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For a scalar evolution equation u; = K(¢,x,u,uy,...,usy+1) With m > 1, the cohomology space H'*z(%’“’) is
shown to be isomorphic to the space of variational operators and an explicit isomorphism is given. The space
of symplectic operators for u; = K for which the equation is Hamiltonian is also shown to be isomorphic to
the space H l*2(,%’“') and subsequently can be naturally identified with the space of variational operators. Third
order scalar evolution equations admitting a first order symplectic (or variational) operator are characterized.
The variational operator (or symplectic) nature of the potential form of a bi-Hamiltonian evolution equation is
also presented in order to generate examples of interest.
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1. Introduction

Given a scalar differential equation A = 0, the multiplier problem in the calculus of variations con-
sists in determining whether there exists a smooth function m (the multiplier) and a smooth function
L (the Lagrangian) such that

m-A=E(L) (1.1)

where E is the Euler-Lagrange operator and E(L) is the Euler-Lagrange expression for L. The
problem of determining whether m and L exists has a long history and is known as the inverse
problem in the calculus of variations [4,7,9,11,12,14,19].

The variational bicomplex [2, 3,20] can be used to provide a solution to the inverse problem
in the calculus of variations by utilizing the Helmholtz conditions. The result is that the existence
of a solution to the inverse problem in equation (1.1) can be expressed in terms of the existence of
special elements in the cohomology space H"~ !> where n is the number of independent variables.
In some cases this in turn allows the solution to be expressed directly in terms of the invariants of
the equation, see [7, 12].

The main goal of this article is to give a description of the entire cohomology space H'2(%")
for scalar evolution equations u, = K(t,x,u,u,,...) which extends the interpretation of the special
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elements which control the solution to the inverse problem. The result is a natural generalization of
the inverse problem in equation (1.1), we call the variational operator problem, which we now state.
Given a differential equation A = 0, does there exist a differential operator € and Lagrangian L such
that

E(A) =E(L). (1.2)

A simple example is given by the potential cylindrical KdV equation, u; = ., + %u% — 5; which
admits & =D, as a first order variational operator,

1 u 1 1 1
th <ut — Uxxx — 51/{)2( + 21‘) = E (—2tuxlxlt + Etuxuxxx + 6tu£> . (13)

The variational operator problem in equation (1.2) can be studied for either the case of scalar or
systems of ordinary or partial differential equations. Here we restrict our attention to problem (1.2)
in the case where A is a scalar evolution equation in order to relate this problem to the theory of
symplectic and Hamiltonian operators for integrable systems.

In Section 2 we summarize the relevant facts about the variational bicomplex for the case of two
independent and one dependent variable. Sections 3 and 4 provide normal forms for the cohomology
spaces H™* (%) in the variational bicomplex associated with the equation A = 0. These normal
forms are then used in Section 5 to show there exists a one to one correspondence between the
solution to (1.2) and the cohomology space H'?(%). Even order evolution equations don’t admit
non-zero variational operators (see Corollary 5.3) but we have the following theorem for odd order
equations (the summation convention is assumed).

Theorem 1.1. Let € = r;(t,x,u,uy,...)D., i =0,...,k be a k™ order differential operator and let
the zero set of A = u, — K(t,x,u,uy,. .., uzys1), m > 1 define an odd order evolution equation.

1. The operator € is a variational operator for A if and only if € is skew-adjoint and

w=d /\90/\8—th2an i(—x)“*1 9K ¢\ noie (1.4)
=dax . = auj .

Jj=1

is dy closed on %£°°, where € = —%r,-ef and 0' are given in equation (2.11).
2. Let Y4,(A) be the vector space of variational operators for A. The function ® : ¥;,(A) —
H'"2(%*) defined from equation (1.4) by

o(€) = [o], (1.5)
is an isomorphism.

It follows immediately from Theorem 1.1 that a scalar evolution equation admits a (non-zero)
variational operator if and only if H'?(%) # 0. Consequently the techniques developed for solving
the multiplier inverse problem in terms of cohomology [4,7, 12] can be used to solve the operator
problem. The operator € and the function L in (1.2) are easily determined from the cohomology
class [@] € H'"?(%>) (see Theorem 5.3).

