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We show that we can apply the Hirota direct method to some non-integrable equations. For this purpose,
we consider the extended Kadomtsev—Petviashvili-Boussinesq (eKPBo) equation with M variable which is

b b1 ¢
(Uxxx — BUUx)x + a11Uxx + 2 A1 Uxx, + aijUxixj = 0,
k=2 ij=2
where ajj = ajj are constants and x; = (X,t,y,2,...,Xwm). We will give the results for M = 3 and a detailed

work on this equation for M = 4. Then we will generalize the results for any integer M > 4.

Keywords: The Hirota direct method; non-integrable equations; exact solutions; solitons; Kadomtsev—
Petviashvili equation; Boussinesq equation.

1. Introduction

The Hirota direct method is one of the famous method to construct multi-soliton solutions of inte-
grable nonlinear partial di erential equations. Hirota gave the exact solution of Korteweg-de Vries
(KdV) equation for multiple collisions of solitons by using the Hirota direct method in 1971 [1].
In his successive articles, he dealt with many other nonlinear evolution equations such as modified
Korteweg-de Vries (mKdV) [2], sine-Gordon (SG) [3], nonlinear Schrodinger (nlS) [4] and Toda lattice
(TI) [5] equations. Hirota method was also applied to Kadomtsev—Petviashvili (KP) and Boussinesq
(Bo) equations. KP equation is

(uXXX - GUUX)X + uXt + SUyy = 0 (1.1)
and it has been solved in [6]. Bo equation which is
(Uxxx — BUUx)x + Uxx — Ugg =0 (1.2)

has been solved by again Hirota [7]. Both of these equations are in the class of KdV-type equations.

The first step of the Hirota direct method is to transform the nonlinear partial di erential or
di erence equation into a quadratic form in dependent variables. The new form of the equation is
called “bilinear form”. In the second step, we write the bilinear form of the equation as a polynomial
of a special di erential operator called Hirota D-operator. This polynomial of D-operator is called
“Hirota bilinear form”. In fact, some equations may not be written in Hirota bilinear form but per-
haps in trilinear or multilinear forms [8]. The last step of the method is using the finite perturbation
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128 A. Pekcan

expansion in Hirota bilinear form. The coe cients of the perturbation parameter and its powers are
analyzed separately. Depending upon the finite perturbation expansion one finds one-, two-,...and
N -soliton solutions.

The KdV-type equations which have Hirota bilinear form possess one- and two-soliton solutions
[9] automatically. The first di culty arises at three-soliton solutions. In order that an equation to
have three-soliton solution, it should satisfy certain condition, called three-soliton solution condition.
This condition was used as a powerful tool to search the integrability of the equations by Hietarinta
[10]. Hietarinta also used this condition to produce new integrable equations in his articles [9, 11-13].
KP and Bo satisfy such condition immediately. For some of the equations although they have Hirota
bilinear form, this condition is not satisfied directly. Three-soliton solution condition can be used to
find exact solutions of such di erential equations.

In this work we will consider a KdV-type equation unifying KP and Bo. A simple form of such
an equation was first considered by Johnson [14]. Johnson analyzed the equation

(Uxxx — BUUx)x + Uxx — Ugt + uyy =0, 1.3)

which he called the two dimensional Boussinesq equation. It is introduced to describe the wave
propagation of gravity waves on the surface of the water of constant depth. This equation has one-
and two-soliton and resonant solutions. Also, even the two dimensional Boussinesq equation does
not have distributed solution, under some transformations and assumptions on its parameters it can
be transformable to KP which has distributed solution.

Here we further generalize Johnson’s equation as

M M
(Uxxx — BUUx)x + a17Uxx + 2 AikUxx, + QjjUx;x; = 0, (1.4)
k=2 ij=2
where aj; = a;; are constants and x; = (X, t,y,z,...,Xwm). We call this equation as M-dimensional

extended Kadomtsev—Petviashvili-Boussinesq (eKPBo) equation. Here we will analyze (1.4) for M =
3, M =4 and for any integer M > 4.

