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Considering a complex Lagrange space ([24]), in this paper the complex electromagnetic tensor
fields are defined as the sum between the differential of the complex Liouville 1-form and the sym-
plectic 2-form of the space relative to the adapted frames of the Chern–Lagrange complex nonlinear
connection. In particular, an electrodynamics theory on a complex Finsler space is obtained.

We show that our definition of the complex electrodynamics tensors has physical meaning and
these tensors generate an adequate field theory which offers the opportunity of coupling with the
gravitation. The generalized complex Maxwell equations are written.

A gauge field theory of electrodynamics on the holomorphic tangent bundle is put over T ′M
and the gauge invariance to phase transformations is studied. An extension of the Dirac Lagrangian
on T ′M coupled with the electrodynamics Lagrangian is studied and it offers the framework for a
unified gauge theory of fields.
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1. The Basics of Complex Lagrange Geometry

The geometry of Finsler spaces, or more general of Lagrange spaces, offers a powerful
support for many modern physical theories, [23,6, 10,32].

The notion of complex Lagrange space was introduced by the author, desiring to obtain
some geometric models for quantum physics theories. The foundations of complex Lagrange
geometry were set in our book [24]. The complex Lagrange space is a natural extension of
the complex Finsler one, for which there already exists a large reference ([1, 3, 33], . . .). In
this section we resume only set the notations and make an overview of the needed notions
for an accessible understanding of the geometric framework of the electrodynamics on the
holomorphic bundle T ′M .

Let M be a complex manifold, (zk)k=1,n be the complex coordinates in a local chart,
and T ′M be its holomorphic tangent bundle in which, as a complex manifold, we consider
the complex induced coordinates u = (zk, ηk)k=1,n.
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The complexified tangent bundle TC(T ′M) admits a vertical distribution V ′T ′M, locally
spanned by {∂̇k := ∂

∂ηk }k=1,n and its conjugate V ′′T ′M , locally spanned by {∂̇k̄ :=
∂

∂η̄k }k=1,n. A supplementary distribution in T ′(T ′M) to V ′T ′M is called a complex nonlinear
connection, in brief (c.n.c.), and it is determined by a set of complex functions N i

j(z, η) with
respect to which {δk := ∂

∂zk − N j
k

∂
∂ηj }k=1,n change like vectors on the underline manifold

M. The distribution spanned by {δk}k=1,n will be called horizontal, adapted to the (c.n.c.)
and will be denoted by H ′T ′M. Its conjugate distribution H ′′T ′M is locally spanned by
{δk̄ := δk}k=1,n.

A complex Lagrange space is a pair (M,L), where L : T ′M → R is a regular Lagrangian
in the sense that the Hermitian metric tensor gij̄ = ∂2L/∂ηi∂η̄j is nondegenerate. In par-
ticular, if L is a positive function, smooth except the zero sections, (1, 1)-homogeneous, i.e.
L(z, λη) =| λ |2 L(z, η), ∀λ ∈ C, and the quadratic form gij̄η

iη̄j is positive definite, then
(M,L) is a complex Finsler space with fundamental function F =

√
L. Obviously, the class

of complex Lagrange spaces includes that of complex Finsler spaces, but some properties
of the last class are lost in the first class of spaces.

The Lagrange function L defines a (c.n.c.), called by us the Chern–Lagrange (c.n.c.),
with the following coefficients

N j
k = gm̄j ∂2L

∂zk∂η̄m
. (1.1)

Its adapted frames have a remarkable property concerning the brackets, namely
[δj , δk] = 0, and the others are

[δj , δk̄] = (δk̄N
i
j)∂̇i − (δjN ı̄

k̄)∂̇ı̄;

[δj , ∂̇k] = (∂̇kN
i
j)∂̇i; [δj , ∂̇k̄] = (∂̇k̄N

i
j)∂̇i; (1.2)

[∂̇j , ∂̇k] = 0; [∂̇j , ∂̇k̄] = 0.

With respect to the adapted frames of (1.1) (c.n.c.) a notable derivative law of (1, 0)-type
is the so called Chern–Lagrange N -complex linear connection, which in notations from [24]
has the coefficients

DΓ(N) = (Li
jk = gm̄iδkgjm̄; Li

jk̄ = 0; Ci
jk = gm̄i∂̇kgjm̄; Ci

jk̄ = 0), (1.3)

where Dδk
δj = Li

jkδi;Dδk̄
δj = Li

jk̄
δi;D∂̇k

∂̇j = Ci
jk∂̇i;D∂̇k̄

∂̇j = Ci
jk̄
∂̇i, etc.

D is a metrical connection, that is to say Dδk
G = Dδk̄

G = D∂̇k
G = D∂̇k̄

G = 0, where
G = gij̄dz

i ⊗ dz̄j + gij̄δη
i ⊗ δη̄j is the N -lift of the metric tensor gij̄ .

Also, with respect to the adapted frames of (1.1) (c.n.c.), two well defined forms can be
considered

ω = ω′ + ω′′ :=
∂L

∂ηi
dzi +

∂L

∂η̄i
dz̄i, (1.4)

θ = gij̄δη
i ∧ dz̄j . (1.5)

ω is the Liouville form of the complex Lagrange space and θ is the Hermitian symplectic
2-form associated to (M,L) space.
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The complex Lagrange geometry is a Hermitian one but in applications non-Hermitian
quantities will sometimes appear. For instance, if we consider the non-Hermitian tensor
gij = ∂2L/∂ηi∂ηj (without requesting it to be nondegenerate) and gı̄j̄ = gij , then a well
defined 2-form is given by

ϕ = gijδη
i ∧ dzj . (1.6)

Subsequently we shall use these objects and their conjugates.

