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Second order ordinary differential equations that possesses the constant invariant are investigated.
Four basic types of these equations were found. For every type the complete list of nonequiva-
lent equations is issued. As the examples the equivalence problem for the Painleve II equation,
Painleve III equation with three zero parameters, Emden equations and for some other equations
is solved.
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1. Introduction

Let us consider the following second order ODE:
y" = P(z,y) +3Q(x,y)y +3R(z,y)y” + S(z,y)y". (1.1)

General point transformations

preserve the form of Eq. (1.1).

Let us consider two arbitrary Eq. (1.1). The problem of existence of the point trans-
formation (1.2) that connects these equations is called the Equivalence Problem. For the
arbitrary Eq. (1.1) the explicit solution of the equivalence problem is rather complicated,
see [23, 24]. Tt was effectively solved for the linear equations, see [1, 10, 11, 13, 19, 20]; for
some Painleve equations, see [1, 3, 8, 12, 16, 17|; for the Emden equation, see [2] and for
other equations, for example, see [14, 20].
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The main approach that allows to solve the equivalence problem is based on the Invariant
Theory. Invariant is a certain function depending on (z, y) that is unchanged under the
transformation (1.2): I(x,y) = I(Z(x,y), y(x,y)).

Pseudoinvariant of weight m is a certain function depending on (x, y) that is transformed
under (1.2) with factor det T (the Jacobi determinant) in the degree m:

_ (aaz /0x 0% /8y>

Pseudotensorial field of weight m and valence (r,s) is an indexed set that transforms
under change of variables (1.2) by the rule

i1t i1 .. Qlrdl | qs 1 p1-Pr
Fj 5o = (detT)™ Z Zspll Spp Ly 1 SRR

P1Prqiqs
here S = T~ 1. It is easy to check that only factor (det T')™ distinguishes the pseudotensorial
field from the classical tensorial field.

Invariant Theory of Eq. (1.1) goes back to the classical works of Liouville [19], Lie [18],
Tresse [23, 24], Cartan [5, 22] (Late 19th and Early 20th Century) and continues in the works
of [1, 4, 7, 10, 12, 13, 16, 20, 21] (Late 20th Century). It remains an active research topic
in the 21th Century, see [2, 14, 17]. Background is adequately described in papers [1, 2].

In the present paper we use notations from works [7, 17, 20, 21] to calculate the invariants
and pseudoinvariants of Eq. (1.1). The correlation between these (pseudo)invariants and
semi-invariants from works [5, 19] (as they were presented in [2]) shows in the next chapter.
The explicit formulas for their computation via known functions P(z,v), Q(x,y), R(z,y),
S(x,y) contained in the Appendix A. Here and everywhere below notation K; ; denotes the
partial differentiation: K; ; = 0™ K /0x'0y’.

2. Computation of Invariants

2.1. Some geometric objects

Step 1. From the functions P, @, R and S, that are the coefficients of Eq. (1.1), let us
organize the 3-indexes massive by the following rule:

O111 =P, O121 = 0211 =0O112 = Q,
O222 =5, O122 = O212 = O221 = R.

As the “Gramian matrixes” let us take the following couple:

g 0 1
dv = Lol pseudotensorial field of the weight 1,
0 1
dij = Lol pseudotensorial field of the weight —1.

Step 2. Let us raise the first index

2
CHES AU (2.1)

r=1
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Under the change of variables (1.2) @fj transforms “almost” as a affine connection. (The
transformation rule is into the paper [7]).

Step 3. Using @fj as the affine connection let us construct the “curvature tensor”:

ICLE 8®k 2
_ Jr k o4q k g 1 2
rij = g S0 + g O 07 g 0;,9; where v = x, u” =y,

iq > gr ir?

and the “Ricci tensor” Q,.; = 7, QTk] The both objects are not the tensors. (See [7]).

Step 4. The following three indexes massive is the tensor:
Wijk = Vil — V.

Here we use @fj instead of the affine connection when made the covariant differentiation.

Step 5. Using the tensor W, let us construct the new pseudovectorial fields:

2
1 i . .
E= g E 1 E 1 Wijrd”  pseudocovectorial field of weight 1,
=1 j=

B; = 3V,apd" oy + Vyada;  pseudocovectorial field of weight 3.

The coincident pseudovectorial fields are: of = d’*ay, of weight 2, 7 = d7'f3; of weight 4.
There are only three situations:

(1) Pseudovectorial field a« = 0, mazimal degeneration case, equation is equivalent to
! — 0’

(2) Fields a and 3 are collinear: 3F° = o'3; = 0, intermediate degeneration case;

(3) Fields a and B are non-collinear: 3F° = o'3; # 0, general case.

At the present paper we consider the intermediate degeneration case: F' = 0 but az# 0.

Step 6. Let us denote the quantities cpl and ¢y (their explicit formulas are in Appendix A)
and organize the affine connection F and the pseudoinvariant €2 of weight 1

o)+ st <0¢1 0@2)

3 ’ oy Oz

k k

1% = O5j —

The rule of covariant differentiation of the pseudotensorial field was presented in [7]:
QF i
i1ty J1Js Js z1 “Up- by wn 01Uy i1 iy
Vil = Couk +erkvn J1ds ZZ A N N L o
n=1v,=1 n=1w,=1

If the pseudotensorial field F' has type (r,s) and weight m, then the pseudotensorial field
VF has type (r,s + 1) and weight m.

Step 7. Pseudovectorial fields a and (3 are collinear, hence exists the coefficient NN, it is
the pseudoinvariant of weight 2, such that: § = 3Na. Then

dijVe€'ed

——

Here & — pseudovectorial field of weight 3; M — pseudoinvariant of weight 4; ~v —
pseudovectorial field of weight 3; ' — pseudoinvariant of weight 4. (See paper [7].)