The variational operator problem in equation (1.2) is related to the problem of whether a scalar
evolution equation can be written in the form of a symplectic Hamiltonian evolution equation [10].
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In the time independent case, a scalar evolution u; = K (x,u, uy, . .., u,) equation is said to be Hamil-
tonian with respect to a time independent symplectic operator 8 = s;(x, u, uy, ...) D’ if there exists a
function H such that,

S(K)=E(H). (1.6)

For a time dependent equation and operator, the symplectic Hamiltonian condition is given in Def-
inition 6.3 (see also Corollary 6.3). Symplectic Hamiltonian evolution equations are reviewed in
Section 6 in terms of the variational bicomplex.

Symplectic operators exists on a different space than variational operators but there is a natural
identification (see Remark 2.1) between symplectic operators and operators which can be variational
operators. With this identification, the variational operator problems and the symplectic operator
problem are shown to be the same in Section 7. This leads to the following theorem.

Theorem 1.2. Let 8 = s;(t,x,u,uy,...)D. be a differential operator and let A = u; — K(t,x,u,
Uy,...,Upm+1). The operator 8 is a symplectic operator and A = 0 is a symplectic Hamiltonian
evolution equation for 8 if and only if 8 is a variational operator for A.

Theorem 1.2 shows that symplectic operators and variational operators for #; = K are the essen-
tially the same so that Theorem 1.1 implies the following.

Theorem 1.3. The function ® in equation (1.5) defines an isomorphism between the vector space
of symplectic operators 8 = & = ri(t,x,u,uy,...)D. for which A = u, — K is Hamiltonian, and the
cohomology space H'(%>).

With Theorem 1.3 in hand, the determination of a symplectic Hamiltonian formulation of u; = K
is resolvable in terms of the cohomology H'?(%) of the differential equation u, = K and subse-
quently the invariants of A. This characterization of symplectic Hamiltonian evolution equations in
terms of H'?(%>) allows the techniques in [4,7, 12] to be used in their study.

A key idea that directly explains the interplay between the symplectic Hamiltonian formulation
for an evolution equation and the cohomology H'?(%*) is the fact that the equation manifold %> is
canonically diffeomorphic to R x J*(R,R). The cohomology of the equation is expressed in terms
of the geometric structure that arises from the embedding of the equation into J*(R?,R) while the
symplectic Hamiltonian formulation of an equation is expressed in terms of the contact structure on
R x J*(R,R). Theorem 7.1 shows how these are related and this leads to Theorem 1.3. This idea
also plays a role in the approach to geometric structures in the article [13].

In Section 8 the case of first order operators for third order equations is examined in detail and
the following characterization is found.

Theorem 1.4. A third order scalar evolution equation u; = K (t,x,u, Uy, Uyy, Uy ) admits a first order
symplectic operator (or variational operator) € = 2RD, + DR if and only if K is a trivial conser-
vation law, where

X o1 X X X
K = Kydx+ (—21(0 +KiKy — 5 (X(K3)K; + K3K3) +X (K3X(K2))> dt (1.7)

and K; = 9,K, Ky = %(Kz —X(K3)), and X is the total x derivative on Z*.
Furthermore, when x = dp (logR) then u, = K admits the first order symplectic (or variational)
operator E =2RD, + D.R.
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In Section 8 we examine the relationship between the Hamiltonian form of an evolution equation
and their potential form. In [15] it is shown that the (first order) potential form of a time independent
Hamiltonian equation admits a variational operator. We examine this in more detail, as well as the
role of bi-Hamiltonian systems as in [18]. In Example 9.1 the Krichever-Novikov equation (or
Schwartzian KdV) is shown to be the potential form of the Harry-Dym equation. This demonstrates
that the symplectic operators (or variational operators) for the Krichever-Novikov equation ( [10])
arise as the lift of the Hamiltonian operators of the Harry-Dym equation as described in Section 8.1.