2. M = 3, Three Dimensional EKPBo
Three dimensional eKPBo is
(Uxxx — BUUx)x + @11Uxx + 2812Uxt + 2813Uxy
+ ax Uyt + 2a23Ugy + azslyy = 0. (2.1)

The second line of the equation can be simplified by letting

t = at+byy,
y = alzt+b?>l/, @2
where az, by, a; and b, are some constants. Then the equation becomes
(uxxx - 6uux)x +ajUxx + 2alZUXt + 2§l3uxy
+apUrt + 283Uty +aglyy =0, (2.3)
where
a2 = ajaie + biass,
a1z = aarp + hpas,
Ao = a%azz + 2aibias3 + b§a33, (24)

ap3 = ajapayy + aghiaps + ajhpans + bibyass,

Azs = a3ap + 2azbpans + bags.
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Under the conditions a3, = azazs and ﬁ—i = —g—zz we have ay; = a3z = 0 50 (2.3) turns out to be
(Uxxx — BUUx)x + @11Uxx + 2812Uxt + 2d13Uxy +dzslyy =0. (2.5)
This equation can be transformable to KP. If we consider a3; = axazz and &2 = —2= we have
23 b2 azs
a3 = asz = 0 s0 (2.3) becomes
(Uxxx — BUUx)x + A11Uxx + 2812Uxt + 2a13Uxy +axUpy =0. (2.6)

This is equivalent to KP if a;, = 0 and a;3 = 0. If they are zero then the equation becomes Bo.

Lemma 1. For M = 3, if we have the condition a3; = az,azs, then Eq. (1.4) can be transformable
to either KP or Bo.

Now we will give the application of the Hirota method on four dimensional eKPBo.

3. M =4, Four Dimensional EKPBo
Here we apply the Hirota method by using the properties of Hirota D-operator and steps given in
[15] to Eq. (1.4) with four variables.

Step 1. Bilinearization: We bilinearize the equation i.e. transform it to a quadratic form in depen-
dent variable by the transformation

u(x, t,y,z) = —202log f(x, t,y, z), (3.1)

so the bilinear form of the equation is

4
Frooxx T — 4 Fuxx + 3f)%x + aij (finXj - fxiij) =0. (3-2)
i,j=1

Step 2. Transformation to the Hirota bilinear form: We use Hirota D-operator which is simply
defined as

Dy, Dy {f - T} = (0, = 0x,)(0x, = 0x, )T (X1, %2). F (X1, %) (X1 =Xy, X2 =X;)
= 2(ffx,x, — Tx, Fxo)- 3.3)
By using some sort of combination of D-operator we write Hirota bilinear form of the equation as

M
P(D){f f}= Dj+ aijDy,x, {f-f}=0, (3.4)
ij=1

for M = 4.

Step 3. Application of the Hirota perturbation: We insert f =1 + ::1 e"f, into Eq. (3.4) so we
have

P(D){f f}=P(D){1.1}+eP(D){f1.1+1.F}+ - -+ NP D){fn.fn}=0. (3.5)
Here € is a constant called the perturbation parameter.

Step 4. Examination of the coe cients of the perturbation parameter €: We make the coe cients of
€™M m=1,2,...,N appeared in (3.5) to vanish. Here we shall consider only the case N = 3. Note
that since the equation is not integrable except for some conditions, we call the solutions obtained by
using the Hirota method as restricted N-soliton solution of the equation for N = 3. Before passing
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to restricted three-soliton solution of eKPBo with four variables, let us give one- and two-soliton
solutions of it. One-soliton solution of eKPBo is

kg
2cosh®(%)’
Here 81 = (11),x+ (I2),t+ (I3),y + (1), + a1 where we denote I; = k. The constants ky, (I2),, (I3),
and (1), satisfy ki + ?,j:l ajj (1), (1), = 0. Two-soliton solution of eKPBo is

u(x,ty,z) =— (3.6)

_ _E(Xxty,2)
VLY D) = TR E Gy )
where
E(x.t,y,2) = kfe™ + k3e® + [(k1 — ka)® + A(L, 2)((K1 + ko)* + kie® + kge®)]e
and

Fty,z) = (1+e% +e% + A(l, 2)e®*92)?

for 8n = knx + (I2),t+ (I3))y + (I4),z + an, n =1,2 and A(1, 2) = R(1, 2)/S(1, 2) where,
4

R(1,2) = (ki — ko)* + aij[(1i); — (1), 1[5), — (5).],
ij=1
4

S(1,2) = (ki + kp)* + aij[(1i), + (1),1[5), + (15),]-
ij=1

Now we apply the Hirota direct method to four dimensional eKPBo with the anzats which is used
to construct three-soliton solutions. We take
f=1+¢f, +€2F, +£3F;,

where f; = €% +¢% +e% with 6, = (1) ,x+ (I2) .t + (I3) ,y + (14) ;2 + 0 Where I; =k forn =1,2,3
and insert it into (3.5). The coe cient of €0 is identically zero. By the coe cient of €1, we have the
relation