¢ =d"V;N, M=-o¢, ~v=-(-20, I'=-
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2.2. Invariants

In this paper we are interested in the case M # 0, which is named as the first case of
intermediate degeneration. By definition it means that also N # 0 and « # 0. The basic
invariants are

_[]_ - m, IQ - F, _[3 - M (22)

By differentiating invariants Iy, Is, I3 along pseudovectorial fields o and « we get invariants

I = Vall’ Is = Vab, Io = Valg’

N N N (2.3)
I — (V'VII)Q I« — (V'VIZ)Q Io — (V’YI3)2 .
TTONS D BTN T NS

Repeating this procedure more and more times, we can form an infinite sequence of invari-
ants, adding six ones in each step.
So, to calculate the invariants we have to compute:

Pseudovectorial field a = (B, —A)T of weight 2, see formula (A.1);
Pseudovectorial field v of weight 3, see formulas (A.8) and (A.9);
Pseudoinvariant F' of weight 1, see formula (A.2);

Pseudoinvariant M of weight 4, see formulas (A.4) and (A.5);
Pseudoinvariant N of weight 2, see formula (A.3);

Pseudoinvariant 2 of weight 1, see formulas (A.6) and (A.7);
Pseudoinvariant I' of weight 4, see formula (A.10).

N N N N N S
N O O W N
~— O N N

2.3. Correlation between the semi-invariants

No doubt the main part of the pseudoinvariants have been known previously.
At the work Cartan [5] adopted the following notations:

P=-ay, Q=-a3, R=-ay, S=-a, A=-L, B=-Ls

At the work Liouville [19] presented the semi-invariants v, wq, i2 and the quantity R;
(see review in [2]). Here is a link between these quantities and pseudoinvariants F', 2, N
and quantity H:

Usa L), R 1
F®=vs, H=L(Ly)y— Ly(L1)z +3R1, Q=—w — 234—4( 1L)f§ L N:§2.
1 1

Pseudovectorial field «, pseudoinvariant M and pseudoinvariant I' first appeared in the
papers [7, 20, 21]. In the present paper we use the new notation in order to compute the
chains of invariants (2.3).

3. The Main Problem

The main problem is to describe the equivalence classes of Eq. (1.1) from the first case of
intermediate degeneration with the conditions I; = const # 0 and Is = 0 under the general
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point transformation (1.2). So, we investigate Eq. (1.1) such that

a#0, F=0, M#0, I;=const #0, I,=0. (3.1)
It is easy to see that two sequences of the invariants (2.3) become trivial ones: I, =
I;=---=0and Iy =Ig=---=0.

According to papers [1, 2|, each Eq. (1.1) that satisfies the relations F = 0 and Io = 0
can be transformed into the form

y" = P(x,y). (3.2)

For example Eq. (3.2) holds the following relations:

242 AA A
A=Pys#0, B=0, M=2=0L_ 220245 N 201 1 _q
5 3 3
Let us calculate the invariant Iy:
M 18 AAgs 18 AAgo 6
I, = NZ=F i, =5 - 3C) = const # 0, i, = (1 = const # 5 (3.3)

4. Four Types of Equations

Theorem 4.1. Every Eq. (1.1) with conditions (3.1) can be transformed by point transfor-
mations (1.2) into the form:

y" = P*(y) +t(x)y + s(x),

where
( . 3
ey if Iy = 5
. 9
—Iny if Iy = 10
P*(y) = _ 12
y(lny_]‘) Zf I]. - _ga
C+2
Y _ 3(C+5)
_— H=——F— (C= t # -5, -2, —1, 0.
Crnicry 1h 50 const 7 =5, =2, 1,

Proof. Let us resolve the differential equation (3.3) with respect to the function A(x,y).
There are two possibilities:

Cl = 1a A(l‘,y) = b(l‘) ' ea(x)y’

C1#1, Az,y) = ((a(x)y +b(x), C= 1 (4.1)

1-Cy’

where a(z) and b(x) are arbitrary functions.
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According to paper [2], the most general point transformations preserving the form (3.2)
is the following transformation:

v=a [P@iE) 6 y=p@)i+h@) (4.2)

Here «, 3 — constants, p(Z), h(Z) — certain functions.
Therefore the direct and inverse transformations matrices S and 1" are

S = 81‘/03:6 ax/6?>=< ~a{92(‘%) ~ 0~>, det S = ap*(2),
dy/0x 0y/dy p1.o(2)y + ho1(Z) p(Z)

1
. ap?(I) ’
T=5"'= , detT = ——.
—p1o(®)) — ho1(z) 1 ap3(z)
ap3(z) p(T)

After the transformations (4.2) the pseudovectorial field a of weight 2 changes as

B\ T 0\ 0
—A)  (detT)?2 \-A)  \—ap’(@)A)

So the transformation rules for A and B are: A(Z,7) = o?p®(#)A(z(%),y(Z, 7)), B = 0.
Let C1 =1 and function A from (4.1), then

Az, 7) = 2P (@)b(x()) - e2E@P@THR@) — 02pd (7)b(z(7))e = @NE) gal@(@))p(@)§
Choosing the appropriate functions k(%) and p(i) we can get a®p°(Z)b(z(z))e®*@DA(E) = 1,

a(z(2))p(F) = 1, A(#,§) = .
Let Cy # 1 and function A from (4.1), then

A(#,) = o®p° (%) (a(2(2)p(2)§ + [a(z(@)h(@) + bz ()

Choosing the appropriate functions h(Z) and p(Z) we can get a(z(Z))h(Z) + b(z(Z)) = 0,
a?p™O(8)a (2(2)) = 1, A(%,§) = §°.

So, if Eq. (1.1) with conditions (3.1) is written in terms of canonical coordinates (let these
coordinates will be (z,y)), there may be two possibilities: A(x,7) = e¥ or A(z,y) = y©.
Therefore A = Py then it may be four opportunities:

P($,y):6y+t($)y+8($), C’l :17
P(z,y) = —Iny +t(x)y + s(x), C=-2,

P(z,y) =ylny —y+tx)y +s(z), C=-1,

C+2
y+

Py = e ey

+t(x)y +s(x), C =const #—5, -2, —1,0.

Here t(x), s(x) are the arbitrary functions. O
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Table 1. Four different types of Eq. (1.1) with conditions (3.1).