2. The Complex Electrodynamics Fields

In [24, p. 99], we consider the following Lagrangian inspired from real electrodynamics ([23]):

Lq = m0cγij̄(z)η
iη̄j − q

c
(Ai(z)ηi +Ai(z)ηi) (2.1)

where γij̄ is a Hermitian metric on the complex universe M , Ai(z)dzi is a 1-form which
defines a complex potential and the other quantities have well-known physical meanings.
The Hermitian metric γij̄(z) could be the constant universal metric or even better, for a
unified theory with gravitation, it can be derived from a gravitational potential.

This Lagrangian is not formally introduced, in fact its use is justified in Ref. 24. Later
we shall see that this Lagrangian coupled with the Dirac Lagrangian on the holomorphic
bundle can be quite useful for a unified field theory.

(M,Lq) is a complex Lagrange space, with gij̄ = m0cγij̄(z) the metric tensor and from
(1.1) the associated (c.n.c.) is

N j
i = γk̄j{∂̇i(γlk̄)η

l +
q

m0c2
∂iAk̄ with Ak̄ = Ak and ∂i :=

∂

∂zi
.

In [24] we contented to make a gravitational approach relative to the Lagrangian Lq,
without taking into account some electrodynamics meaning of the complex potential. Actu-
ally, the main difficulty that we encountered in obtaining a consistent theory for complex
electrodynamics was the definition of complex electromagnetic fields which should obey the
covariance principle with respect to the Chern–Lagrange complex linear connection D.

In defining the process of the complex electromagnetic fields, we first try to fit in our
framework a nice idea used by R. Miron ([23]) in the real Lagrange model for electrodynam-
ics theory. Shortly, this idea consists in defining first the vertical and horizontal deflection
tensors Di

j = Dδj
yi and di

j = D∂̇i
yj and then the electromagnetic tensors are given by

Fij = 1
2(Dij − Dji) and fij = 1

2(dij − dji), where Dij = gikD
k
j and dij = gikd

k
j . Here we

use real notations with respect to the canonical connection according to [23]. The data
contained in the Lagrangian expression are carried to the electromagnetic tensors by means
of the metric tensor and connection coefficients. For the choice of Lagrangian as being the
classical Lagrangian of electrodynamics, R. Miron proved that the classical concepts of
electrodynamics theory are recovered.

When we attempt to follow an analogous idea in our theory, the first remark is that for
the particular case of complex Finsler spaces the Chern–Finsler linear connection (1.3) sat-
isfies, as we can easily see from the homogeneity of the fundamental function, the following
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conditions: Di
j = Dδj

ηi = 0, Di
j̄

= Dδj̄
ηi = 0, di

j = D∂̇j
ηi = δi

j − Ci
0j , d

i
j̄

= D∂̇j̄
ηi = 0.

Consequently, the corresponding electromagnetic tensor fields which could be introduced
in such way all vanish identically. In the general case of complex Lagrange space such a
way does not offer more because Dij and dij vanish and the mixed tensors which could be
nonzero do not generate coherent Hermitian electromagnetic tensors. Hence such a theory
does not present much interest and then another approach needs to be followed.

Such an helpful idea for us is inspired also from a paper of R. Miron used for an elec-
tromagnetic theory of Ingarden spaces ([22]), whose fundamental function is just of the
Randers type, but its geometry is not of one real Finsler space. R. Miron proved that in
an Ingarden space the differential of the Liouville 1-form is the difference between its elec-
tromagnetic tensor and the symplectic 2-form of the space. This brain remark could be a
motivation for us that similar reasonings must take place in complex Lagrange geometry.

In the sequel we consider {δk, ∂̇k, δk̄, ∂̇ı̄} the adapted frame of the (1.1) (c.n.c.) and D

the Chern–Lagrange complex linear connection associated to a complex Lagrange space
(M,L), particularly the space (M,Lq) of complex electrodynamics.

Let ω, θ and ϕ be the forms defined on (M,L) space by formulas (1.4), (1.5) and (1.6),
respectively. The differential operator d = d′ + d′′ with

d′ = δkdz
k + ∂̇kδη

k and d′′ = δk̄dz̄
k + ∂̇k̄δη̄

k (2.2)

applied to the Liouville form ω = ω′ + ω′′ is dω = d′ω′ + d′ω′′ + d′′ω′ + d′′ω′′.
The complex electromagnetic fields will be defined axiomatically as being the complex

tensors F (2,0) = Fijdz
i ∧ dzj , F (1,1) = Fij̄dz

i ∧ dz̄j and their conjugates F (2,0), F (1,1)

given by:

d′ω′ = −F (2,0) + ϕ; d′′ω′′ = −F (2,0) + ϕ = d′ω′

d′ω′′ = −F (1,1) + θ; d′′ω′ = −F (1,1) + θ = d′ω′′.
(2.3)

Certainly, in this definition we have in mind the above motivation and we take into
account that in a complex Lagrange space θ is of (1, 1)-type and ϕ is of (2, 0)-type.

From this, using the (1.4)–(1.6) formulas, we easily deduce the following.

Proposition 2.1. The local expressions for the complex electromagnetic tensors are

Fij =
1
2
{δj(∂̇iLq) − δi(∂̇jLq)}; Fij̄ = −δi(∂̇j̄Lq) (2.4)

and their conjugates Fı̄j̄ = Fij , Fı̄j = Fij̄ .