4

P(Pn) = kn + aij (), (5), =0, (3.7
ij=1

where pp = (kn, (I2),,, (13),,, (12),,) for n = 1,2, 3. This relation is called the dispersion relation. From
the coe cient of €2 we get

(©) 4
—P @), = ¥ ™Om  (kn — km)* + aij [(1), — DL, — i) ] (3.8)

n<m i,j=1

where (3) indicates the summation of all possible combinations of the three elements with n < m
forn,m =1,2,3,4. Thus to satisfy the equation, T, should be of the form

o = A(1,2)e% %% + A(1, 3)e%1 48 + A(2, 3)eb2* 02, (3.9)
We insert T, into Eq. (3.8) so we get A(n, m) as
_P (@ —Pm)
P (Ppn +pm)’
where n,m = 1,2, 3,4 with n < m. From the coe cient of €3 we get
—P (0){fs} = e* == [A(1, 2)P (P3 — Pz — P1)
+A(L,3)P (P2 — P1 — P3) + A(2,3)P (p1 — P2 — P3)]- (3.11)

A(n,m) = (3.10)
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Hence f; is of the form f3 = Be®*%2+8s where B is found as
B = —[A(L,2)P (p3 — p1 — P2) + A(1,3)P (P2 — Pp1 — P3)
+A(2,3)P (p1 — p2 — P3)I/P (p1 + P2 + P3). (3.12)
The coe cient of €* gives us the coe cient B as
B = A(1, 2)A(1, 3)A(2, 3). (3.13)

To be consistent, the two expressions for B should be equivalent. This is satisfied when the following
condition holds:

P (P1 — p2)P (p1 — P3)P (P2 — P3)P (P1 + P2 + P3)
+P (p1 — P2)P (1 + p3)P (P2 + P3)P (P3 — P1 — P2)
+P (P1 — P3)P (1 + P2)P (P2 + P3)P (P2 — P1 — P3)
+P (P2 = P3)P (1 + p2)P (p1 + P3)P (1 — p2 — p3) = 0.
This condition which we call restricted three-soliton solution condition (R3SC) can also be written as
P (01p1 + 02p2 + 03p3)P (01P1 — 02P2)P (02P2 — 03P3)P (01P1 — 03p3) =0, (3.14)
or==#1
for r = 1,2, 3. After some simplifications (R3SC) for four dimensional eKPBo turns out to be
k2k3k3[(azoass — a3;) det(K, Ly, L3)? + (822844 — 83,) det(K, Lo, La)?
+ (azzaus — a3,) det(K, Lz, La)? + 2(ap2834 — a23d24) det(K, Lo, La) det(K, L, L)
+ 2(azzazg — azzazq) det(K, Lo, L3) det(K, L4, L3)
+ 2(ag4a23 — azgazq) det(K, Lg, Ly) det(K, L4, L3)] =0, (3.15)

where K = (kq, kz, ks)™ and Ly = ((Ir);, (Ir),, (Ir)3)" for r = 2,3,4. In compact form, we can write
the above equation as

kZk3k3 aijamn det(K, Li, Lm) det(K, Lj, Ln) =0, (3.16)
i,j,m,n=2
for i = m, j = n. Note that aj,i, = ai,i, for i1,i2 = 2,3,4.
Finally, the coe cients of €> and €° vanish trivially. We have completed the application of the
method and found the function f as

3
f=1+¢g(@E" +e% +e%)+¢? A; je%T8 4 g3(Beftiattsy (3.17)
ij=1

where i < j. Without loss of generality, we set € = 1. Then by using (3.1) with this f we get a
restricted (by (3.16)) three-soliton solution.

4. Restricted Three-Soliton Solution Conditions

Even though we have given the application of the Hirota method only for four dimensional eKPBo
in detail, it is not hard to see the facts for eKPBo with M = 3 and M > 4 variables. Here we
will give restricted three-soliton solution conditions for eKPBo and we analyze the cases that these
conditions are satisfied.
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(a) M = 3 variables:
Restricted three-soliton solution condition of three dimensional eKPBo equation is

k%k%kg(azzagg - a§3)det(K, Lo, L3) =0, 4.2)

where K = (kq, kz, k3)T and Ly = ((Ir),, (Ir),, (Ir)3)T for r = 2, 3. As we see this condition satisfied
when a3, = apags. This relation makes three dimensional eKPBo transformable to either integrable
KP or Bo equations. Except this case, we do not have integrable equations. Other cases satisfying
(4.1) are

Case 1. Any one of kj =0, i =1,2,3, the rest are di erent.
Case 2. The parameter vectors (K, Ly, L3) are linearly dependent.