Type Equation A C C I

I y" =¥ +t(x)y + s(x) e¥ — 1 %

1T Y = —Iny+t(z)y + s(x) > —2 3 -5

111 v =y(lny — 1) + t(x)y + s(z) % -1 2 —%
Cc+2 — 3(C+5

IV y// = (C+y1)(C+_2) + t(l’)y + 5(2?) yC C 7& 07 _17 _27 -5 —Ccl (52: )

Note: Here t(x), s(x) are the arbitrary functions.

5. Equations of Type I

Definition 5.1. Let us say that Eq. (1.1) has Type I if conditions (3.1) hold, where
I = 3/5.

According to Theorem 4.1 any Eq. (1.1) of Type I can be transformed by point trans-
formations (1.2) into the canonical form:

y' = e’ +t(x)y + s(x). (5.1)

Lemma 5.1. The most general point transformations that preserve the canonical form (5.1)
are the following ones:

r=al+p, y=9—2nca. (5.2)

Here o, 3 are some constants. The new equation has the form: i’ = eV +1()j+ 5(&), where
t(%) = o*tlaz + B), 35(&) =a’s(ai + f) —2a°Ina-t(ai + B).

The proof of Lemma 5.1 follows from the straightward calculations. We apply trans-
formations (4.2) to the Eq. (5.1). They must preserve the form of equation. Then in these
canonical coordinates the non-trivial invariants (2.2), (2.3) and (A.11) are equal:

1 1 1

I3 = = + @(t(x)y +s(x)), Ig= @(t(fﬁ)y + s(z) — t(x)),
Iy = e () + 8 (0))

Let us introduce the additional invariants:

Jy = 1503 — 1 = t(l’)ye%(x) Jo =51, — MOy + i(yx) ~ @),

_ B s(x) _ J3\ s(z)
J_Jg_Jﬁ_y_‘_@, J1—J+1n<7>_1nt(x)+@’ (5.3)
Jo = 18750, = L@y @) Jo @y + @)

e3y ’ T (H)y +s()d
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Theorem 5.1. Let Eq. (1.1) be an arbitrary equation of Type 1. Then it is equivalent to
some equation from the following list of nonequivalent equations of Type 1:

(1) If J3 =0 from (5.3) then it is equivalent to y" = €Y.

(2) If J3 # const, J3 = Jg, K =0 from (5.3) then it is equivalent to y” = e¥ + 1.

(3) If J3 # const, J3 # Jg, Jg # const, J; = a = const, K = 0 from (5.3) then it is
equivalent to y" = €Y + y + a.
Two equations of Type 1.3 are equivalent if and only if invariant Ji for both equations
is the same and equal to constant a.

(4) If J3 # const, J3 = Jg, K = k = const # 0 from (5.3) then it is equivalent to
Y’ =e¥ + 4/ka?.
Two equations of Type 1.4 are equivalent if and only if invariant K for both equations
is the same and equal to constant k # 0.

(5) If J3 # const, J3 = Jg, K # const from (5.3) then it is equivalent to y" = e¥ +
s(x), s(x) # const.
Two equations of Type 1.5 are equivalent if and only if after the transformation

=X
Il

K(x,y), g = J3(x,y) their notations become identical.

(6) If J3 # const, J3 # Jg, Jg # const, J; # const, K # const from (5.3) then it is
equivalent to y" = e¥ + t(x)y + s(x), t(x) # 0.
Two equations of Type 1.6 are equivalent if and only if after the transformation T =
Ji(z,y), g = J(x,y) their notations become identical.

In the cases 1.5 and 1.6 functions t(x) and s(x) are definited up to transformations (5.2).

Proof. Let Eq. (1.1) be an arbitrary equation of Type I. Then in the terms of canonical
coordinates it has the form (5.1). Let us calculate the invariants (5.3).

(1) If J3 = 0 then (t(z)y + s(z))/e¥ =0 < t(x) =0, s(x) = 0. Therefore Eq. (1.1) can be
reduced into the canonical form 3" = €Y.
(2) If J3 # const, J3 = Jg, K = 0, then

tz)y +s(z) _ t@)y+s(@) —tz) (F(@)y+s'(@)’

¢ 2 ey (@)

Hence t(z) = 0, s'(x) = 0, accordingly s(z) = s = const # 0. If s = 0 then J3 = 0 and
equation has Type I.1. So in the terms of canonical coordinates this equation has the

Table 2. Equations of Type L.

Type J3 Jg J1 K Canonical form
I.1 0 0 — 0 Yy =eY
1.2 # const J3 — 0 ' =e¥ 41
1.3 # const £ J3, const =a, 0 y' =eV+y+a
# const
1.4 # const J3 — const =k#0 o =e¥+ ]f?
15 # const J3 — # const y" = eV 4 s(z), s(x) # const
1.6 # const # J3, # const # const Yy’ =e¥ +t(x)y+ s(x), t(x) #0

# const
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form " = €Y + s. Let us make the transformation (5.2) then 5 = a?s. Choosing the
parameter o we could make § = 1. Thus the canonical form is §” = e + 1.
If J3 # const, J3 # Jg, Jg # const, J; = a = const, K = 0 then

s(z) (t(2)y + 8'(2))?

S Te B (T PR )

—

0.

~+

—~~

Hence t(x) = t = const # 0, s(x) = s = const and equation has the form y"” =
eV +ty+s. Let Y =e¥ +TY + 5, T = const # 0, S = const is another equation of
this type. These equations are equivalent if and only if T = o?t, S = o?
then between t, s and T, S exists the following connection

s — a2tlna?

T T 5
S = ST—Tln <?> <:>lnt+§zlnT+T<:>J1(x,y):JI(X,Y):a.

Thus we see that two equations of Type 1.3 are equivalent if and only if invariants J;
for both equations are equal to constant a.

Now let us select the canonical form for equations of Type 1.3. We make transfor-
mation (5.2) and choose the parameter a so that into the new coordinates £ = 1, then
invariant .J; = § = a. Hence equation has the canonical form " = eV 4+ ¢ + a.