Theorem 1.4 should be contrasted to the problem of determining a Hamiltonian formulation
of a scalar evolution equation in terms of a Hamiltonian operator. An evolution equation u; = K
is Hamiltonian with respect to a Hamiltonian operator & if there exists a Hamiltonian function H
(see [1,10,17]) such that

u=20KE(H). (1.8)

Conditions for the existence of Z and H in equation (1.8) in terms of the invariants of u, = K is
unknown. We illustrate the difference in these problems with the cylindrical KdV and its potential
form. The potential form of the cylindrical KdV is easily shown to admit at least two time dependent
variational (or symplectic) operators. Section 8.1 then suggests that the cylindrical KdV is a time
dependent bi-Hamiltonian system. See Example 9.3 where a bi-Hamiltonian formulation of the
cylindrical KdV is proposed ( [21] states that no Hamiltonian exists for the cylindrical KdV).

Lastly, in Appendix A we identify the elements of H'!(%*), which don’t arise as the vertical
differential of a conservation law, with a family of variational operators. This is demonstrated in
Example 9.2.

The second author, E. Yagsar acknowledges the Scientific and Technological Research Council
of Turkey (Tiibitak) for financial support from the postdoctoral research program BIDEB 2219, and
Utah State University for its hospitality.

2. Preliminaries

In this section we review some basic facts on the variational bicomplex associated with scalar evo-
lution equations, see [6] for more details.

2.1. The Variational Bicomplex on J*(R? R)
The ¢ and x total derivative vector fields on J*(R?,R) with coordinates (t,x, u, s, g, Uy, Usy, Uy, - - .)
are given by

D, = at + utau + uttau, + Mlxaux + .-

D, = ax + uxau + utxau, + uxxaux +---

The contact forms on J*(R?,R) are

©° = du — wdt — u,dx
O = D\ (du — udt — uydx) = du; — u; jdt —ui1dx, i>1 (2.1)
§4 = DLD? (du — wdt — uydx) = dug; — tgy1,;dt —ugi1dx, a>1,i>0

where u; = D (u) and Ugi = D.D%(u) = Ustrr... xxx...
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The variational bicomplex on J*(R?,R) is denoted by Q"(J*(R?,R)) where o €
Q"(J=(R?,R)) is a differential form of degree r + s which is horizontal of degree r = 0,1,2 and
vertical of degree s =0, 1, 2,... (see Section 2 in [6]). The forms dx and dt are horizontal, while
the contact forms are vertical. For example if @ € Q!?(J*(R?,R)), then ® can be written

o =dxA (A,'jﬂi VAN ¥/ +B,'aj’l9‘i VAN Ca’j +Ca,‘hjca’i A Ch’j)
+dt A (FjO A + Gig 0" A + Hyip $4F N E0),
where A;j, Biaj, Cainj, Fij; Giaj, Huinj € C (J°(R?,RR)). The horizontal and vertical differentials
dy : Q¥ (J°(R%R)) — Q5 (J*(R%,R)), dy: Q¥ (J”(R*R)) — Q" (J°(R*R))

are anti-derivations which satisfy

af . d .
dyo = dxADy(@)+dinD (@),  dpf=2Lois iy

8u,- 8ut7,-
dg' = dxn T yarng't, dyd =0,

where f € C*(J*(R%,R)), o € Q*(J*(R?R)) and D,(®),D;(®) are the Lie derivatives. Since
d = dy + dy this implies,

d4 =0, d2=0, and dydy+dydy =0.
The integration by parts operator I : Q%*(J*(R2,R)) — Q2*(J*(R?,R)) is defined by
()= Lo i (—=1)""“DiD%(d,,, 1 @), (22)
§ a=0,i=0
and it has the following properties [2], [3],
P=1 o=I0)+dyn, for some 1 € Q1 (J~(R? R)). (2.3)
If we let J : Q2% (J=(R%,R) — Q'*(J=(R?,R)) be

J(x) =Y (=1)"DiD{(9,,, k) (2.4)
a,i=0
then I(x) = 199 AJ (k). Both J and I satisfy,
KerJ = Kerl = Imdy . 2.5

The operator J is the interior Euler operator, see page 292 in [6] or page 43 in [3].

