where te[0,T], t,>0.
If u(xt,)=u(x),then
1 -1 1 2
0.0+ w+=0, (0 )+(1-52 8X{w2+— 0,0 }:0
t 2 ( ) ( ) 2( ) @3)
a)(X,O)zy(X),t eR,xeR.

We assume that the initial value x € H* (R)is given by a gHS -name , i.e., P ={Pp,, p,,--)which is
obtained by o, (p;) =44 and ||,un —,u”S <22 . For VkeN , there exist appropriate computable

2P

n, satisfying "

H, —H
Define

@ =S(0,u,), @"=$ (a),f,yn).

It is easy to prove a)rf —>, (j— o), there w, satisfies the following integral equation:
— t
0, (1) =S (@, 1) =y (YW () 11, (X) =w, (1) | W (t—7)w(x, 7)dl7,
1 -1 1 2
where W=58X(a)n2)+(1—8§) ﬁ{a)anrE(@Xa)n) }
Since @) > w, (j—>x), we can select suitable integer n,, j, to constrct a sequence
N i H
(o) }keN, satisfying

In the following , we prove {} }k _ fastly convergesto .

<27

S

Bk _
O)nk C()nk

By the Lemma 3, we obtain

o, o :Hl//(t)W (1) (41 ()= 220)) =, () [ W (t=) [ w, (x,7)-w, (x,7)]de b
< v (OW () (4, ()=(0))]_ +[ws () [;W (t=7)[ w,,, (x.7)=w, (x7)]dr

+
s,b

W, (t)j.W (t—7)wy (x,7)d7

0 s,b

<y 0w O, ()= ()]

+
s,b

1
<C, +C5?

sb a)nk -

ty (X) = 2(X) ®, +o

H s,b
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b,Where f=0, to,0=0, -o.

G

@, 0|

Choosing sufficient small 6 such that <2, then |

' k-1
- <
T @, co”svb <27,

1-2rCs2

< 2Kkl <ok

<

+

W _ I I
) — @, .

Thus | o

W _
o) —o

sb | Cuhk o

Then we have proved {a)nj:}k _ fastly convergesto @ and o is computable.

We known {@}| ~is computable sequence , if & (d)=wk(t) , then

5, {0, G..) = @(t), ie, (gy,q,...) is the 5 .-name of w(t). Hence the solution wof the
initial problem (3) is computable on te[0,T], that is solution operator map S is computable.
Define a (,o,SHS,p,SHS)-computable map P:(ty, u,t)>u(t) te[t,t,+T],
where o(t,)=u,o(t)is the solution of the initial problem (1)on te(t,t,+T].
Then we prove the solution u(n-T) is computable.
Define function H: H (¢,n)=u(nT)
H (¢,0)=¢,H (¢,n+1)=P (nT,H(p,n),(n+1)T).

Then H is computable since H is derived by primitive recursion from computable function P.

In the end, we prove u(t) is computable.let n-T sts(n+1)-T, we first compute u(n~T),
then compute P (nT,u(nT),t), so u(t)=P (nT,u(nT),t) is computable.

In this way, we have get the computable solution on teR . For
vter LM -3m+l
2 m*-3m+2
order modified Camassa-Holm equation (1) is (55,[,0 — 0, ]) -computable.

<s<%, the solution operator K,:H®—>C(R;H*(R)) of the higher

Summary and Outlook

The paper study computability of the solution operator of the higher order modified
Camassa-Holm equation. On the basis of computablity theory, whether problem can be
implemented on computer is an important problem. Computational complexity theory just can be
used to solve the problem. The topic we will study in the future.
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