If J3 # const, J3 = Jg, K = k = const # 0, then

tx)y +s(z) @)y +s(@) —tz) (F(@)y+s'(@)’

ev ev L (M)y + s(x))?

Hence t(z) = 0 and we have a differential equation on function s(x): s”(z) = ks?(z).
The solution: s(z) = 4/(vVk - x + ¢)?, ¢ = const. Now let us choose the canonical form
for the equations of Type 1.4. Making the transformation (5.2) we get

402

5(2) =a? - s(ad =
(@) = s+ ) = e

then select the parameter 8 such that vk -3+ ¢ = 0 for any a. So equation has the
canonical form §” = €Y + 4/(ki?). Two equations of Type 1.4 equivalent if and only if
invariants K for both equations are equal to constant k # 0.
If J3 # const, J3 = Jg, K # const then

tx)y+s(z) ta)y+s(z) —t(x)

o = o , sot(z)=0.

Then in terms of canonical coordinates equation has the form y” = e¥ + s(x).

Let us solve the equivalence problem for the equations of Type I.5. We have two
possibilities. One way is to reduce both equations into the canonical coordinates: 3" =
eV + s(z), Y" = e¥ + S(X). These equations are equivalent if and only if there exist
appropriate o and 3 such that S(X) = a?s(aX + 3).

The other way is based on the observation that for any Eq. (1.1) of Type L.5 invari-
ants K and Js are functionally independent. So, if the first equation has the form (1.1)
and depends on coordinates (x,y) and the second equation has the form (1.1) and
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depends on coordinates (X,Y’), we can make the invariant point transformation
= K(x,y), 9= Js(x,y) for the first equation,

T=K(X,)Y), g=J3(X,Y) for the second equation.

Equations are equivalent if and only if in the term of coordinates (Z, §) their notations
become identical.
(6) If Js # const, J3 # Jg, Jg # const, J; # const, K # const then in terms of canonical
coordinates equation has form y” = e¥ + t(z)y + s(x), t(z) # 0.
Let us solve the equivalence problem for the equations of Type 1.6. As at the previous
case we have two possibilities.
The first way: in terms of canonical coordinates these equations have forms

Y =¥ +tx)y+s(zx), Y'=e"' +T(X)Y +S(X).
They are equivalent if and only if exist constants a and 3 such that
T(X) = ?t(aX +6), S(X)=a’s(aX +3)—2a*Ina-taX + B).

The second way: note that for any Eq. (1.1) of Type 1.6 invariants J; and J are
functionally independent. So, we can make the invariant point transformation

= Ji(z,y), y=J(x,y) for the first equation,

T=h(X,Y), g=J(X,Y) for the second equation.

Equations are equivalent if and only if in the term of coordinates (Z, ) their notations

become identical.
O

6. Equations of Type 11

Definition 6.1. Let us say that Eq. (1.1) has Type II if conditions (3.1) hold, where
I, = —9/10.

According to Theorem 4.1 any Eq. (1.1) of Type II can be reduced by point transfor-
mations (1.2) into the canonical form:

y' = —Iny +t(z)y + s(x). (6.1)

Lemma 6.1. The most general point transformations that preserve the canonical form (6.1)
are the following ones:

=17 (6.2)

Here a, B are some constants. In the new coordinates this equation has the following form:
7' =—Ing+t(3)7+ 5(Z), where

{3) =a 3t(a 35+ B), &%) =s(a 5i+p)+=-ha.
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Then in terms of canonical coordinates the non-trivial invariants (2.2), (2.3) and (A.11):

9 9 4
Iy= 2y — 2ty +5(@), T =2 - yile), To= —cylt @)y + 5 @)
Let us introduce the additional invariants
I — 51«
Js =5y iy - s(), Jo = 2000 —a(ayy,
9 3
6251 (6:3)
Jo =~ D —y(t(2)y + 5 ()% J=In(Js)—J;5— Js = s(z) + Int(z).

Theorem 6.1. Let Eq. (1.1) be an arbitrary equation of Type 11. Then it is equivalent to
some equation from the following list of nonequivalent equations of Type 11:

(1) If Js = 0, Jg = 0 from (6.3) then it is equivalent to y”" = —1Iny.

(2) If Jg # const, Jg =0, J = a from (6.3) then it is equivalent to y" = —Iny + y + a.
Two equations of Type 11.2 are equivalent if and only if invariant J for both equations
is the same and equals to constant a.

(3) If Js = 0, Jg # const from (6.3), then the equation is equivalent to y" = —Iny + s(x),
s(x) # const.
Two equations of Type 11.3 are equivalent if and only if after the transformation & =
J3(x,y), § = Jo(z,y) their notations become identical.

(4) If Js # const, Jg # const from (6.3) then it is equivalent to y" = —Iny + t(z)y + s(zx),
t(z) # 0.
Two equations of Type 11.4 are equivalent if and only if after the transformation & =
J(x,y), y = Js(x,y) their notations become identical.

In the cases 11.2, 11.4 functions t(z), s(x) are definited up to transformations (6.2).
Proof. Let us have the certain Eq. (1.1) of Type II. Then in terms of canonical coordinates
it has form (6.1).

(1) If Jo = 0 and Jg = 0 then t(z)y = 0, y(¢'(x)y+5'(z))* = 0 < t(z) =0, s(z) = s = const

and equation may be reduced into the form 3" = —In y+s. Let us make transformations
(6.2). Then § = s+ 2/3Ina. Choosing the appropriate o we can make § = 0 then
equation will be 7/ = —Ing.

(2) If Jg # const, Jg =0, J = a, then y(t'(z)y +s'(x))> =0 < t/(z) = 0, s'(x) = 0. Accord-
ingly ¢(z) =t = const, s(x) = s = const and equation willbe y’ = —Iny +ty+s,t # 0.
Let we have another equation of Type I1.2 such that in terms of canonical coordinates

Table 3. Equations of Type II.