Let & = r;,DLD¢ be a total differential operator. The formal adjoint £* is the total differential
operator characterized as follows. For any p € Q% (J=(R? R)) and o € Q** (J*(R?,R)) there
exists { € Q15 (J=(R2,R)) depending on p and @ such that

(pAE(@)—E*(p)Nw)ANdt Ndx = dy (. (2.6)
This leads to
& (a) = (=) DD (ra), acQ¥(J”(R*R)).
It follows from (2.6) that the formal adjoint satisfies (£*)* = €.
Co-published by Atlantis Press and Taylor & Francis
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Let A be a smooth function on J*(R?,R). The Fréchet derivative of A [17] is the total differential
operator F satisfying dyA = Fa(0°). If

A=u —K(t,x,u,uy,... U),

then

. 0
dyA =10, — K;j¥' where K;= —

aMiK(z‘,x,u,ux,...,u,,), i=0,...,n. 2.7

The Fréchet derivative of A is determined from equation (2.7) to be the total differential operator
n .
Fo=D,— Y KD, . (2.8)
i=0

The adjoint of the operator in (2.8) is,

n

Filp) = ~Di(p) = L(-D) (Kip), p € @' (" ),

2.2. The Variational Bicomplex on %* and H"* (%)

An n'" order scalar evolution equation is given by u, = K (¢,x,u,uy, . ..,u,) with K € C*(J*(R?,R))
and K, = d,, K nowhere vanishing. Let A = u, — K(t,x,u,uy,...,u,) and let Z* be the infinite
dimensional manifold which is the zero set of the prolongation of A = 0 in J~(R2,R). With coordi-
nates (t,x, u, iy, Uy, . . .) on %> the embedding 1 : Z° — J=(R? R) is given by

t=t=tx=x,u=uuy = K,uy = uy,uy =T (K),upy = X(K),thyy = thyy,..], 2.9)
where the vector fields T and X are the restriction of D; and D, to #* given by,

X = ax+uxau+uxxaux+”'

2.10
T=0+Kd+X(K)d, +- (2.10)

and these satisfy _[X ,T] = 0. The Pfaffian system .# = {0'};>0 on Z* is generated by the pullback
of the 1-forms ¥ in equation (2.1)
0" = 1" = du; — X' (K)dt — u;, 1dx. (2.11)
The forms
{dt, dx,0' = du' —X'(K)dt —u;1dx} i=0,1,... (2.12)

form a coframe on %, and give rise to a vertical and horizontal splitting in the complex of dif-
ferential forms leading to the bicomplex Q™ (%), r =0,1,2 and s = 0, 1,.... For example if
o € Q'2(%) then

 =dx A (a;;0'N07)+dt A (b0 N6)

where a;;, bjj € C*(%*). The bicomplex Q"*(%>) is the pullback of the unconstrained bicomplex
Q" (J=(R?,R)) by the embedding t : Z= — J=(R?,R).
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The horizontal exterior derivative dp : Q" (%) — Q'+15(%*) and vertical exterior derivative
dy : Q" (%) — Q"sT1(%>) are anti-derivations computed from the equations,

dy(®) =dx N NX(0)+dt \T(®), dy=d—dy. (2.13)
The horizontal and vertical differentials satisfy
dy =0 di=0,  dydy = —dydy. (2.14)
The structure equations of .# are computed using (2.11) to be
dy0' =dxN@" 4 dt ANX'(dyK) and dy6' =0. (2.15)

Since dZ = 0, the complex dy : Q"5 (%) — Q"+15(%>) is a differential complex and H"*(%*)
is defined to be its cohomology,

_ Ker{dy : Q™ (%~) — Q"5 (%)}

H™" (%) = Im{dy : Q~15(%<) — Q5 (%)}

The conservation laws of A are the dyy closed forms in Q"0(%*) while H'"*(%*) is the space
of equivalence classes of conservation laws modulo the horizontal derivative of a function dy f,
fece(z”).

The vertical complex dy : Q" (%%) — Q"+1(%>) is a differential complex whose cohomology
is trivial [3], [6]. Specifically, dy is the ordinary exterior derivative in the variables u;, and the
DeRham homotopy formula (in u; variables with parameter) applies. The property dydy = —dydy
make dy : H (%) — H"**!(%>) a co-chain map up to sign, see Appendix A.

