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An N=1 supersymmetric generalization of coupled dispersionless (SUSY-CD) integrable system has been proposed by writing its superfield Lax representation. It has been shown that under a suitable variable transformation, the SUSY-CD integrable system is equivalent to N=1 supersymmetric sine-Gordon equation. A superfield bilinear form of SUSY-CD integrable system has been proposed by using super Hirota operator. Explicit
expressions of superfield soliton solutions of SUSY-CD integrable system have been obtained by using the
Hirota method.
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1. Introduction
Supersymmetry (SUSY) is a symmetry transformation between bosons and fermions and therefore
relates states of different spins [1]- [3]. In classical and quantum field theories, fermions are treated
as Grassmann-valued fields. Therefore, we introduce (anticommuting) Grassmann variables along
with the commuting ones. That is the bosons are of even grading and fermions are of odd grading.
Supersymmetry has been introduced in integrable systems of classical and quantum field theories
in order to find the fermionic extensions of known integrable systems and also to understand their
underlying algebraic, geometric structures and the physical content in terms of soliton solutions and
their interactions [4]- [8]. In these generalizations, the formalism of superspace and superfield has
been adopted in order to incorporate fermionic degrees of freedom such that the system remains
invariant under supersymmetry transformation.
Dispersionless integrable hierarchies have emerged in diverse areas of theoretical physics with
various applications quantum field theories, string theory, conformal field theory and condensed
matter theory etc. [9]- [15]. Coupled dispersionless integrable system and its generalizations based
on nonabelian Lie groups are also important examples of integrable field theories and in some way
are related to dispersionless hierarchies and have found applications in diverse areas of theoretical
physics [16]- [29].
In this paper, we study coupled dispersionless integrable system originally presented in [16].
We propose an N=1 supersymmetric generalization of the coupled dispersionless integrable system
(SUSY-CD system) in terms of fermionic superfields. We present superfield Lax representations
of the system. We also show that the SUSY-CD system is gauge equivalent to the N=1 superfield
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sine-Gordon equation as is the case in the purely bosonic theory. We also present a superfield bilinearization of the SUSY-CD system in terms of super Hirota operators and use it to compute explicit
expressions of superfield multisoliton solutions of the system.
2. N=1 SUSY-CD system and superfield Lax representations
To obtain the SUSY field equations, we need to extend the bosonic system with spacetime variables
(x,t) to the one with super-spacetime variables (x,t, θ , ζ ) where θ and ζ are anticommuting Grassmann variables (θ 2 = 0, ζ 2 = 0). In superspace, covariant derivatives are defined as Dx = ∂θ + θ ∂x ,
Dt = ∂ζ + ζ ∂t , where D2x = ∂x , Dt2 = ∂t and Dx anticommutes with Dt . The SUSY transformations
are generated by the operators Qx = ∂θ − θ ∂x , and Qt = ∂ζ − ζ ∂t . The operators Qx and Qt anticommute with covariant derivatives Dx and Dt respectively.
An N = 1 SUSY-CD system is defined in terms of fermionic (Grassmann odd) superfields
Q(x,t, θ , ζ ; λ ) and R(x,t, θ , ζ ; λ ) and is given by the following superfield coupled equations
Dx Dt Q + RDx R = 0,

(2.1)

Dx Dt R − RDx Q = 0.

(2.2)

The SUSY-CD system (2.1)-(2.2) appears as the compatibility condition of the following superfield
Lax pair
Dx Ψ = A(x,t, θ , ζ ; λ )Ψ,

(2.3)

Dt Ψ = B(x,t, θ , ζ ; λ )Ψ,
where Ψ(x,t, θ , ζ ) is the bosonic (Grassmann even) superfield eigenfunction of the eigenvalue problem and A(x,t, θ , ζ ; λ ) and B(x,t, θ , ζ ; λ ) are the matrix superfields given by


g
0
(Dx Q + iDx R)
4λ
,
A= g
(2.4)
− (Dx Q − iDx R)
0
 4λ

R
 
−i
−λ
g
X

 2
B=
R , Ψ = Y ,
λg i
2
together with the following conditions on the fermionic superfield g


X Y
Dt g = λ
−
,
Y X


1
X
Y
Dx g =
(Dx Q − iDx R) − (Dx Q + iDx R)
,
4λ
Y
X

(2.5)

where X and Y are bosonic superfields and λ is a spectral parameter. We have introduced the
fermionic superfield g in order to preserve the grading of the superfields. The compatibility condition is equivalent to the superspace zero-curvature condition
Dt A + Dx B − {A, B} = 0,