Some remarks are to be placed here. First, it is obvious that Fij is skew-symmetric while
Fij̄ is not even Hermitian, Fı̄j being a notation for the conjugate of Fıj̄ . Further, we note
that in the particular case of the (M,Lq) space, although the metric and electromagnetic
potentials depend only on the point of the base M , and therefore could be considered as
prolongations to the holomorphic bundle T ′M of the same objects onM, the electromagnetic
tensors are defined over the manifold T ′M . Finally, let us point out that:

Proposition 2.2. If (M,L) is a complex Finsler space, then F (1,1) = 0.
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Proof. From the homogeneity condition of the Finsler function there is obtained that
∂̇iL = gij̄ η̄

j and ∂̇j̄L = gij̄η
i. Taking into account that the Chern–Finsler connection D is

a metrical one, we have:

Fij̄ = −δi(∂̇j̄L) = −δi(gkj̄η
k) = −Dδi

(gkj̄η
k) + (gkm̄η

k)Lm̄
j̄k

= −gkj̄Dδi
ηk = gkj̄(N

k
i − Lk

hiη
h) = 0.

Here we use the fact that Lk
hiη

h = ∂̇h(Nk
i )ηh = Nk

i , in view of one known property of
Chern–Finsler linear connection.

Hence, in a complex Finsler space, the nonzero electromagnetic tensors are only Fij and
its conjugate.

Further, from ddω = 0, it follows that d(F (2,0)+F (2,0)+F (1,1)+F (1,1)) = d(ϕ+ϕ+θ+θ).
Now, writing this last formula with respect to the adapted frames of the Chern–Finsler
(c.n.c.) and taking into account the (1.2) components of the Lie brackets in the classical
formula of exterior derivative of a two form dφ(X,Y,Z) =

∑{DXφ(Y,Z) − φ([X,Y ], Z)},
we have

Theorem 2.1. In a complex Lagrange space we have the following generalized Maxwell
equations

∑
{Dδk

Fij} = 0;
∑

{D∂̇k
Fij} = 0;

∑
{Dδk̄

Fij} = 0;
∑

{D∂̇k̄
Fij} = 0;

∑
{Dδk

Fij̄} =
∑

{δj̄(Nh
i )ghk};

∑
{D∂̇k

Fij̄} = 0;
∑

{Dδk̄
Fij̄} =

∑
{δj̄(Nh

i )ghk̄};
∑

{D∂̇k̄
Fij̄} = 0.

Moreover, the following identities are satisfied

∑
{Dδk

gij + ∂̇j(Nh
i )ghk} = 0;

∑
{D∂̇k

gij} = 0;
∑

{Dδk̄
gij + ∂̇j(Nh

i )ghk̄} = 0;
∑

{D∂̇k̄
gij} = 0.

All these sums are cyclic by (i, j, k), the bar indices being an abbreviation for δ/δz̄k or
∂/∂η̄k .

We note that these Maxwell equations become homogeneous if the complexified hori-
zontal distribution is integrable, i.e. [δi, δj̄ ] = 0. Having in mind that in a complex Finsler
space Fij̄ = 0, another set of identities are obtained for the Chern–Finsler (c.n.c.), which
are consequences of the Bianchi identities ([4]).

Using the metric tensor we can lower or raise the indices for the complex electromagnetic
tensors,

F ij = gk̄igh̄jFk̄h̄ and F ı̄j = gı̄kgh̄jFkh̄.
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With these the electromagnetic currents
h
J,

h̄
J,

v
J,

v̄
J can be given by

∑
j

Dδj
F ij = 4π

h

J i;
∑

j

D∂̇j
F ij = 4π

v

J i;

∑
j

DδjF ı̄j = 4π
h̄

J ı̄;
∑

j

D∂̇j
F ı̄j = 4π

v̄

J ı̄ .

It is obvious that in a complex Finsler space
h̄
J =

v̄
J = 0. The currents will be conservative

iff DJ = 0, i.e. if they satisfy the conditions: Dδj

h

J i = Dδj̄

h

J i = D∂̇j

h

J i = Dδj̄

h

J i= 0 and
analogously for the others.

Next, let us come back to the expression (2.1) of the electrodynamic Lagrangian Lq. The
first part m0cγij̄(z)ηiη̄j contains the specific data about the energy of the space but also
about its geometry by means of γij̄. For a coupling with gravitation γij̄ could be derived
from a gravitational potential. Let us denote the classical partial derivative by ∂i := ∂

∂zi .

Then we have:

Fij = −Tij +
q

c
Fij and Fij̄ = −Tij̄ +

q

c
Fij̄ , (2.5)

where

Tij =
1
2
m0c{∂iγjk̄ − ∂jγik̄}η̄k; Tij̄ = m0c∂iγkj̄η

k

are the stress-energy tensors of the space and

Fij =
1
2
{∂iAj − ∂jAi}; Fij̄ = ∂iAj

are the exterior electromagnetic tensors of the space.
Let us raise the indices, T h̄k̄ = gh̄igk̄jTij and T h̄k = gh̄igj̄kTij̄ . Since D is a metrical

connection, the law of conservative energy Dδh̄
T h̄k̄ = Dδj̄

T h̄k = D∂̇h̄
T h̄k̄ = D∂̇ḣ

T h̄k = 0,
implies that

∑
h̄

gh̄iDδh̄
Fij =

q

c

∑
h̄

gh̄i∂h̄Fij ;
∑

h̄

gh̄iD∂̇h̄
Fij = 0;

∑
h̄

gh̄iDδh̄
Fij̄ =

q

c

∑
h̄

gh̄i∂h̄Fij̄ ;
∑

h̄

gh̄iD∂̇h̄
Fij̄ = 0.

