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Abstract—The triangle inequality is one of the most 
important and fundamental inequalities in analysis. Many 
authors have been treating its generalizations and reverse 
inequalities. In this paper, we shall present the sharp 
triangle inequality and its reverse inequality for an arbitrary 
number of finitely many nonzero elements of a quasi-Banach 
space, which generalize the results obtained by C. Wu and Y. 
J. Li in [1].   
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I.  INTRODUCTION  

The triangle inequality is one of the most fundamental 
inequalities in analysis and has been treated by many 
authors (see [2], [3], [4], [6] among others). Recently C. 
Wu and Y. J. Li [1] showed the following sharp triangle 
inequality and its reverse inequality in a quasi-Banach 
space. 

Theorem I.1. For all nonzero elements x, y in a quasi-
Banach space X with || || || ||x y  , then 

 
where   is a constant and .  C 1C 

Let us recall some basic facts concerning the quasi-
Banach spaces and some preliminary results(see [7] for 
more information about the quasi-Banach spaces). 

Definition I.2. (see [7]) Let X be a linear space. A 
quasi−norm is a real-valued function on X satisfying the 
following: 

(1) ||  for all || 0x  x X  and ||  if and only 

if  ; 

|| =0x
 0x 
(2) || || =| ||| ||x x   for all      and all  x X ; 

(3) There is a constant  such that such that 1K 
 || || K || ||x y x y    for all ,x y X . 

The pair (X, || ) is called a quasi−normed space if ||
|| ||  is a quasi-norm on X. 

A quasi−Banach space is a complete quasi-normed 
space. 

A quasi-norm || ||  is called a p−norm(0 < p ≤ 1) if 

 p p px y x y         

for all  ,x y X . In this case, a quasi-Banach space is 
called a p−Banach space. 

In this paper, we shall generalize the inequalities (1) 
and (2) for an arbitrary number of finitely many nonzero 
elements of a quasi-Banach space. 

II. M AIN 

Theorem II.1. For all nonzero elements 1 2, ,  , nx x x

n

 

in a quasi-Banach space X with 1 2 x x x       , 

then 

 
where C   is a constant and .  1C 

Proof: We follow the method of proof [8, Theorem 2.1], 
but make some essential modifications to it. First, let us 
see inequality (4): for a fixed  , we have  1,{ ,i  }n

 
Hence, in order to prove inequality (4), let us set 

, where 1= n
jC  jK jK K  for all 1 ≤ j ≤ n. Thus, 
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from the above inequality it follows that  

 
Let  i 1x x . From the above inequality we get 

 
From this it follows that 

 
which is inequality (4). 

In order to prove inequality (3), we proceed in a similar 
way. For a fixed , we have  1,{ ,i  }n

 
From this it follows that 

 
Hence, in order to prove inequality (3), let us set 

, where  for all 1 ≤ j ≤ n. Thus, 

from the above inequality it follows that 
1= n

jC 

 
Let  i nx x  . From the above inequality we get 

 
From this it follows that 

 
Therefore 

 
This completes the proof. 

In fact, by the proof of Theorem (II.1) above, we can 
get the following results: 

Theorem II.2. For all nonzero elements 1 2, ,  , nx x x  

in a quasi-Banach space X 

 
where C   is a constant and . 1C 

Remark II.3. Notice that, when n = 2 in Theorem (II.1) 
we can get the inequalities (1) and (2) obtained by C. Wu 
and Y. J. Li in [1], which are evident from the results of 
our Theorem (II.1) and the proof of [1, Theorem 2.1](i.e., 
Theorem I.1 above)), here we omit it.. 
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