(2.6)

where {, } is the anticommutator. The condition (2.6) is equivalent to the SUSY-CD system (2.12.2). The SUSY-CD system can also be expressed as the compatibilty condition of another 3 × 3
Co-published by Atlantis Press and Taylor & Francis
Copyright: the authors
108

A. Mirza and M. ul Hassan / N=1 supersymmetric coupled dispersionless integrable system

superfield Lax representation. In this Lax representation, we introduce 3 × 3 superfield matrices without introducing superfield g. In order to preserve the grading, we express the superfield
Ψ(x,t, θ , ζ ) as a three component column vector containing Grassmann even and odd functions.
The eigenfunction Ψ can now be written as
 
ψ1
Ψ =  ψ2  ,
ψ3
where ψ1 and ψ2 are bosonic superfields and ψ3 is a fermionic superfield. The matrices
U(x,t, θ , ζ ; λ ) and V (x,t, θ , ζ ; λ ) are 3 × 3 superfield matrices given by


1
0
0
(Dx Q − iDx R)


4λ


1

U =
(2.7)
0
0
− (Dx Q + iDx R) 
,
4λ
1

1
(Dx Q + iDx R) − (Dx Q − iDx R)
0
λ
λ


λ
 −iR 0 2 

λ
(2.8)
V =
.
0
iR
−


2
−2λ 2λ 0
With these superfield Lax matrices, the zero curvature condition condition Dt U +DxV −{U,V } = 0,
gives the superfield equations (2.1-2.2).
Since the bosonic CD-system is equivalent to the sine-Gordon equation [17], therefore we show
that the SUSY-CD system is equivalent to the superfield sine-Gordon equation. For this purpose,
we make the following substitution of superfields Q and R
Dx Q = cos Φ,

(2.9)

R = Dt Φ,
where Φ(x,t, θ , ζ ) is a bosonic superfield. By making these substitutions in (2.1) we get
−Dt (cos Φ) + Dt ΦDx Dt Φ = sin ΦDt Φ + Dt ΦDx Dt Φ = 0,

(2.10)

−Dt Dx Dt Φ − Dt Φ cos Φ = 0.

(2.11)

and

The equations (2.10) - (2.11) are satisfied if superfield Φ obeys the N = 1 SUSY sine-Gordon
equation
Dt Dx Φ = sin Φ.

(2.12)

This establishes the equivalence of SUSY-CD system with that of SUSY sine-Gordon equation.
3. Component field equations of SUSY-CD system and bosonic limit
In this section, we compute the component fermionic and bosonic field equations by expanding
superfields R(x,t, θ , ζ ) and Q(x,t, θ , ζ ). We start with the following expansion of the superfields of
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SUSY-CD system
R(x,t, θ , ζ ) = α + θ u + ζ r + θ ζ f ,

(3.1)

Q(x,t, θ , ζ ) = β + θ v + ζ q + θ ζ h,
with the derivative superfields
Dx R(x,t, θ , ζ ) = u + θ αx + ζ f + θ ζ rx ,

(3.2)

Dx Q(x,t, θ , ζ ) = v + θ βx + ζ h + θ ζ qx ,
where α(x,t), β (x,t), f (x,t) and h(x,t) are fermionic fields and u(x,t), v(x,t), r(x,t) and q(x,t),
are bosonic fields. The ferminic fields f and h are auxiliary and can be eliminated by corresponding
equations. These component fermionic and bosonic fields satisfy the following set of field equations
qx − ααx + u2 = 0,
rx − uv + αβx = 0,
vt − ru = 0,

(3.3)

ut + rv = 0,
βxt + αrx − 2αuv − αx r = 0,
αxt − αu2 + βx r + αv2 − αqx = 0,
where the auxiliary fields f and h are eliminated. At this stage, we expect that these component
field equations (3.3) must be equivalent to the component field equations of the N = 1 SUSY sineGordon equation. If we expand superfield Φ(x,t, θ , ζ ) of the SUSY sine-Gordon equation (2.12)
as
Φ(x,t, θ , ζ ) = ω(x,t) + θ φ (x,t) + ζ ψ(x,t) + θ ζ K(x,t),