(b) M =4 variables:
Restricted three-soliton solution condition (3.16) is equivalent to

4
kZk3k3 Cij det(K, Li, Lm) det(K, Lj, L) =0, 4.2)

i,j,m,n=2

where C;j’s are the cofactors of the coe cient matrix

dpz QAzz Axa
dz2 dzz aAzs
A2 A43 A4q

Let us denote det(K,Li,Lj) = ijkpk for i,j,k = 2,3,4 where jjx is Levi-Civita symbol. It is
possible to write (4.2) as

4 4
kiksks Cij CimkPk)( jmip1) = kZk3K3 CijPkP1 imk jml
ij=2 i,j=2
4
= kfk%kg éijpipj =0, (4.3)
ij=2

where m,k, | = 2, 3,4, C is the matrix of Cjj, 6”— = Cjj — tr(C)dij and &;;j is the Kronecker delta,
i,j =2,3,4.

Example. Let us take a;jj = d;j. In this case, Cij = djj. So Eij = —29;j. As we see to satisfy (4.3)
we should have pij> = 0 so pj = 0 for any i = 2,3, 4.

The cases that (4.3) is satisfied are the followings:
Case 1. Any one of kj =0, i =1,2,3, the rest are di erent.

Case 2. Let C be the matrix of Cj;. Suppose that C is a nonnegative (nonpositive) matrix i.e.
eigenvalues of the matrix are all positive (negative) or zero. Then (4.3) is satisfied when p; = 0
for any i = 2,3,4. This implies that det(K, L;,L;) = 0, i,j = 2,3,4 or the parameter vectors
(K, L2, L3, Ly) are parallel in one of such ways:

(i) All vectors are parallel,
(it) L; is parallel to L and Ly, is parallel to L i,j,m,n = 1,2,3,4, where all the indices are
di erent (Note that we denote L; = k),
(iii) Only three of the parameter vectors are parallel to each other.
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(c) M variables, M > 4:
For eKPBo equation with M variables we have (R3SC) similar to (3.16),
M
kZk3k3 aijamn det(K, Li, Lm) det(K, Lj, Ln) = 0, (4.4)
i,j,mn=2

where i = m, j = n, aji, = ai,, for iy, ip = 2,3,...,M, K = (ki,kz,k3)T and L, =
(1)1, (e),, ()T forr=2,3,..., M.
Case 1. Any one of kj =0, i =1,2,3, the rest are di erent.

Case 2. Let us consider the set of parameter vectors (K, Ly, L3, ..., Lm) as a union of two disjoint
subsets. If all vectors belonging to the same subset are parallel to each other, then the condition
(4.4) is satisfied.

Case 3. All the parameter vectors (K, Ly, Ls,...,Ly) are parallel to each other.

Remark. When Case 2 is satisfied for any M = 3, then the solution of (1.4) becomes two-
dimensional. If we have Case 3 then solution turns to be one-dimensional.

5. Restricted Three-Soliton Solution of EKPBo

Application of the Hirota direct method to eKPBo gives us the functions f, i = 1,2,3 in f =
1+ efy + £2F, + €3F3 and some additional conditions. Finally we take € = 1 and insert T into the
bilinearizing transformation. Hence restricted three-soliton solution of M dimensional eKPBo with
the condition (4.4) satisfied takes the form

TXXtY,Z,..., XMm)

Vi ty,z,...,.Xm)’

ulx, t,y,z,...,xXm) =—2

where
T LY, Z, ..., xm) = kZe¥ + k2e% + k2e

+e21 0240 [A (1, 2)A(L, 3) (kz — ks)? + B(ka + k3)’]
+e%1+082%283 17 (1 3)A(2, 3) (k1 — k2)? + B(ky + k2)?]
+e 20240 (A (1, 2)A(2, 3) (K1 — k3)? + B(Ka + k3)’]
+e91%02[(k; — kp)? + A(L, 2)(k2e% + kZe® + (ky + k2)?)]
+e%7% (kg — ka)? + A(L, 3)(kfe® + k3e® + (ky + ks)?)]
+e%7%(ky — ka)? + A2, 3)(K3e® + k3e® + (k + ks)?)]
+ 81782403 A (1 2)(kZ + K3 + K3 + 2Kk, — 2kiks — 2koks)
+A(L, 3)(K? + k2 + k3 + 2kikz — 2ki ko — 2koks)
+ A(2,3)(KZ + k3 + K3 + 2kokz — 2kiko — 2k1ks)
+B(KZ + k3 + K3 + 2kiky + 2k1ks + 2kzks)
+B(A(L, 2)k2e® %2 + A(1, 3)k3e% %9 + A(2, 3)kZe®2702)]