As we mentioned above, (M,Lq) is a complex Finsler space only in a particular case
and then it reduces to one trivial with purely Hermitian metric. It should be of interest to
see how does the proposed theory of complex electrodynamics work on a nontrivial class
of Finsler spaces. Recently the author with N. Aldea ([5]) have made a study of complex
Randers spaces. An immediate example of such a space is (M,F ) with F = α+ | β |, where

α2 = γij̄(z)η
iη̄j and β = Ai(z)ηi

and | β |=
√
β · β̄ is the complex norm.
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Indeed (M,F ) is a complex Finsler space under some smoothness assumptions, and L =
F 2 defines a complex homogeneous Lagrangian for which we can make similar reasonings
like above.

The metric tensor and the Chern–Finsler (c.n.c.) of the complex Randers space were
determined in the general setting in [5]. In our notations we have:

gij̄ =
F

α
hij̄ +

F

2|β|AiAj̄ +
1

2L
ηiηj̄

where hij̄ := γij̄ − 1
2α2 γik̄γhj̄η

hη̄k and

CF

N i
j=

0

N i
j +

1
γ

(
γkr̄

∂Ar̄

∂zj
ηk − β2

|β|2
∂Ar̄

∂zj
η̄r

)
ξi +

β

2|β|k
ri∂Ar̄

∂zj

where
0

N i
j := γmi ∂γlm

∂zj η
l, ξi := β̄ηi + α2Ai, Ai = γm̄iAm̄ and kij̄ = 1

2αhij̄ + 1
4|β|AiAj̄. Thus

we can consider the adapted frames {δk} of
CF

N i
j nonlinear connection.

For the complex electromagnetic fields, first we have Fij̄ = 0 and

Fij =
1
2
{δj(∂̇iL) − δi(∂̇jL)} =

1
2
{δj(gik̄η̄

k) − δi(gjk̄η̄
k)

=
1
2
{Dδj

(gik̄η̄
k) − gmk̄η̄

kLm
ji −Dδi

(gjk̄η̄
k) + gmk̄η̄

kLm
ij }.

Since Dδj
gik̄ = 0 and Dδj

η̄k = 0, we obtain that

Fij =
1
2
gmk̄{Lm

ij − Lm
ji}η̄k =

1
2
{δjgik̄ − δigjk̄}η̄k.

In a strongly Kähler Finsler space the torsion T i
jk = Li

jk − Li
kj = 0 and consequently

Fij = 0. If the Finsler space is weakly Kähler (see these notions in e.g. [1]) then Fijη
j =

Fijη
i = 0.

The generalized Maxwell equations are homogeneous for this example.

3. The Complex Lagrangian Density of Electrodynamics

The proposed complex version of electrodynamics seems to be consistent from a geometric
point of view but so far we have had no physical meaning of the objects defined above. For
this purpose in this section we restrict our talk to the space (M,Lq).

It is well known that the Lagrangian Lq is of interest in the study of charge dynam-
ics, possibly coupled with gravitation when the metric of the space γij̄ is derived from
a gravitational potential. The variation of the integral action A =

∫
Lqdv leads to the

Lorentz law of forces, written in relativistic form as dT i

dτ = q
cF

i
jdu

j , where F i
j is obtained

by raising the indices of the classical electromagnetic field Fij = ∂jAi − ∂iAi. However,
Lq is not in position to generate alone an electrodynamics theory of fields. In this sense,
in the classical field theory, in addition to Lq the free Lagrangian of electrodynamics is
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considered L0 = F ∧ ∗F = −1
4FijF

ij, where ∗F is the Hodge dual of F. Thus the total
Lagrangian of electrodynamics is Le = Lq +L0. Often L0 is said to be the Lagrangian den-
sity of electrodynamics and more generally when a current field is considered, it becomes
L0 = −1

4FijF
ij − JkAk.

The Hodge dual operator ∗F plays an essential role in the field theories of electro-
magnetism, the Ak potentials and their derivatives ∂iAk being considered as independent
variables. The variation of the free integral action A =

∫
F ∧ ∗Fdv on a compact domain

leads on one hand to the Maxwell equations dF = 0 (identically satisfied since F comes
from a potential, F = dA) and on the other hand to the field Euler equation d∗F = 0. Since
in the classical field theory the last equations involve only F and the Minkowski metric,
it is considered that it has not enough physical and geometrical significance, and for this
reason in the unified theories of fields a Yang–Mills and a Hilbert–Einstein Lagrangian are
added to the total Lagrangian of electrodynamics. Even then, the researches from the last
decades proved that such general Lagrangian is not able to lead to a unified theory of fields.
Instead of these, some sophisticated mathematical and at the same time physical theories,
likes supersymmetries or Seiberg–Witten theories, focused on solving this modern problem
([27, 30]). As well, a generalization of the Euler field equations to a class of holomorphic
vector bundles was made by us in [25].

The matter of the electromagnetic duality has been known for a long time, first because
in the classical theory, the star operation in Fij interchanges the electricity and magnetism,
i.e. E → −H and H → E and thus, up to a symmetry, it can offer a dual approach of
the electric and magnetic fields. Nevertheless, it is well known that between these there
exists a significant difference. While an electric charge localized at a point is a perfectly
viable concept (theoretically and experimentally) the same thing is not true for a magnetic
pole localized at a point. This objection leads Dirac in 1931 to discuss about the magnetic
monopole. For all that, the recent works mentioned above have origin scarcely in this simple
property of the Maxwell theory of being invariant under the interchange of electricity and
magnetism.