Type Je Jo J Canonical form

1.1 0 0 — y' =—Iny

I11.2  # const 0 a=const#0 ¢y’ =—-Iny+y+a

11.3 0 # const, — y" = —Iny + s(x), s(zx) # const
I1.4  # const  #const # const y" = —Iny +t(x)y + s(x), t(x) #0
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it has the form Y = —InY +TY + S, T = const, T # 0, S = const. These equations
equivalent if and only if

2
T =a 3t S:s+§lna©5’—|—lnT:8—|—lnt<:>J(x,y):J(X;Y):a.

So we see that two equations of Type I1.2 are equivalent if and only if invariants .J for
both equations are equal to constant a.

Now let us find the canonical form for the equations of Type I1.2. After the trans-
formations (6.2) t = a_%t, 5 = s+ 2/3In . Choosing the appropriate o we can get
t = 1. Consequently the canonical form is §’ = —Ing + § + a.

If J§ = 0, Jg # const, then t(x) = 0, s'(z) # 0. Therefore in terms of canonical
coordinates equation has form y” = —Iny + s(x), s(z) # const.

As at the previous case for the equations of Type I we have two possibilities. The
first way: in terms of canonical coordinates two equations have forms

y'=—Iny+s(z), Y'=-InY +S(X).

They equivalent if and only if exist constants a and [ such that S(X) = s(a_%X +5)+
21n /3. The second way: note that for any Eq. (1.1) of the Type I1.3 invariants J3 and
Jy are functionally independent. So, we can make the invariant point transformation
= Js(x,y), = Jo(x,y) for the first equation,
z=J3(X,Y), y=J9(X,Y) for the second equation.
These equations are equivalent if and only if in terms of new coordinates (Z,¢) their
notations become identical.

If Js # const, Jy # const then equation is equivalent to vy = —Iny + t(x)y + s(x),
t(z) # 0. The first way: in terms of canonical coordinates two equations have forms

Yy =¥ +t(x)y+s(z), Y'=e" +T(X)Y +S(X).

They equivalent if and only if exist the constants o and 3 such that

T(X)=a st(@ 35X +6), S(X)=s(a 35X +5)+ glna.

The second way: note that for any Eq. (1.1) of the Type I1.4 invariants J and Jg
are functionally independent. So, we can make the invariant point transformation

T=J(y), y=Js(z,y), T=J(XY) y=Js(XY).

These equations are equivalent if and only if in terms of new coordinates (Z,y) their
notations become identical. O

7. Equations of Type II1

Definition 7.1. Let us say that Eq. (1.1) has Type III if conditions (3.1) hold, where
I = —12/5.
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According to Theorem 4.1 any Eq. (1.1) of the Type III can be reduced by point trans-
formations (1.2) into the canonical form:

' =y(lny — 1) +t(z)y + s(x). (7.1)

Lemma 7.1. The most general point transformations that preserve the canonical form (7.1)
are the following ones:
i
Vo
Here «, [ are certain constants. In term of new coordinates equation has form: ' =
g(Ing — 1) +£(2)7 + 3(7), where

=47+ 8, (7.2)

tH(F) = t(£7 + B) — thO‘ 3(%) = Va - s(£x + B).

Then in term of canonical coordinates the non-trivial invariants (2.2), (2.3) and (A.11):

4 4 4 4s(x)
I3 =—(1-1 - Ig = —— —
2= 51— Iy) = ey +s@). o= -z 5
256
Jo = — / / 2.
0= —feraat @y + (@)
Let us denote the additional invariants
4 — 151 1+ 51
ngT?’:lny—i—t(:c)—F@, J6:%:M’
’ 18751y (t'(x)y + j’(x))Q (7.3)
= Jeel3—J6 = t(x) = _ =
J = Jge s(x)et™) Jy 5E " :

Theorem 7.1. Let Eq. (1.1) be an arbitrary equation of Type 111. Then it is equivalent to
some equation from the following list of nonequivalent equations of Type I1I:

(1) If Js =0, Jg = 0 from (7.3) then it is equivalent to y" = y(lny — 1).

(2) If Jo = 0, Jg = b*> = const # 0 from (7.3) then it is equivalent to y" = y(lny — 1) &+ bxy.
Two equations of Type 11.2 are equivalent if and only if invariant Jg (7.3) for both
equations is the same and equals to the constant b?.

(3) If Jg # const, Jg =0, J = a from (7.3) then it is equivalent to y" = y(lny — 1) + a.
Two equations of Type 111.3 are equivalent if and only if invariant J (7.3) for both
equations is the same and equals to constant a.

(4) If Jg # const, Jg = b*> = const # 0 from (7.3) then it is equivalent to y" = y(Iny —1) +
bry + 1.

Two equations of Type 111.4 are equivalent if and only if invariant Jg (7.3) for both
equations is the same and equals to constant b.

(5) If Jg # const, Jg # const from (7.3) then it is equivalent to y"' = y(Iny — 1) +t(x)y +
s(x), s(x) # 0.

Two equations of Type 111.4 are equivalent if and only if after the transformation T =
J(x,y), 9= Js(x,y) their notations become identical.
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Table 4. Equations of Type III.

Type Je Joy J Canonical form

1.1 0 0 0 vy’ =y(ny —1)

I11.2 0 b% = const # 0 0 Yy =y(ny—1)+ bﬂcy

I11.3  # const 0 a = const # 0 y” =y(lny—1) +

II.4 <+ const b2 = const #0 # const y =y(lny—1) £ bﬂcy +1

III.5  # const # const # const vy =y(ny — 1) +t(x)y + s(x), s(z) #0

In the case 1IL5 functions t(x) and s(x) are definited up to transformations (7.2).

Proof. Let us have the certain Eq. (1.1) of Type III. Then in terms of canonical coordinates
it has the form (7.1).

(1)

(2)

If Js = 0 and Jy = 0, then s(z) = 0, t/(x) = 0. Therefore ¢(z) = ¢t = const. Choosing
the parameter a from the point transformation (7.2) we can get t = t — Ina/2 = 0.
Thus the canonical form is §” = g(lng — 1).
If J¢6 =0 and Jy = b> = const then s(x) = 0, t(x) = b = const. So t(x) = +bx +t,
t = const. Let us make the point transformation (7.2): (%) = £b(+%+3) +t—Ina/2 =
+b3 + (£b8 +t — Ina/2). Choosing the parameters v and 3 we get #() = +bi.