Remark 2.1. Every function of the form Q(f,x,u,uy,tyy, ..., u;) on J*(R? R) factors through
T J°(R2R) — B2, (t,x, 0,y thy, sy, U, U, - . .) = (8,2, 1, Uy, Uy, . . .), Where T is a left inverse
of 1 in equation (2.9). Therefore by an abuse of notation, we view a function of the form
Q(t,x, U, ty, Uy, ..., uz) either on J~(R? R) or %> where the context will determine which. For
example,

Fo = 0D,
is a differential operator on J*(IR?,IR) while

Lo = QX'
is a differential operator on %> which satisfies 7.(Fp) = Lg . Given a differential operator & =
ri(t,x, u,tty,...)X" on Z* the differential operator & = r;D’. satisfies 7, € = & and we’ll call € the
(canonical) lift. The formal adjoint of € acting on a form @ is (—X;)(r;®). The operator & is skew-

adjoint if and only if € is skew-adjoint.
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3. Normal Forms for H'*(%*) and Characteristic Forms

The universal linearization (see [6]) of A = u;, — K(t,x,u,uy, ... ,u,) on Z= is the differential oper-
ator (on #*),
n .
Ly=T-)Y KX’ 3.1
i=0

where K; = d,,K, and the vector fields 7 and X are defined in equation (2.10). The operator Ly is
the restriction of the Fréchet derivative of A to Z. The adjoint of L, is the differential operator
defined by

Li(p) = —T(p) — §<—X>f<z<ip>, p e (@)

This next theorem provides a normal form for a representative of the cohomology classes in
H'*(%) and is analogous to Theorem 5.1 in [6].

Theorem 3.1. Let A = u, — K(t,x,u,uy,...,u,) define an n'* order evolution equation A = 0 and
let H™ (%) be its cohomology with s > 1. For any (@] € H"*(%") there exists a representative,

o0=dxN0°ANp—dit AP, (3.2)

where p € Q%~1(%>), B € Q% (%>) and L;(p) = 0.

Proof. The proof follows Theorem 5.1 of [6]. Choose @ € Q'*(J=(R?,R)) such that
(@) € [o]. (3.3)

where 1 : 2 — J=(R%,R) is given in equation (2.9). Since 1*(dy @) = 0, it there exists Cy €
QY5 (J=(R?,R)), flap € QU*~1(J~(R?,R)) such that (see Lemma 5.2 in [6])

dy @ = di \dx \(DD(A) Cay + DfD{(dy A) A flan), (3:4)
Applying the identical integration by parts argument on page 292 [6] to (3.4), implies there exists
£ € Q% (J”(R%R)),p € Q¥ 1(J*(R%,R)) and @ € Q!*(J~(R?,R)) such that & = @ +dyT) and
1*f) = 0 (hence 1*® = w) and where

dp® = dt Ndx N\ (AL +dyANp). (3.5)

We now apply 1* oJ to equation (3.5), where J is defined in equation (2.4). For the first term in
right hand side of equation (3.5) we find

v os(Ad) =1 (89, 3(8) = Di(89, 2 §) ~ Do(83, 2 D) +++) =0 (3.6)
since each term contains a total derivative of A, and these vanish under pullback to .
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We now apply 1* o J to the second term in the right hand side of (3.5),

UJ(dvANp) =1" ( Y (1) DD (O~ dv AP — (uy ﬁ)dvA)>
a=0,i=0 (37)
( Y ‘*“D’D“((aua,wvm))
a=0,i=0
because 1*(D?D.dyA) = 0. Now
8u10JdVA: 1, auo‘l.JdvA: —
with all other d,,, | dyA = 0, so that equation (3.7) becomes,
UI(dvAND) =17 (=Dy(p) + Y (—1)'Di(—Kip)) =Li(1"P). (3.8)
i=0

By equation (2.5) J(dg®) = 0, so that applying 1* oJ to equation (3.5) implies 1*J(dyAAp) =0,
and so equation (3.8) gives L} (1*p) = 0.

We now turn to showing that equation (3.2) holds using the horizontal homotopy operator (equa-
tions (5.15), (5.16) and below (5.16) in [6]), see also proposition 4.12 page 117 of [3] or equation
(5.133) in [17]. Using the notation h;j from [3], this operator satisfies

@ = b3 (dy @) +dy(h) @), @ e Q" (J(R?,R)).
Applying the pull back by 1 to this formula gives the representative for [o],
o =11 (dy @) (3.9)

with dy @ in (3.5).