The research of electromagnetic phenomena in complex coordinates and by using ade-
quate complex Lagrangians has already a long history since it has been introduced in
1907s’ by Silberstein, [31], and further continued with papers of Dirac, Schroedinger,
etc. For instance, Silberstein, having in mind that E2−H2 and E · H are invariants of
the Lorentz transformations, proposed to be studied the following complex Lagrangian
F2 = E2 − H2 + iE · H. In particular, E. Schroedinger and P. Weiss used the complex
vector field F = E + iH in the framework of Born–Infeld theory. A recent approach of
Born–Infeld theory by using the complex Lagrangian L = F + i(∗F) is made in [18], by
using an adequate minimax principle for a complex valuated function. Also in [15] is proved
that the basic external object in electrodynamics equations defines a complex structure
which is responsible for the duality invariance. We cannot conclude our motivation con-
cerning applications of complex geometry in electrodynamics without quoting the excellent
book of G. Esposito in complex General Relativity, [16], and also some recent Yang–Mills
field studies on a CR-holomorphic bundle of a contact manifold, [9].

Our approach differs somewhat from these theories and is comely from the Hermitian
geometric point of view, also we hope that it could be a new starting point in the study of
electrodynamics and more by token.
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Now let us turn to the geometry of a complex Lagrange space (M,Lq) and by star
duality to obtain the dual electromagnetic fields. Indeed, the function Lq is a real valued
function depending on (z, η) and on their conjugates, and the geometry of (M,Lq) involves,
as we showed, the study of the TC(T ′M) sections relative to the adapted frames of the (1.1)
(c.n.c.), which behave like tensors on the base manifold M (d-tensors in [24]).

Let Ω be a compact domain of T ′M and dv = 1
22n det(gij̄)dzI ∧ dz̄I ∧ δηA ∧ δη̄A the

volume form, where

dzI ∧ dz̄I ∧ δηA ∧ δη̄A = dz1 ∧ dz̄1 ∧ · · · ∧ dzn ∧ dz̄n ∧ δη1 ∧ δη̄1 ∧ · · · ∧ δηn ∧ δη̄n.

The Hodge dual of the electromagnetic tensor F (1,1) = Fij̄dz
i ∧ dz̄j is given by

∗ F (1,1) = (∗F (1,1))∧
i1

∧
ı̄1
dzI′ ∧ dz̄I′ ∧ δηA ∧ δη̄A (3.1)

where

(∗F (1,1))∧
i1

∧
ı̄1

=
det(gij̄)
22n+1

∑
F j̄iεij̄i2 ı̄2...in ı̄na1ā1...anān

and F j̄i = gj̄kgh̄iFkh̄,

I ′ = {2, 3, . . . , n}.
By using a similar writing we deduce that ∗θ = (∗θ)∧

ı̄1
∧
a1

dzI ∧ dz̄I′ ∧ δηA′ ∧ δη̄A, where

A′ = {2, 3, . . . , n} and
∧
ı̄1

∧
a1 means that in the permutation signature εi1 ī1i2 ı̄2...in ı̄na1ā1...anān

the indices ı̄1 and a1 are replaced with j̄ and b respectively, that is

(∗θ)∧
ı̄1

∧
a1

=
det(gij̄)
22n+1

∑
gj̄bεi1 j̄i2 ı̄2...in ı̄nb1ā1...anān

.

Analogously, we have ∗ϕ = (∗ϕ)∧
i1

∧
a1

dzI′ ∧ dz̄I ∧ δηA′ ∧ δη̄A and ∗F (2,0) = 0, where

(∗ϕ)∧
i1

∧
a1

=
det(gij̄)
22n+1

∑
hibεīı1i2 ı̄2...in ı̄nb1ā1...anān and hib = gk̄igābgka.

Having in mind the definition (2.3) of the complex electromagnetic tensors, it seems
natural to consider the following complex Lagrangian density for the free particle on T ′M :

L0 = −1
4
(dω) ∧ (∗dω). (3.2)

Now we use the decomposition dω = (d′+d′′)(ω′+ω′′) and the analogous decomposition
for ∗dω. Then, in view of the well-known property ψ1 ∧ ∗ψ2 = ψ2 ∧ ∗ψ1 for any two forms,
and by taking into account the formulas (2.3) for the conjugates and using the above local
expressions of the dual forms, a direct computation in (2.3) gives

L0 = −Fij̄F j̄idv (3.3)

and hence the integral action will be A = − ∫
Ω Fij̄F j̄idv.

We note that L0 is a real valued function on T ′M. In the trivial case when Lq is homo-
geneous, then Fij̄ = 0 and a field electromagnetic particle theory is lost of interest.

Further on, our purpose is to obtain the field equations of complex electrodynamics with
respect to the Lagrangian density L0 from (3.3). The variational principle applied to the
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integral action leads to dA = 0. The obvious identity ddω = 0 was called as we seen the
generalized complex Maxwell equations, which are given in Theorem 2.1.

It follows that the variation dA = 0 involves

d(∗dω) = 0, (3.4)

the Euler electromagnetic complex field equations, which we call the generalized complex
Yang–Mills electromagnetic equations.

On account of

∗dω = ∗(d′ + d′′)(ω′ + ω′′) = (∗d′ω′ + ∗d′ω′) + (∗d′ω′′ + ∗d′ω′′)

= ∗(ϕ+ ϕ+ θ + θ) − ∗(F (1,1) + F (1,1))

the following generalized complex Yang–Mills equations are obtained

d ∗ Re(F (1,1)) = d ∗ Re(ϕ+ θ). (3.5)