It is easy to check that two equation of Type III.2 are equivalent if and only if
invariants Jg (7.3) for both equations are equal to the constant b?.
If Jg # const, Jg = 0, then t/(z) = and §'(z) = 0, s(x) # 0. Hence t(z) = ¢t = const,
s(x) = s = const # 0. Let us make the point transformation (7.2): ¥ = ¢ — Ina/2,
5§ = \/a - 5. Choosing the parameter o we can make £ = 0. At the new coordinates
J = § = a. Thus two equations of Type III1.3 are equivalent if and only if invariants .J
for both equations are equal to the constant a.
If Jg = const # 0 then s'(x) = 0 and ¢/(z) = £b = const # 0. So t(x) = +bx + ¢,
t = const, s(x) = s = const # 0. Hence #(%) = £b(£Z + 3) +t — Ina/2, § = a - s.
Choosing the parameters o and 3 we can make ¢ = +b%, § = 1. So in terms of new
coordinates equation has form 3" = g(Ing — 1) &+ bzy + 1. It is easy to check that two
equation of Type I11.4 are equivalent if and only if invariants Jg (7.3) for both equations
are equal to the constant b?.
If J3 # const, Jg # const then equation has form y” = y(lny — 1) + t(z)y + s(x),
s(z) # 0. The first way: two equations of Type IIL.5 are equivalent if and only if in
terms of canonical coordinates condition t(£X + 3) +Ins(£X + ) = T'(X) +In S(X)
holds, where the second equation in terms of canonical coordinates has form

Y =Y(nY —1) + T(X)Y + S(X), S(X)#0.

The second way: note that for any Eq. (1.1) of Type IIL5 invariants J and Jg are
functionally independent. Hence we can make the invariant point transformation:

j:‘]('ray)a ?j:JG(l’ay)a ii:J(X7Y)7 g:J(,(X,Y)

Equations are equivalent if and only if in terms of coordinates (Z,7) their notations
become identical. [
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8. Equations of Type IV
Definition 8.1. Let us say that Eq. (1.1) has Type IV if conditions (3.1) hold, where
L =3(C +5)/5C, C = const, C #0, —1, =2, —5.
According to Theorem 4.1 any Eq. (1.1) of Type IV can be reduced by point transfor-
mations (1.2) into the canonical form:
" yC+2

Yy = m + t(:c)y + S(l’) (81)

Lemma 8.1. The most general point transformations that preserve the canonical form (8.1)
are the following ones:
o+l —2C _
r=a0HI+ 03, y=actiy. (82)
Here a, B are some constants. In terms of mew coordinates equation has the form:
§" =52 /((C + 1)(C +2)) + H(3)§ + 3(F), where

- 2(C+1) C+1 o 2(C'+2) C+1
tz)=a % - t(a®HT+6), 3§(T)=a F -s(aCHI+ F).

The basic invariants (2.2), (2.3) and (A.11) are
C(C +5) Y2+ (t(zx)y + s(2))(C + 1)(C + 2)

I3

TIC+n(Cr2) JOT2 )
I_ (C+5) tlx)y(C+1)+s(x)(C+2)
6 — 5 ' yC+2 J
. ClC+5)" (U(z)y+s'(x))
9= 1875 y30+5 )
1 (Valg)? 4C(C+5)" (#(x)y + &' (x))* (" (@)y + s"(x))
ZTUUNT T 29206875 y7C+11 '

The additional invariants

= BCHDC L= CC+5) _ tay +5()

C(C+1)(C+2)(C+5) yC+2
g 5l  t(x)y(C'+ 1)+ s(x)(C+2) 1875 (H(2)y + & (w))?
6T x5 yC+2 T OO+ Rt 305 ’
292968751y (Y'(z)y + §'(2))* (" (z)y + " (x))?
21 = 4C(C +5)10 — y 7O+ ’
t s (8.3)
J1:(C+2)J3—J6:%, JQZJG—(C—I—l)Jg:yC(,—f_)?
D s d (@t s @)
Jlg_ﬁ t(q;)g_ﬁ ’ Jis y2t3 (CL’) ,
" " " "
Ko 2 Pyt e K Py + s

T T T T
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Theorem 8.1. Let Eq. (1.1) be an arbitrary equation of Type IV. Then it is equivalent to
some equation from the following list of nonequivalent equations of Type IV:

1
2
3

(
(
(
(4

)
)
)
)

(11)

C+2

If J1 =0, Jo =0 from (8.3) then it is equivalent to y” 7(0_&)(0”)
C+2

If 1 =0, Jo #£0, Jg =0 from (8.3) then it is equivalent to y" m + 1.
C+2
If J1 =0,J2 #£0, Jg # 0, K1 =0 from (8.3) then it is equivalent to y” m—kx

C+2

If J1 =0, Jy # 0, Ky # 0 from (8.3) then it is equivalent to y” m + s(x),

s"(x) #0.

Two equations of Type IV.4 with the same parameter C are equivalent if and

only if after the transformation T = Jao(z,y), y = Jo(x,y) their notations become

tdentical. o2

If 1 #0, Jo =0, Jg #0, K1 =0 from (8.3), it is equivalent to y" = m+xy

If i #0, J, =0, K = k = const # 0 from (8.3) then it is equivalent to y"
yc+2 4y

(C+1)(C+2) + 5z
Two equations of Type IV.6 with the same parameter C are equivalent if and only if

invariant K (8.3) for both equations is the same and equal to the constant k # 0.
If i #0, J, # 0, K = k = const # 0 from (8.3) then it is equivalent to y’' =

yC+2 4y 1
(CH+1)(C+2) 52 T 1
Two equations of Type IV.7T with the same parameter C are equivalent if and only if

invariant K (8.3) for both equations is the same and equal to the constant k # 0.