To utilize the formula in [3] for /2" let (x' = 7, x2 = x) and so for example ©'122 = D, D, D, D, 8°
and let k be the max of |I| (number of derivatives) of ¥/ terms in (¥, — K;1) A p. Then by definition
4.13 on page 117 in [3] (or 5.134 in [17])

e (dy @) _1 kzl D; (9 ANJY((dy®);))
JI‘ - (3.10)
_ Z D, (ﬁOA(—1)fd)ejAJ’f'(A§+dvAAﬁ)>
|1]=0
where (dH(Z))j =D, ldy®d = (—l)jﬂdﬁj/\(AZ—deA/\[)), ()?1 =x,% :l),I: (il, .. .,i[), I| =1,
and
1A o I+ : -
JY (AL +dvANp) = LZO ( 1l )(—D)L(au(_/mJ(AC—I—dVA/\p)). (3.11)

Applying 1* to equation (3.10) we have the l*hff (dt/\dx/\ (A )) = 0 because all terms
in (3.11) on Aé:’ involve total derivatives of A. Therefore using equation (3.10), equation (3.9)
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becomes,

T
(1
L0 IZ]

(dx/\ZD

71=0

)( D).((a, I,LJdvA>p>]
kIl 1 (3.12)
oo ¥ (M) 0@ dip)

—dt A Z D; 1
|L|=0

11=0

)

Consider the first term in equation (3.12). The only non-zero interior product is (with u(j) = u,
Uy = Uy etc.)

Ay JdvA =1,

since A does not depend on derivatives such as u;,. Therefore the only non-zero terms have |I| = 0,
|L| = 0 in the first term of (3.12) giving,

k—1]—1 I L 1
P
IL[=0 L]

dx N\ Z D,
=0

)( D)1((9ugyy JdvA)ﬁ)] =dx NN D (3.13)
Combining equation (3.13) with (3.12) we have

1 -1
©=—1 (dx/\z‘}OAp dt/\ZD

k—|1]-1
On Y <|1| +|’LL|’+1>(—D)L((8 JdVA)ﬁD

|71=0 IZ|=0
(3.14)
which produces equation (3.2) with p = %l*ﬁ. Equations (3.14) and (3.8) shows that p = %l*f)
satisfies L} (p) = 0. O

If s =1 in Theorem 3.1, then p € C*(%*) is the characteristic function for the cohomology
class [@] € H'1(%>), see Theorem 3.3 and Theorem A.1. In general p in equation (3.2) is called a
characteristic form for [®] see [6]. The form f in (3.2) is given in terms of p by formula (3.14) which
is simplified in Corollary 3.2 for H'!(%>) and H'*(%). The term dx A 8° A p in equation (3.2)
generalizes the conserved density of a conservation law, and plays a critical role in Section 7.

Theorem 3.2. Let u; = K(t,x,u,u,,...,u,) be an n' order evolution equation where n > 2. The
cohomology satisfies H'*(%>) = 0 for all s > 3.

This is essentially Theorem 1 in [13] and we give a different proof.

Proof. Suppose @ is a representative for an element of H'**1(2%>), (s > 2), in the form (3.2),
where p € Q%5 (%*) is given by

p=A; i 0TA--NO. (3.15)

and satisfies L} (p) = 0.
Suppose for p in (3.15) that the highest form order is (no sum) A, , 0™ A 60" A--- A\ @™
where we use lexicographic order so that max of (m; > my > --- > my) determines the highest

Co-published by Atlantis Press and Taylor & Francis
Copyright: the authors
613



M_.E. Fels and E. Yasar / Variational Operators, Symplectic Operators, and the Cohomology of Scalar Evolution Equations

order. We first claim that in L} (p) the coefficient of 8”1 A ™2 A --- A O™ is

[LAGO) my4nms,my = (=1 = (= 1)) KnAmy .y (3.16)

and that the coefficient of 8”171 A @™ A ... A 0™ when m; > my + 1 is

[LZ(p)]m|+n71,mz+l ..... my — (_1)nnKnAm|...ms (317)

and when m; = my + 1 and n is odd, the coefficient of 87111 A @™ A ... A @™

[LZ(p)]ml-‘rn—l.,mlr..,ms = _(_ l)nnKnAml...ms . (3.18)