Certainly, an explicit local writing of these equations for the general case is uncom-
fortable having in mind that an adapted local frame on TC(T ′M) is {δk, ∂̇k, δk̄, ∂̇k̄}, in
number of 4n, and it assumes a decomposition of the above objects with respect to these
vectors. Hereby, since Fij̄ is of (1, 1̄, 0, 0̄) type, then (∗F (1,1))∧

i1
∧
ı̄1

is of (n − 1, n − 1, n, n)

type. One particular case which could be of interest is that of Riemann surfaces, n = 1.
In the Riemann surface case Lq = gηη̄ − q

c (Aη + Āη̄) with the metric structure g = m0cγ,
the (c.n.c.) coefficient is N = 1

g∂
2Lq/∂z∂η̄ = 1

g{∂g
∂zη − q

c
∂Ā
∂z } and F (1,1) = F11̄dz ∧ dz̄ with

F11̄ = − δ
δz (∂Lq

∂η ) = −( ∂
∂z − N ∂

∂η )(gη − q
c Ā) = −∂g

∂zη + Ng + q
c

∂Ā
∂z = 0 and θ = gδη ∧ dz̄,

ϕ = 0. Concordantly, we will have L0 = 0. It is worthwhile to note that for a Riemannian
surface we also have F11 = 0. In 1959, Aharanov and Bohm (see [34]) suggested that the
electromagnetic potentials Ak have physical significance in such circumstances. More pre-
cisely, when M is not simply connected, the electromagnetic effects could be present even
if the electromagnetic (real) field is 0.

Finally, we should point out again that the geometry of the total space T ′M is deter-
mined by the chosen electrodynamics Lagrangian Lq over the complex manifold M .

The dual electromagnetic tensors depend of course on the volume form on a compact
domain of T ′M. Locally we can always choose such a compact set but a global approach
could imply some topological obstructions.

As we have already said the metric tensor could be derived from a gravitational potential
or not. In the last case the coupling with gravitation is realized by adding a Hilbert–Einstein
Lagrangian to the total electromagnetic Lagrangian. In particular, the space metric could be
the Minkowski metric Re(γij̄) = (+,−,−,−). The physics fields will be deemed as sections
in the vertical holomorphic bundle V ′T ′M. Certainly a study of interest is that of gauge
invariance of these particle fields, a problem which will be broached subsequently.

4. Gauge Field Complex Electrodynamics Theory

In [25, 26] we made a fairly general approach of gauge complex fields on a holomorphic
vector bundle with structural group, the total Lagrangian being the sum of a particle
Lagrangian, a Yang–Mills Lagrangian defined by the curvature form of the Chern–Lagrange
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connection (particularly the Bott complex connection) and a Hilbert–Einstein Lagrangian
of the particle space. The matter fields are sections in the vertical bundle.

The obtained theory seems somewhat theoretical so as it should be useful in direct
applications.

In the present section we will restrict to a simplified version of this gauge complex theory,
closer to the classical field theories and we hope more helpful for physicists. The total space
will be the holomorphic tangent bundle T ′M with the geometrical structure determined by
the Lagrangian Lq, as it was described in the first section of this paper.

Let Le = Lq +L0 be the total Lagrangian of the complex electrodynamics given by (2.1)
and (3.2).

In many physical theories, in addition to the local chart changes on the manifold M

we have another set of changes determined by a Lie group (sometimes group of internal
symmetries) which acts globally or locally on a fibre manifold F, in our situation F = T ′M ,
and called a gauge transformation.

In [25] we gave a more general definition than here for a complex gauge transformation
Υ on a holomorphic vector bundle E. Particularly, on T ′M a gauge transformation is given
locally on u = (z, η) by a holomorphic function Υ : u→ ũ

z̃i = Xi(z); η̃i = Y i(z, η), (4.1)

with the regularity condition det(∂Xi

∂zj ) · det(∂Xi

∂zj ) �= 0, and certainly from holomorphy we
have: ∂Xi/∂z̄j = ∂Y i/∂z̄j = ∂Y i/∂η̄j = 0.

The holomorphic functions Xi, Y i depend implicitly on the elements of the Lie group G.
Next we suppose that dimG = m and a = (a1, a2, . . . , am) are the parameters of the group
and the gauge transformation (4.1) preserves the identity. Hence the gauge transformation
(4.1) is represented by the equations ũ = Υ(u, a), with u = Υ(u, 0). In such a case, a useful
expression of the gauge transformation (4.1) is represented by considering an infinitesimal
variation of parameters. Taking the first term in the Taylor series it results the following
infinitesimal transformation:

ũ = u+ ξλε
λ (4.2)

where ξλ(u) = ∂Υ
∂aλ |aλ=0 and ελ = ∆aλ are the variations of the group parameters.

The variation ∆u = ũ− u = ξλε
λ gets

∆zk = ξ
(1)k
λ ελ and ∆ηk = ξ

(2)k
λ ελ

where ξ(1)kλ = ∂Xk

∂aλ |aλ=0 and ξ(2)kλ = ∂Y k

∂aλ |aλ=0.

For a matter field Ψ(z, η) on T ′M the infinitesimal transformation (4.2) defines an
infinitesimal transformation Ψ →∼

Ψ and then taking the first approximation, we have

∆Ψ =
∼
Ψ −Ψ =

∂Ψ
∂zk

∆zk +
∂Ψ
∂ηk

∆ηk =
(
ξ
(1)k
λ

∂Ψ
∂zk

+ ξ
(2)k
λ

∂Ψ
∂ηk

)
ελ =: (ΛλΨ)ελ.

The operators Λλ = ξ
(1)k
λ

∂Ψ
∂zk + ξ

(2)k
λ

∂Ψ
∂ηk are the generators of the gauge transformation

group.
Further on, like in [25], the matter field Ψ (the wave function in quantum mechanics)

will be regarded as a section in the vertical bundle V ′T ′M, i.e. Ψ = Ψk ∂
∂ηk and considering
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[Λk
j ]λ a matrix representation of the generators in an m-dimensional vector space, hence we

have

∆Ψk = ελ[Λk
j ]λΨj (4.3)

which represents the first approximation of the matrix power series

∼
Ψ= eε

λ[Λ]λΨ. (4.4)

If ελ are constants for any λ ∈ {1, 2, . . . ,m} then the transformation (4.2) is a global
gauge transformation. The matrix representation of the Lorentz group is given by the well-
known Dirac matrices [γk

j ]λ, λ = 0, 1, 2, 3, (see [14], p. 11), the SU(2) representation of a
spinorial isodoublet is given by the Pauli matrices ([14], p. 21), the SU(3) representation
of a three-spinor is given by the Gell–Mann matrices ([14], p. 22), etc. As a rule, the gauge
invariance of fields is relative to the abelian group U(1) of phase transformations or relative
to the nonabelian groups SU(n), n ≥ 2.