If J1 #0, Jg =0, K=0,J=a from (8.3) then it is equivalent to

Y= ety o

Two equations of Type IV.8 with the same parameter C' are equivalent if and only if
invariant J (8.3) for both equations is the same and equal to the constant a.

If J1 #0, Jg #0, J = a = const from (8.3) then it is equivalent to y" = (Cﬁc)% +
t(z)y + at(CHD/(CH) (),

Two equations of Type IV.9 with the same parameter C' and invariant J = a = const
are equivalent if and only if after the transformation ¥ = Ji(x,y), y = Jo(x,y) their
notations become identical.

If Jy # 0, Ty 0, Jo # 0, Ky =0 from (8.3) then it is equivalent to y" = oo +
Ty +mx + n.

Two equations of Type IV.10 with the equal parameter C' are equivalent if and only if
i terms of canonical coordinates their constants m and n are the same.

If i #0, Jy #0, Jg # 0, K1 # 0, K # const, J # const from (8.3) then it is
. C+2
equivalent to y’ = (C’-s—yl)w +t(x)y + s(z).

Two equations of Type IV.11 with the same parameter C are equivalent if and
only if after the transformation & = J(x,y),y = Ji(x,y) their notations become
tdentical.

In the cases IV.4, IV.9 and IV.11 t(z) and s(x) are definited up to transformations (8.2).

Proof. Let us have the certain Eq. (1.1) of Type IV. Then in terms of canonical coordinates
it has the form (8.1).
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Table 5. Equations of Type IV.

Type J1 Jo K J Jo Ky Canonical form
Vi 0 0 — — 0 0 Y= ey

V2 0 #0 — — 0 0 y= e ]

V3 0 #0 — — A0 0y = ey e

V4 0 #0 — — A0 £0 y = ooy + 5
IVs #0 0 # const 0 A0 0 3= (CHC)% +ay

IV6 #0 0 k=const#0 0 A0 £0 o' = s i
IV.T  #0 #0 k=const#0 F#const #0 F#0 y//:(c_ﬁ?%-k%-i-l

IV8 #0 VY 0 a=const 0 0 = (C_ﬁc)%—ky—ka

V9 #0 Vv # const a=const #0 V = (C-«—%?% + t(x)y + cct(as)g_j:f
IV.I0 #0 #0 # const #const #0 0 = (C_:’lc)% +azy+mz+n
IV.IT  #0 #0 # const #const #0 #0 o= (Cflc)% +t(z)y + s(z)

(1) If J;1 =0 and Jy = 0 then t(x) = 0 and s(x) = 0 and equation has the form

C+2
" y+

EEDIEED)

(2) If J; =0, Jo #0, Jg = 0, then t(x) = 0 and s'(z) = 0. So s(z) = s = const # 0. Let us
make the transformation (8.2). Then § = Q2(C+2)/(C+5) . g, Choosing the appropriate
«a we can make s = 1, therefore:

gC+2
~I - J + 1'
(C+1)(C+2)

(3) It Jy =0, Jo #0, Jg # 0, K1 = 0, then t(z) = 0, s"(x) = 0. So s(z) = s12 + s9,
s1 = const # 0, so = const. Let us make the transformation (8.2), then

. 2(C+2) C+1 3C+5 ~ 2(C+2)
5(7) = a o5 - (s1(@CH5 T + 3) + 82) = @ 05 51T +a 5 - (516 + s2).

Choosing the parameters a and § we can make §(Z) = &, then equation will be

~C'+2

~1 Y ~

=————+ 1.
(C+1)(C+2)

(4) If J; =0, Jo # 0, Jg # 0 then t(z) = 0, s”(z) # 0. Hence in terms of special
coordinates:

C+2
" Y

= CESES)] + s(x).
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Let we have two equations of Type IV.4 with the same parameter C. The first way:
we reduce both equations in the canonical forms

1" yC+2 1" y©+2
V=rnesy V@ Y =Ernery T

They are equivalent if and only if there exist the constants o and 3 such that

2(C+2) C+1

S(X)=a 5 -s(acsX +f).

The second way: note that for any Eq. (1.1) of the Type IV .4 invariants Jo and Jy
are functionally independent. So, we can make the invariant point transformation

T =Jo(zy), y=Jo(z,y), T=L1(XY) 7=Jy(XY)

for both equations. Equations are equivalent if and only if in terms of new coordinates
(Z,7) their notations become identical.

If Jy # const, Jo = 0, Jg # const, K1 =0, then s(z) =0, t(x) =0, so t(z) = t1x + ta,
t1 = const # 0, t9 = const. After the transformation (8.2):

N 2(C+1) C+1 3(C+1) 2(C+1)

t(fﬁ) = O+ . (tl(ami’ + ,8) + tg) =a 5 tix+a CF - (tlﬂ + tg).

Choosing parameters o and 3 we can make (%) = #. Hence equation will be

~C+2
~1 Y + 7.
(C+1)(C+2)

If J; # const, Jo =0, J =0, K =k = const # 0, hence s(z) = 0. In this case

t?(x) 4
—— =k, t(x)=—=———, o= const.
Ao~ T e ©
After the transformation (8.2):
2(C+1) 2(C+1)
4a C+5 4a C+5

E(N): Ct1 = Ct1 .
T VE @10 tw)? (TR -7 4 OVE  )?

So we can take the appropriate parameters o and 3 so that § = 1 and 8vk + ¢o = 0:

o 4 ~ ~ gC—&-Z 4@
t = — = 1 " = T 0 -
B=t= =V V=Ginory T

Two equations of Type IV.6 with the same parameter C' are equivalent if and only if
invariants K for both equations are the same and equal to constant k # 0.
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If J; # const, Jo # const, K = k = const # 0, then s'(z) = 0 and s(x) = s =
const # 0:

X
N
—
8
~
>~

=k, t(r)=——=———, o= const.

(\/E - T+ 00)2 7
After the transformation (8.2):

2(C+1) 2(C+1)
- 4oy~ CH5 4o CF5 B 2(C+2)
t(z) = = S=a ¢+ - s.