Therefore L} (p) = 0 implies Ay, ., =0, p = 0 and @ = dt A B. The condition dy® = 0 gives
X (B) = 0. This implies B = 0 since B € Q**!1(%*) and so ® = 0.
We compute L (p) = —T(p) — (—X)'(Kip) to find equations (3.16), (3.17), (3.18),
LA(p) =—T(Ai,..;,)0] - AO" —A; ;T(6")---NO"—A; ;i 0" ANT(02)---NO" 4

. . . . (3.19)
— (= 1)"X"(KpAiy . ,0" N+ AO) — (= 1)" XN (Ko Ay i 00 A A OY) L

where from equation (2.15) we have T(Hi )= K,0'" +lower order. Consider also the highest order
terms in expanding X"(K,A;, ;0" A--- A 8%) (no sum),
X" (KnAmy m,0™ ANO™ - NO™)
=X"(KyAm,..m,)0™ NO™ - NO™
+ KAy o 0™ A0 A O™ 4 KAy O™ T AG™LA9
+ KpAmy..m, 0™ A O AO™
= KpAmy 0™ A0 NO™ 4 nKyA 0™ T AG™T A
— KAy, 0" A QM - A O™ + lower order . ...

(3.20)

The coefficient of 6™ A 6™ A --- A 6™ (which is the highest order) occurring in equa-
tion (3.19) comes from the second term on the right hand side in (3.19) and the first term on the last
right hand side in equation (3.20) to give (3.16).

We consider the next highest order term in (3.19). From equation (3.19), the only possible term
that can contain @™ +"=1 A @M+l A @™ ... 9™ when m; > my + 1 is from second term on the last
right hand side of equation (3.20). Therefore 3.20 produces (3.17).

In the case when m| = my 4+ 1 we have from the second term in right side of (3.19) at highest
order giving (no sum)

—Apyom, @ AT (™) NO™ = —Apy, 0, 0™ A (K,0™H) - A O™ + lower order,

1 (3.21)
= KAy, ., 0™ A QM- A O™ + lower order.
The second and third term on the last right hand side in equation (3.20) are (no sum)
nKyAmy 0™ TN A0 KA, 0TI AT A9 (3.22)

Using m; = my + 1, equations (3.21), (3.22) and that n is odd in equation (3.19), gives equa-
tion (3.18). O

We also have as a corollary of Theorem 3.1.
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Corollary 3.1. If u, = K(t,x,u,...,uzy), m > 1 is an even order evolution equation, then
H'"2(%#*) =0

Proof. We show that the only p € Q%!(%>) satisfying L (p) =01is p = 0. Suppose p = 10,
i=0,...,k then by direct computation and the fact 2m > 0

Li(p) = —T(p) — (~X)'(Kip) = —21Kon 67" mod 67,..., 6%+

which is non-zero unless r; = 0. Therefore p = 0. g

This next theorem is a partial converse to Theorem 3.1 which will be used in Corollary 3.2
below to provide a formula for 8 in equation (3.2).

Theorem 3.3. Let A = u; — K(t,x,u,uy, ..., u,) define an n' order evolution equation A = 0. Let
p € QY1 (%=) (s =1, 2) satisfies 0° AL} (p) = 0, then

i M«-

©=dx\N0°Np—dtAB(p Z( ) (Kip) A6 ) (3.23)

satisfies dgw = 0.

Proof. First suppose p € Q%5~1(%*) and satisfies 0° AL} (p) =0, and let @ € Q!5(%>) be as in
equation (3.23). We compute dy o,

dyw =dt NdxN[T(8°Ap)+X(B(p))]. (3.24)

To compute X (B (p)) we need the telescoping identity,

X <Z(—X)“_1(K,-p)/\9i_“> = —(—X)'(Kip) NO° +Kip A O (nosumoni).  (3.25)
a=1
Using equation (3.25) in the formula for B(p) in equation (3.23) gives

(i a 1 Kp 6i—a>] ’
=1 (3.26)

—(=X){(Kip) AO° +Kip N O

X

o
™=

X(B(p)

I
-

|
™=

Il
—_

We then use T(8°Ap) = T(8°) Ap +68° AT(p) so that together with equation (3.26), equa-
tion (3.24) becomes (adding and subtracting Ko0° A p)

dyw =dt Ndx A\ (T(0°) — zn:Kief) Ap+dt Adx A O° A (T(p) + zn:(—X)i(Kip)> (3.27)
i=0 i