How to couple standard Yang–Mills theory to Nonlinear-Sigma models on cosets of U(n),
having us supporting manifolds the complex projective or complex Grassmanian spaces, is
showed in [13].

In classical gauge theories there are usually considered the following Lagrangians: the
real scalar Lagrangians (the wave function Ψ being a real function and therefore it is not
of interest for our purpose), the complex scalar Lagrangians of Klein–Gordon type, the
electromagnetic field Lagrangian L0, and finally the complex spinor field Lagrangians of
Dirac type.

The problem of generalized complex scalar Lagrangians (in which the classical derivative
is replaced by the Chern–Lagrange linear connection) was studied in [24], p. 111, and the
generalized Klein–Gordon equations were obtained there. Subsequently our aim is to make
an approach of a field complex spinorial Lagrangian, study which in our oppinion could be
adequate in Grand Unification Theories.

Let Lq be the (2.1) electromagnetic Lagrangian and consider the geometry on T ′M
described in the first two sections by Lq. It completely determines the adapted frames
of the (c.n.c.) and the derivative rules with respect to Chern–Lagrange linear connec-
tion. Consider Ψ = Ψi(z, η) ∂

∂ηi an n-complex spinorial vector field as a section on V ′T ′M.

Then the h- and v- derivatives of Ψ will be denoted with Ψi
�k, Ψi

�k̄
and respective Ψi

|k,Ψ
i
|k̄,

where

Ψi
�k = δkΨi + Li

jkΨ
j; Ψi

�k̄ = δk̄Ψ
i;

Ψi
|k = ∂̇kΨi + Ci

jkΨ
j; Ψi

|k̄ = ∂̇k̄Ψ
i.

(4.5)

Let λi
jk̄

(z) be a fixed d-complex Hermitian tensor, i.e. λi
jk̄

= λı̄
j̄k
. By Dl = Dδl

+ D∂̇l

we will denote the covariant derivative operator which acts on Ψi by DlΨi = Ψi
�l+ Ψi

|l and
let Dl̄ be its conjugate. Let us consider now B = Bk(z, η)dzk a given 1-form on T ′M. The
conjugate spinor will be denoted here by Ψk̄ = Ψk (generally denoted in the literature
by Ψ†).
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The generalized Dirac Lagrangian is defined by LDirac(Ψ) = L0
Dirac(Ψ)+LInt(Ψ), where:

L0
Dirac(Ψ) = − i

2
{Ψk̄λh

jk̄DhΨj + Ψkλh̄
j̄k̄Dh̄Ψj̄} +m

∑
Ψk̄Ψk,

LInt(Ψ) =
1
2
{Ψk̄λh

jk̄BhΨj + Ψkλh̄
j̄k̄Bh̄Ψj̄}.

(4.6)

LInt(Ψ) is the interaction between the spinor and the potentials Bk on T ′M.

For a gauge field theory which includes the electromagnetism, gravitation and energy of
the spinor particle, the total Lagrangian will be Ltot = Le + LDirac.

The interactig of an electordynamic field Aλ with Dirac field Ψ in terms of complex
geometry is also considered in [21] and the Y–M equations in language of Penrose twistors
is described.

Next, let us study the gauge invariance of our generalized Dirac Lagrangian. Because the
complex d-tensors λh

jk̄
(z) behave like tensors on the base manifold M , we further consider

the gauge transformations which act on the fibres of T ′M. Particularly when λh
jk̄

are affine
Hermitian tensors then we may consider more general gauge transformations which act on
both points z of M and fibres of T ′M.

First we suppose that on fibres of T ′M there act the phase transformations of the group
U(1),

z̃k = zk and η̃k = e−igε(z)ηk (4.7)

where i =
√−1, g is a coupling constant and ε(z) is the real valued parameter of the group.

Of course, (4.7) is a gauge complex transformation if ∂ε/∂z̄k = 0 and η̃k = e−igε(z)ηk

says that η̃k = ηk − igε(z)ηk + O2(ε), and the conjugate transformation is η̃k = eigε(z)η̄k.

Accordingly, the electromagnetic potentials Ak(z) and the complex isospin Ψ will transform
with

Ãk(z̃) = eigε(z)Ak(z) and Ψ̃k(z̃, η̃) = eiβ
k(z,η)Ψk(z, η) (4.8)

where βk(z, η) = ε(z)ξ(2)j ∂Ψk

∂ηj , as it is follows from (4.3).
We remind that, in order to be in the framework of [25], Ψ = Ψk ∂

∂ηk was considered
as a section on the vertical holomorphic bundle, but more generally it should be a section
in TCT

′M . Therefore, if we restrict to the sections of the vertical holomorphic bundle, Ψ
does not define in any way a gauge complex field. Indeed, from (4.7) we deduce that ∂

∂ηk =

e−igε(z) ∂
∂η̃k and hence the gauge transformation of the vertical field Ψ will be Ψ̃k = eigε(z)Ψk.

