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Abstract

We consider gauge fields associated with a semisimple Malcev algebra. We construct
a gauge-invariant Lagrangian and found a solution of modified Yang-Mills equations
in seven dimensions.

1 Introduction

In Ref. [1], the 4d (anti-)self-dual Yang-Mills equations were generalized to the higher-
dimensional linear relations

CmnpstS = Ao, (1'1)

where the numerical tensor ¢,,ps is completely antisymmetric and A\ = const is a non-zero
eigenvalue. It is obvious that these equations lead to the full Yang-Mills equation, via the
Bianchi identity. Several anti-self-dual solutions of (1.1) were found in [2-6]. Conversely,
self-dual solutions of (1.1) are known. However, if we assume that the tensor F,, may
take values in a Malcev algebra, then such solution may be found. Interestingly that
this solution exactly coincides with the general solution of 7d analogue of the 3d Euler
top equation [7]. The 7d model is regarded as a model describing self-dual membran
instantons [8].

The paper is organized as follows. Section 2 contains well-known facts about Cayley-
Dickson algebras, Malcev algebras, and analytic Moufang loops which we use. In Sections
3 gauge fields associated with a semisimple Malcev algebra are investigated, and a gauge-
invariant Lagrangian of the Yang-Mills type is constructed. In Section 4 solutions of
equations of motion in seven dimensions are found.
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2 Moufang loops and Malcev algebras

Recall that a loop is a binary system S with an unity element, in which the equations
ax = b and ya = b are uniquely solvable for all a,b € S. Moufang loops are distinguished
from the class of all loops by the identity

(zy)(z2) = (x(y2))z.

This paper is concerned with connected analytic Moufang loops; that is, connected analytic
manifolds equipped with the Moufang loop structure, in which the binary operations are
analytic. Everywhere below for short we use the term ”Moufang loop” in place of the
term ”connected analytic Moufang loop”.

Moufang loops are closely associated with alternative algebras that are defined by the
identities

2’y =z(zy),  y2® = (yx)z.

It is evident from the definition that any associative algebra is alternative. The most im-
portant example of a nonassociative alternative algebra is the real Cayley-Dickson algebra.
Let us recall its construction (see [9]).

Let A be a real linear space equipped with a nondenerate symmetric metric g of signa-
ture (8,0) or (4,4). Choose the basis {1, ey, ...,e7} in A such that

g = diag(1,1,1,1,£1,£1,£1,£1), (2.1)
and define the multiplication
eiej = —gij + cijter, (2.2)

where the structure constants c;ji = c¢;;°gs, are completely antisymmetric and different
from 0 only if

€123 = C145 = C167 = C246 = C275 = C374 = C365 = 1.

The multiplication (2.2) transform A into a linear algebra that is called the Cayley-Dickson
algebra.

In general, the commutator algebra A(™) of the alternative algebra A is not a Lie
algebra. Instead of the Jacobi identity, A7) satisfies the identity

J(@,y,[2,2]) = [J(z,y,2),2], (2.3)

where J(z,vy, z) is so-called Jacobian of the elements z,y, z

J(@,y,2) = [z, 9], 2] + [y, 21, 2] + [[2, 2], . (2.4)

An anticommutative algebra whose multiplication satisfies the identity (2.3) is called a
Malcev algebra. Everywhere below we use the term ”Malcev algebra” in place of the term
”finite-dimensional real Malcev algebra”.

Malcev algebras and alternative algebras are closely associated [10-12]. Any non-
Lie simple Malcev algebra is isomorphic to the quotient algebra A(~) /R, where A is a
Cayley-Dickson algebra. Any semisimple Malcev algebra M is decomposed in the direct
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sum M = N(M) @ J(M) of Lie center N (M) and ideal J(M) generated by Jacobians.
Besides, N (M) is a semisimple Lie algebra and J(M) is a direct sum of non-Lie simple
Malcev algebras. In particular, it follows from here that any semisimple Malcev algebra
is embedded in the commutator algebra of an appropriate alternative algebra.

Further, recall that a derivation of a Malcev algebra M is a linear transformation D of
M satisfying

Dlz,y] = [Dz,y| + [z, Dy]
for all x,y € M. We may write it in an equivalent form
[D, Tz] = TD:L‘7 (25)

where T : M — End(M) is the regular representation of M, such that T,y = [z,y].