and

V(XY Z, ..., xm) = [1+e% +e% + % + A1, 2)eb+02
+A(1,3)e% %% + A(2,3)e%+0s 4 Beli+B2+03)2,

Here 6 = knx + :\iz(li)nxi, n=1,2,3and

(i —k)*+ 3 5oa[0n)i = Un)i]im)i = (m)s]

(i +kp)*+ 3o [(n)i + (n)ilAm)i + (Im)j]

withl; =kandi,j=1,2,3fori<j,nm=12,...,M and B is as in (3.13).

Al j) =—

(5.1)
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6. Explicit Solutions of EKPBo

Here, for illustration, we show the graphs of the solutions of the equation

(Uxxx = BUUx)x + Uxx + Uty — Uyy

The Eq. (6.1) is one of the three

dimensional eKPBo equations. We give the graphs of restricted

three-soliton solutions of this equation. In order to determine the constants ki, w; and I; we use the

\‘\\
W s — )
Q (SO0 ¢ =i ©
N R0 ! = &K
AT X X %WMQM@WVV\W\““ I A@/ _u_.
o g
XY
X
o
n
Al o
_ I
I -
= O
&

Fig. 1. The behavior of restricted three-soliton solution at di erent times.
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Fig. 2. The projection of the graphs in Fig. 1 with x = 0.
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dispersion relation of (6.1) that is
Kf+kZ2+wli—12=0, i=1,23, (6.2)

and (R3SC) given in (4.1). We present the graphs in two groups. The first group that consists
Figs. 1 and 2 is plotted due to the Case 2. Figures 3 and 4, which constitute the second group
are plotted due to the Case 1 of restricted three-soliton solution conditions for three-dimensional

et=6

Fig. 3. Three-dimensional graphs of restricted three-soliton solution of eKPBo with ki = 0.
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eKPBo. According to these, we determine the constants for the first group as

k1:1,k2:1,k3:—2,
wy =—1,w, =—1, ws :\;,
|1=—2,|2=1,|3=1— ﬁ

In Fig. 1, we note that our solution does not seem to have solitonic behavior. But in Fig. 2, when
the graphs are projected, we see the perfect movements of three waves. Indeed, they have solitonic
property.

Now we pass to the second group of graphs. The constants ki, w; and I;, i = 1,2,3 are

k]_:O, k2:2, k3:—1,
Wy, = —2, Wy = —1, W3 = 17/10,
|1 = —2, |2 = 4, |3 = —4/5.

We plotted Figs. 3 and 4 by taking k; = 0. This makes the solution to lose one wave from the graphs.
Note that in Fig. 3, unlike Fig. 1 we have two waves and they seem to have solitonic property.

7. Conclusion

In this work, we have generalized the two dimensional Boussinesq equation given in (1.3). We have
studied on the most general nonlinear partial di erential equation depending on four variables and
written in the form

(Dj + quadratic part){f - f} = 0. (7.1)

We called this equation as extended Kadomtsev—Petviashvili-Boussinesq (eKPBo) equation. We
noted that it reduces to the KP and the Boussinesq (Bo) equations under some conditions on the
constants of the equation.

We applied the Hirota direct method to eKPBo equation. EKPBo equation is a KdV type-
equation. Since every KdV type-equation having Hirota bilinear form has one- and two-soliton
solutions immediately, we dealt with three-soliton solutions of eKPBo. We have shown that to have
three-soliton solution, it should satisfy a condition, which we called restricted three-soliton solution
condition (R3SC). Our equation is not integrable except for some cases. Hence it does not satisfy
(R3SC) automatically. So we have analyzed the cases which make this condition to hold. We have
seen that there is also a simple form of (R3SC) for M dimensional eKPBo. We have also given the
general form of restricted three-soliton solution of M dimensional eKPBo under the condition (4.4).
Finally, for some specific values of the parameters ki, w; and I;, i = 1, 2, 3, we have plotted restricted
three-soliton solution of three dimensional eKPBo for di erent values of time parameter t.
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