(3.4)

where ω(x,t) is the usual sine-Gordon field, φ (x,t), ψ(x,t) are the component fermionic fields and
K(x,t) is auxiliary field. When substituted in superfield sine-Gordon equation (2.12), the following
set of component field equations are obtained i.e.
ωxt = − cos ω sin ω − sin ωφ ψ,
φt = cos ωψ,

(3.5)

ψx = − cos ωφ .
The component content of the SUSY-CD system (3.3) can also be shown to be equivalent to that of
the SUSY sine-Gordon equation (3.5) by making the following set of transformations
v = cos ω,
u = − sin ω,

qx = cos ω φ ψ − sin2 ω,
r = ωt ,

α = ψ,

(3.6)

αx = − cos ωφ ,
βx = − sin ωφ .
By using the set of transformations (3.6), it can be easily checked that the set of equations (3.3) is
equivalent to the set of equations (3.5).
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In order to get the usual representation of CD systems as given in [16], we take the time derivative of qx and rx
qxt = 2rx r + αt αx + αβx r,
rxt = −(v2 + qx )r − αt βx .
Let us write v2 + qx = 2px
2pxt = 4rx r + αt αx + 3αβx r,
rxt = −2px r − αt βx .
In the bosonic limit, we get the following expression
pxt = 2rx r,
rxt = −2px r,
which is the usual CD system of [16].
4. Bilinearization of SUSY-CD system
In this section, we apply Hirota’s bilinearization method to the SUSY-CD system and compute
superfield multisoliton solutions of the system. Hirota’s method has already been applied to some
SUSY integrable equations see e.g. [30]- [36]. In the first step, we transform the superfield equations
(2.1-2.2) into a quadratic form in the dependent variables. In order to get a superfield bilinear form
of SUSY-CD system, we shall make use of the super Hirota operator. For the functions a(x,t, θ , ζ )
and b(x,t, θ , ζ ), the ordinary Hirota operators Dx and Dt are defined by
n
m
n
Dm
x Dt (a.b) = (∂x1 − ∂x2 ) (∂t1 − ∂t2 ) {a(x1 ,t1 , θ , ζ ).b(x2 ,t2 , θ , ζ )}|x1 =x2 =x,t1 =t2 =t .

(4.1)

Hirota operators in superspace are defined as
Sx (a.b) = (Dx1 − Dx2 ){a(x1 ,t, θ1 , ζ ).b(x2 ,t, θ2 , ζ )}|x1 =x2 =x,θ1 =θ2 =θ ,

(4.2)

St (a.b) = (Dt1 − Dt2 ){a(x,t1 , θ , ζ1 ).b(x,t2 , θ , ζ2 )}|t1 =t2 =t,ζ1 =ζ2 =ζ .

(4.3)

and

The super Hirota operators Sx and St have the following properties
Sx (a.b) = (Dx a)b − (−1)|a| a(Dx b),
Sx2n (a.b) = Dnx (a.b),
Sx2n+1 (a.b) = Sx Dnx (a.b),

(4.4)

where |a| is the Grassmann parity of function a. The Grassmann parity is unity for fermionic functions (Grassmann odd) and zero for bosonic functions (Grassmann even). Similar properties also
hold for the operator St . We shall also use an operator Sxt which has been defined by its action
Grassmann-even function a as [32]
Sxt (a.a) = aDx Dt a − (Dx a)(Dt a).

(4.5)

By introducing the above mentioned super Hirota operators, we now proceed to obtain the superfield
bilinear form of the SUSY-CD system. For this pupose, we introduce a suitable transformation of
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superfields Q and R to the dependent variables F and G given by
Dx Q = 1 − 2Dt Dx log F,
G
R= ,
F

(4.6)

where F is bosonic superfield and G is a fermionic superfield (Grassmann-valued τ-functions). By
using above transformation (4.6) in equation (2.1), we obtain the following equation
2FFtθ − 2Ft Fθ + GGθ + θ (2FFxt − 2Ft Fx − GGx ) = 0,
where Ft =

(4.7)

∂F
∂F
, Fθ =
etc. By using (4.6) in equation (2.2), we obtain the following equation
∂t
∂θ
FDt Dx G − Dx GDt F + Dt GDx F + GDt Dx F + GF = 0.

(4.8)

These equations can be expressed in terms of super Hirota operators and provide a superfield Hirota
bilinear form of the SUSY-CD system given by
2Sx Dt F.F − Sx G.G = 0,

(4.9)

Sx St G.F − GF = 0.