We denote by Lie(M) the Lie algebra generated by all operators T,. If M is a
semisimple Malcev algebra, then Lie(M) is a direct sum of the derivation subalgebra
Der(M) = Der(N) @ Der(J) and vector subspace T'(M) ~ J(M). In addition, the subal-
gebra Der(N) ~ N (M) and the subalgebra Der(.J) is linearly generated by the operators

D(x, y) = T[z,y} + [Txv Ty]v (2'6)

where z,y € J(M). With the regular representation 7' we may connect the bilinear form
(x,y) = tr(T,T,). It is clear that the form (x,y) is symmetric (z,y) = (y, ). In addition,
it follows from (2.3) that

([x,y],z) = (z, [yv Z]), (2-7)

for any z,y,z € M. The form (z,y) is called a Killing form.

The regular representation of Malcev algebras can be extended. Let M be a Malcev
algebra, V be a real vector space, and 7: M — End(V'), x — 7, a linear mapping. Then
7 is called a representation of M if the algebra defined on the space M @& V by

[z 4+ v,y +w] = [z,y] + Tzw — Tyv

is a Malcev algebra. In this case V is called a Malcev module. It is known [13-14] that every
representation of a semisimple Malcev algebra is completely reducible. Any irreducible
Malcev module is either Lie or the regular bimodule for a nonassociative simple Malcev
algebra or sl(2)-module of dimension 2 such that 7, = &, where Z is the adjoint matrix to
x € sl(2).

Finally, we note that there exists a correspondence between Moufang loops and Malcev
algebras, which generalizes the classical Lie correspondence between Lie groups and Lie
algebras [15-17]. Namely, there exists an unique, to within isomorphism, simply connected
Moufang loop S with a given tangent Malcev algebra, and any Moufang loop with the same
tangent algebra is isomorphic to the quotient algebra S/N where N is a discrete central
normal subgroup of S. Any simply connected semisimple Moufang loop is decomposed in
the direct product of a semisimple Lie group and a simple nonassociative Moufang loops
each of which is analytically isomorphic to one of the spaces S7, S? x R?*, or S7 x R”.
Actually, any simply connected simple nonassociative Moufang loop is isomorphic to the
loop of elements of norm 1 in the Cayley-Dickson algebra over R or C.
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Using the previously mentioned correspondence between Moufang loops and Malcev
algebras, we can define a notion of the representation of Moufang loop. Let S be a
Moufang loop and M be its tangent Malcev algebra. The representation M — End(V)
of M induces the mapping S — Aut(V) of the simply connected Moufang loop S, locally
isomorphic to S, into the simply connected Lie group G C Aut(V). This mapping can
extend into the group G ~ G '/ GO, where the subgroup GO lies in the discrete center of G.
Therefore if S ~ S / So and Sy is isomorphic to a subgroup of GO, then there exists the
mapping S — G induced by the representation of M. We shall call this mapping by a

representation of S. In particular, if S is a nonassociative compact simple Moufang loop,
then G ~ Spin(7) and G ~ SO(7).

3 Nonassociative gauge fields

Suppose S is a semisimple Moufang loop, M is its tangent Malcev algebra, and A,,(z) is
a vector field taking values in M and defined in an Euclidean or pseudo-Euclidean space.
Further, let

S — G C Aut(V) (3.1)

be a representation of S, and H be a subgroup of G locally isomorphic to the group Int(S)
of inner automorphisms of S. Define the field 1 (z) taking values in V' and its covariant
derivative

Dpp = (6m + Am> Y,

where A,, € End(V) is an image of A,, corresponding to the representation (3.1). As
usually, we require that D,,1 has transformation properties the same as the field 1, i.e.

Y — Y =y,
Dith — D! = 64Dypb, (3.2)

where 4(z) is function taking values in the subgroup H.

Consider an infinitesimal gauge transformation @ = 1+ &. It is obvious that é €
Der(M). If the field A,, takes values in the Lie center N (M), then the condition (3.2)
defines the usual transformation rule of gauge fields

A — A + [, Am] — Ome, (3.3)

where ¢ is an isomorphic prototype of & in N(M). If A,, is an element of the ideal
J(M) generated by Jacobians, then the situation is different. In this case the operator &
has not a prototype in M. On the other hand, the representation of J(M) induced by
the representation of S is regular. Therefore we may use the identity (2.5) and get the
following transformation rule

Om — Om — On€,
. : (3.4)
A — A + A,
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Obviously, the transformation (3.4) of A,, induces a transformation of A,, according to
the rule

A — A0 (3.5)

Now we go on to a construction of the gauge-invariant Lagrangian. To this end define
tensor fields in M such that their images in End(V') are transformed by the adjoined
representation of G. This request is satisfied if we suppose

an - amAAn - 6nAm + [Ama An]a

1 n s
Im = Ecmnsz(A ’AP’A )a

where ¢ppnps is @ completely antisymmetric numerical tensor. Indeed, it can easily be
checked that the infinitesimal transformations (3.3) and (3.4) induce the transformations

Eppp — @Fpnti L, Jy — Wt (3.6)

where Fp,,, and J,,, are images of F,, and J,,,, which are defined by the representation (3.1).
Note that the tensor F,,, extend a notion of the Yang-Mills field strength. Conversely,
the field J,,, has not a prototype in the Yang-Mills theory. The field J,, is not zero only
if M is a non-Lie Malcev algebra.