Obviously, the potentials Ak(z) are gauge invariant.
As well from (4.7) and (4.8) it follows that Lq is gauge invariant to the phase transfor-

mations, i.e. Lq(z̃, η̃) = Lq(z, η) and according to Proposition 2.1 from ([25]) it results that
N j

k determines a gauge (c.n.c.) and the Chern–Lagrange linear connection is gauge too.
Accordingly, Fij̄ given by (2.4) and its dual ∗Fij̄ will be gauge complex tensor fields. Thus
we proved that the Lagrangian density L0 is gauge invariant at the transformations (4.7)
and (4.8). On the other hand, it is easy to see that L0

Dirac is not gauge invariant forasmuch

L0
Dirac(Ψ̃) = L0

Dirac(Ψ) +
1
2
{Ψk̄λh

jk̄Ψ
jDhβ

j + Ψkλh̄
j̄k̄Ψ

j̄Dh̄β
j̄},
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but, like in classical study, by the transformationDhΨj → D̃hΨj = DhΨj−iBh−iDhβ
j (and

its conjugate) we attain that the total Dirac Lagrangian LDirac(Ψ) = L0
Dirac(Ψ)+LInt(Ψ) is

gauge invariant to the phase transformations. Thus the remaining problems are to decide
when D̃hΨj is also a gauge field and that of a suitable choice for λh

jk̄
. As we specified above

if βk = igε(z), ∀ k ∈ {1, 2, . . . , n}, then Ψ will be a gauge vertical field and consequently
DhΨj and Dhβ

j will be d-tensors, conditions which compulsory involve that Bh(z, η) need
to be a gauge complex tensor on T ′M. For instance Bh = Ah(z) is an adequate choice so
that LDirac should be gauge invariant. In view of the previous considerations, then the total
Lagrangian Ltot = Lq + L0 + LDirac will be gauge invariant to the transformations (4.7)
and (4.8) with βk = igε(z) and Bk = Ak(z), ∀ k ∈ {1, 2, . . . , n}. Secondly, concerning the
tensors (which obviously are gauge to (4.7)), their choice could depend on the dimension
n of the base manifold. For instance, if n = 4 an appropriate choice is exactly the Dirac
matrices γh = [λjk̄]

h, but in these circumstances Ψ̄ is the Dirac conjugate spinor, Ψ̄ =
Ψ†γ0 = (Ψ̄1, Ψ̄2,−Ψ̄3,−Ψ̄4).

Clearly, the total Lagrangian Ltot is a function of u = (z, η) by means of (Ψ,DΨ). Like
in the general settings from [25] for the independence of the integral action to the local
changes of charts, a good choice for the total Lagrangian density is L = Ltot|det g|2. The
formula (3.3) from [25] gets in particular the variation of the action A =

∫
Ω L(Ψ,DΨ)dΩ,

that is:

∂L

∂Ψk
= δi

h

J i
k +∂̇i

v

J i
k +N j

i ∂̇j

h

J i
k −〈J, δΩ〉 (4.9)

where,

〈J, δΩ〉 =
∫

Ω
{

h

J i
k δ(L

k
jiΨ

j)+
v

J i
k δ(C

k
jiΨ

j)} and
h

J i
k=

∂L

∂Ψk
�i

;
v

J i
k=

∂L

∂Ψk
|i
.

We consider inopportune to expand the writing of the gauge field equations (4.9).
The gauge invariance study of the generalized Dirac Lagrangian to the nonabelian group

of transformations SU(m), m = 2, 3, . . . , assumes almost similar steps but the transforma-
tions (4.7) and (4.8) are achieved with exponential matrices, that is

z̃k = zk and η̃k = e−i(ελΛλ)ηk; (4.10)

Ãk(z̃) = ei(ε
λΛλ)Ak(z) and Ψ̃k(z̃, η̃) = ei(ε

λΛλ)Ψk(z, η) (4.11)

where ελ are the SU(m) group parameters and Λλ = [λk
j ]λ, λ ∈ {1, 2, . . . ,m} are the matrix

generators of the group relative to the spinorial fields Ψ.
Now the problem of gauge invariance for the total Lagrangian to SU(m) follow the

same steps as we made above for S(1) but using exponential matrices. For m = 2 an
appropriate choice for Λλ, λ = 1, 2, are the Pauli matrices, and if m = 3 then a good choice
for Λλ, λ ∈ {1, 2, . . . , 8}, are the Gell–Mann matrices.

We end these notes pointing out that our theory is a generalization of Abelian gauge
theory with respect to holomorphic transformations. Also the scalar and spinorial fields are
considered. The proposed gauge transformations are generalized so that the gauge potentials
should act over base points of the manifold M and over holomorphic fibres as an additional
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bosonic. It is a natural and pretty extension of Maxwell, Weyl and Dirac theories to the
holomorphic tangent bundle endowed with the metric structure determined by the electro-
dynamic Lagrangian (2.1). The proposed theory offers fairly enough opportunities to be used
in unification of the physical fields. The coupling of gravitation and electromagnetism is pos-
sible by means of metric tensor of the space or by adding a Hilbert–Einstein Lagrangian. The
d-potentials Bk(z, η) from (4.6) generalized Dirac Lagrangian offer a large scale of coupling
with masses of electricity and magnetically charged spinor particles. The spinorial fields do
not exclude typical massive mass on the curved manifold. The phenomenology of particle
could impose additional restrictions concerning the compacticity of the domain Ω in T ′M.

In the recent Seiberg–Witten gauge theories the various parameters of the Lagrangians are
also holomorphic functions and the known behavior of the Lagrangians are functions of the
law-energy physics called the moduli space. In such gauge theories the space of reference
is two dimensional which created the nice theory of Donaldson polynomial invariants by
requiring the anti-self-duality so that F = − ∗ F. In our approach such a condition is not
possible except for Riemannian surfaces.
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