(4.10)

An equivalent bilinearization of SUSY-CD system can be obtained by introducing Grassmann-even
τ-functions. We shall see that this bilinearization is same as that of the SUSY sine-Gordon equation.
To relate the bilinearization of SUSY-CD system with that of the SUSY sine-Gordon equation we introduce two bosonic superfields (Grassmann-even τ-functions) F+ , F− and apply Hirota’s
bilinearization method to the SUSY-CD system. In the first step, we transform the superfield equations (2.1-2.2) into a quadratic form in the dependent variables. Let us take the transformation of
dependent variables Q and R in terms of bosonic superfields F+ and F−


1 F+ F−
+
,
(4.11)
Dx Q =
2 F− F+
 
F−
R = iDt log
.
F+
By using the above transformation (4.11) in equation (2.1), we obtain an equation of the form
F− F+3 St F+ .F− + F+ F−3 St F− .F+ + 2St (F− .F+ )(F+2 Sxt F− .F− − F−2 Sxt F+ .F+ ) = 0.

(4.12)

We can split this equation into two parts due to the presence of two τ-functions
−2St (F− .F+ )Sxt (F+ .F+ ) = KF−2 − F− F+ St (F− .F+ ),
2St (F− .F+ )Sxt (F− .F− ) =

(4.13)

KF+2 + F− F+ St (F− .F+ ),

where K is a free separation variable which can be set to zero by a suitable gauge transformation.
In such a case, we get
2Sxt (F+ .F+ ) − F+ F− = 0,
2Sxt (F− .F− ) − F− F+ = 0.
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So the bilinear form of SUSY-CD system becomes
Sxt (F+ .F+ − F− .F− ) = 0,
1
Sxt (F+ .F+ ) − F− F+ = 0.
2

(4.15)

Similarly, same bilinear representation is obtained from equation (2.2). We note that the bilinear
form of SUSY-CD system (4.15) is same as that of the bilinear form of SUSY sine-Gordon equation
given in ref. [32]. By a suitable choice of superfield τ-functions one can relate the bilinear form
SUSY-CD system with that of the SUSY sine-Gordon equation.
5. Soliton solutions of SUSY-CD system
Starting with the bilinear form of SUSY-CD system (4.14), we can compute soliton solution of the
SUSY-CD system. Following [32], we start with the τ-Functions
F± = eζ θ /2 ± e(kx+wt)−{(ξ +ζ )(θ +λ )}/2 .

(5.1)

Using expressions of (5.1) in (4.11), we obtain the solutions of SUSY-CD system
Dx Q = coth 2β ,

(5.2)

R = −iϑ csch 2β ,
where 2β = ζ θ /2 + (ξ + ζ )(θ + λ )/2 − (kx + wt) and ϑ = ζ w − θ − λ /2. The two soliton solution
is given by
F± = eζ θ /2 ± eη1 e−(ξ +ζ1 )(θ +λ1 )/2 ± eη2 e−(ξ +ζ2 )(θ +λ2 )/2
!
2
2
k1 + 3k1 k2 + k2
+A12 1 −
ζ1 ζ2 eη1 +η2 e(ξ +α12 ζ1 +α21 ζ2 )(θ +α12 λ1 +α21 λ2 )/2 ,
2(k1 − k2 )

(5.3)



ki + k j
ki − k j 2
kx − t
, αi j =
and Ai j =
where η =
. As is the case in SUSY sine-Gordon equak + η0
ki − k j
ki + k j
tion, the fermionic contribution in the interaction term appears due to supersymmetry.
6. Concluding remarks
In this paper, we have presented an N = 1 supersymmetric generalization of coupled dispersionless (SUSY-CD) integrable system by writing down two linear systems of superfield equations in
superspace. By using a suitable transformation, we have also shown that the SUSY-CD system is
equivalent to an N = 1 SUSY sine-Gordon equation. We have presented two bilinearizations of
SUSY-CD system, one with fermionic and bosonic superfield τ-functions, and the other with two
bosonic superfield τ-functions. We have shown that the later bilinearization is the same as that of
the SUSY sine-Gordon equation. We have also computed the soliton solutions of SUSY-CD system.
The work can be further extended to study the superfield Darboux transformation and the construction of Wronskian determinant multisoliton solutions of the SUSY-CD system.
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