(VE- (aT5i+8)+c0)?  (aT5vVE 3+ BVE+c)?

So we can take the appropriate parameters a and (8 so that § = 1 and 8vk + ¢o = 0:

4 gC—&-Q 45

(i) = =y 5=1, §'=—Y 4

— + 1.
Ra2’ CrnCr2) E2

Two equations of Type IV.7 with the same parameter C are equivalent if and only if
invariants K for both equations are the same and equal to the constant & # 0.

If J; # const, Jg = 0, then t/(z) = 0 and §'(z) = 0, so t(z) = const # 0, s(z) =
const # 0. As J = a = const, then s = at®+1 . Let us make the transformation (8.2),
then

~ 2(C+1) B 2(C+2)
t=« C+5 -{, S=q C+5 -s.

Choosing the appropriate a we can make ¢ = 1, then § = a. In terms of new coordinates
equation has the form

gC’-{-Q
~ ~
= +j+a
Cc+nCc+2 Y
Two equations of Type IV.8 with the same parameter C are equivalent if and only if
invariants J for both equations are the same and equal to constant a.
C+2
If 1 #0, Jg #0, J =a = const, then s(x) = at(x)c+1, t(x) # const. Therefore in
terms of special coordinates equation has the form
C+2
7 Y o2
=—— 4+ t(x)y+a-t(x)o+r.
(CTDCry Myt
Let we have two equations of Type IV.9 with the same parameter C' and invariant
J = a. To solve the equivalence problem we can
(1) reduce equations into the canonical forms

" yC+2 o+2
= m + t(x)y —+a - t(.%’) C+1,
YC’+2
Y/ie o 4 T(X)Y +a T(X)CH.

C+1)(C 12

They are equivalent if and only if there exist the constants a and 3 such that

2(C+1)

ct1
T(X)=a % -tlacsX +[).
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(2) make the invariant point transformation.
fj:Jl(CIf, y)a QZJQ(CL’, y)7 jzjl(Xa Y)a g:J9(X7 Y)

Note that for any Eq. (1.1) of Type IV.9 invariants J; and Jy (8.3) are functionally
independent. Equations are equivalent if and only if in terms of new coordinates (Z, )
their notations become identical.

If Jy #0, Jo #£0, Jg # 0, K1 =0, then t"(z) = 0 and s”(z) = 0. So t(x) = t1x + ta,
t1 = const # 0, to = const; S(l‘) = 51T + S92, s1 = const # 0, so = const. Let us make
the transformation (8.2), then

- 2(C+1) 3(C+1) 2(C+1)

C
H7) = a 5 - (11(aCHF + §) 4 ta) = a O5 113 +a 35 - (116 + t2),

. 2(C+2) C+1 3C+5 _ 2(C+2)
5(T) =a 5 - (s1(afH T+ ) + 52) = a €5 517 + o F5 - (518 + s2).

Choosing the parameters o and 3 we can make #(Z) = &, but in this case 5(Z) =
ma +mn, m = const # 0, n = const. Thus equation has the form
~C+2

g = y—+:ﬁg]—|—mi‘+n.

(C+1)(C+2)

Two equations of Type IV.9 with the equal parameter C' are equivalent if and only if
in terms of canonical coordinates their constants m and n are identical.
If Jy #£0, Jy 20, Jg # 0, K # const, J # const, K1 # 0, then in terms of special
coordinates equation has the general form

" yC+2
= 0 +tx)y + s(x).
T+ @yt
Let we have two equations of Type IV.11 with the same parameter C'. To solve the
equivalence problem we could
(1) reduce both equations into the canonical forms

7 yC+2 I Yot
Yy = m +t(x)y+s(z), Y'= m +T(X)Y + S(X).

They are equivalent if and only if there exist the constants « and ( such that

2(C+1) C+1 2(C+2)

T(X)=a o5 -HatoX +8), S(X)=a o5 s@CHBX + ).

(2) make the invariant point transformation.
i‘:J(x’ y)> g:Jl(l’, y)a JN):J(X> Y)a g:JI(Xa Y)

Note that for any Eq. (1.1) of Type IV.11 invariants J and J; (8.3) are functionally
independent. Equations are equivalent if and only if in terms of new coordinates (Z, )
their notations become identical. H
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8.1. Examples
8.1.1. Equation Painleve 111 with 3 zero parameters
The Painleve III equation depends on four parameters (a, b, ¢, d)
v? v (a?+0) d

P[II(a,b,c,d): y”:____|_ —|—cy3+—.
Y z T Y

By the paper [12] all equations Painleve III with 3 zero parameters are equivalent

PII(0,b,0,0) 2 P111(~b,0,0,0) & P111(0,0,—b,0) ¥ PII1(0,0,0,b),

where the point transformations (1) and (3) are: z = 7, y = 1/j and (2) is: x = 2/2, y = 7°.

In this way suppose that a # 0, b = ¢ = d = 0. For the equation PIII(a,0,0,0) conditions
(3.1) hold and invariants (2.2) are equal to:

3 1
Li==, Ib=0 Iz=—.
1 5’ 2 ’ 3 15

As J3 = 0, then according to Theorem 5.1, equation PIII(a,0,0,0) has Type I.1. Let us
find the corresponding change of variables. The first point transformation (see [1]) takes
equation PIII(a,0,0,0) into the following form: x = €', y = €*, 2" = ae!™=.

The second transformation reduces it in the canonical form: t = z/\/a, z = § — /\/a,
g’ =ev.

8.1.2. Equation from the handbook Kamke No. 6.172
Equation from the handbook Kamke [15] No. 172

1 n 2a
15 15(a — 1)z2e¥’

2a o 16a?
5(a— Da2ev’ 7 1875(a — 1)2a0e3”

Ig =

Let us calculate the additional invariants (5.3):

2 —1 2(a—1

g 200 a1
ybx a

According to Theorem 5.1 this equation has Type I.4. with £ = 2(a — 1)/a if @ # 0 and

a # 1. In the special cases a = 0 or a = 1 equation has Type I.1.
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