We define the Lagrangian

1 7 mn 7 As

If M is a Lie algebra, then the Lagrangian (3.7) coincides with the Lagrangian of Yang-
Mills and hence it is gauge-invariant. On the other hand, every representation of a semisim-
ple Malcev algebra is completely reducible. Therefore it is enough to prove H-invariance
of the Lagrangian (3.7) only if M is a non-Lie simple Malcev algebra. But in this case the
gauge-invariance of the Lagrangian (3.7) follows from (3.5) and (3.6).

4 Solutions of the equations of motion

Let M be a non-Lie simple Malcev algebra. Then M ~ A(*)/R7 where A is a Cayley-
Dickson algebra, and hence the algebra M admits the basis eq,...,e; with the multipli-
cation table

[61', ej] = QCZ‘jkek.
In this basis the operators T, are represented in the form
Tei = Cz'jkejk’ (41)

where ej;, are generators of the Lie algebra Lie(M) ~ so(7) or so(3,4) with the matrix
elements

(ejk)s = 9jb0% — GrnOy - (4.2)
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Using the representation (4.1) and the identity (4.2), we can find the Killing form
(€i,ej) = —24g;. (4.3)
Substituting (4.3) in the Lagrangian (3.7), we easily get the equations of motion
0" Fon + [A™, Foun] = Jn. (4.4)
Using the definition (2.4), we prove that every solution of the equations

1
Fron = Zcmnpsts (45)

is a solution of the equations of motion (4.4).
Further, let H be a Lie group locally isomorphic to the group Int(M) of inner auto-
morphisms of M. Then H ~ G5 (or H ~ GY, in noncompact case). Define by

l
J(ei, ej, ek) = 12Cijk €]

the completely antisymmetric H-invariant tensor c;;i;. If we write out its nonzero compo-
nents

C4567 = C2367 = C2345 = C1357 = C1364 = C1265 = C1274 = 1,

then it is easy to prove that the tensors c;j; and c;;p; satisfy the following identities

CmniCps' = GmpIns — GmsInp + Cmnps (4.6)
CrniCpsj' = Cpo[m9nlj + CsjlmGnlp T Ciplmnlss (4.7)
cmmjcpij = 4cmnp, (4.8)

CrnijCps” = AGmpTns — 49msTnp + 2Cmnps- (4.9)

Note that if the gauge fields are defined in an Euclidean space and M is a compact
algebra, then any solution of (4.5) correspond to a minimum of the functional of action.
Indeed, using the identities (2.7) and (4.9), we can shown that

L= —tr

8g%2 |3

2 (¢ 1 (DS ? m 7
o an_zcmnpst +a Im )
where the prototype of I, in M has the form
2
I, = Cnps <A”8PAS + g(A”Ap)AS> .
Since the variation of field on the boundary of volume vanish in the deduction of equations
of motion, we get the required statement.

Now we turn to a search of solutions of the equations (4.5). Suppose that the field F),,
is defined in the space M with the metric (2.1). We choose the ansatz

Cmijt?
Ap(x) = 3z ixZe, (4.10)
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where 22 = x,2%. Using the identities (4.6)-(4.7), we get the following expression of field
strength

2cmm~(5§»)\2 + 22'x;) ;

Fon(z) = 02 1 22 (4.11)
By the identity (4.8), it follows that the tensor (4.11) is self-dual
The obtained solution may be generalized. We choose the ansatz
Am(x) = 6cmijxiBj(u)7 (412)

where depending on u = A2 + 22 the vector B? takes values in M. If the vector B; satisfies
the identity
dB; 1

then the field strength again is self-dual

. dBJ dB; .
an(CC) = 120mn] (B‘] + E.’EQ + d—uZCCZIE‘]) .
A particular solution of the equation (4.13) can find if to compare the right parts of (4.10)

and (4.12). General solution of (4.13) was found in the work [7].
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