Now by equation (2.7), t*dy (—A) = —T(8°) + Y, K;8' = 0, and so equation (3.27) becomes,
dyw = dt Ndx \NO° A (T(p) + Z(—X)’(K,-p)) = —dt AdxN8° AL (p) = 0.
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Corollary 3.2. For any (@] € H"*(%%), s = 1,2 the representative, @ € Q'*(%>), s = 1,2 in
equation (3.2) is given by

i=1 \a=1

o=dxn0’Ap—dinB(p), Blp)=Y (Z (—=X)*" ' (Kip) A 6““) . (328)
where p € QU571 (%>). If s = 1, then the representative (3.28) is unique.

Proof. Starting with the representative in equation (3.2) of Theorem 3.1 we have @ = dx A 8° A
p —dt A B where L*(p) = 0. Let @ be the form in (3.28) using this p which satisfies L} (p) =0 and
so by Theorem 3.3, dy® = 0 . The form @' = ® — @ is then dy closed, leading to

0=dy' =dy(dtN(B—PB(p))=dxAdt AX(B—B(p)). (3.29)

This implies X (B — B(p)) = 0, where § — B(p) € Q*5(%#~),s = 1,2. However, the only contact
form satisfying this condition is the zero form. So § = B(p). This proves equation (3.28).

For the final statement in the theorem, suppose w, = dx A\ 0°-Q,—dt N Ba, a=1,2 where Q, €
C™(#~) and B, € Q¥ (#>) satisfy [@] = [@,] € H"(%*). This implies there exists & = g;6/
such that ®; — @, = dy& so that

dxA0°(Q1 — Q2) = dxAX(g,;6). (3.30)

Since X (6’ ) = @'t equation (3.30) can only be satisfied when Q1 = Q> and g; = 0. Therefore
= w, and the form ® in equation (3.28) when s = 1 is unique. U

The form  in equation (3.28) can be derived by a rather lengthy calculation from the second
term in equation (3.14).

A form p € Q%(%>) can be written p = r,X'(8°). We define the adjoint of p by p* =
(—X)(r;6°) while (p*)* = p because the operator ;X' has this property, see Remark 2.1.

Theorem 3.4. Suppose (0] € H'2(%*) admits a representative
o=dx\N°Ne—ditNB, ecQ" (%), BcQ’ (%)

where €* = —¢. Then L} (€) = 0 and
n i
3 (L0 e ne
i=1 \a=1

Proof. W~rite B = B0 A 6”, and choose in equation (3.3), @y = dx A\ DONE) —dt A B where
& = ;0 B = B, 0% A9 (see Remark 2.1). Then there exists s, € C*°(J°(R?,R)) such that,
dy (@) = dt Ndx N (O N& + B AD, (&) +Di(B))
= dt Ndx A ((dyA+ K, ©™) A& + D9 ADy (&) + Dy (B))
=dt Ndx A ((dy A+ Ky ®™) A&+ Do A (1 + 1r;00) + Dy
=dt Ndx A (dyANEy+ 00 A (riDL(dyA)) + 54 A BP)

(3.31)

'(Dz

)
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since D;(19°) = dy A+ K,,,9". Now using equations (3.25) and (3.26) with X = D,, p = 9%, K; = r;,
and 6° = dy o while adding and subtracting ro¥° A dy A we have

dt Ndx NOO A (1D (dyA)) = dt Adx A (—Dy) (r8°) Ady A — dy i (3.32)

where
ki ) o
flo=dtAY Y (=Dy)/ ' (r9°) AD (dyA) (3.33)
i=1j=1

and 7o satisfies 1*7)p = 0. Since £* = —¢, we have &j = — &, and combining this with equation (3.31)
and (3.32) we have

di (@) = dt Ndx A (dy AN 28 + 50 AD?) — dpiio (3.34)

Therefore comparing equations (3.34) with equation (3.5) we have p = 2§&,. By equations (3.14) in
the proof of Theorem 3.1, p = %l*ﬁ = ¢ satisfies L} (€) = 0. Finally Theorem 3.3 implies § = B (€).
O

Corollary 3.3. Let € € Q% (%*) satisfy €* = —¢. Then 0° AL} (€) = 0 if and only if L} (€) = 0.

Proof. Let € be as stated and satisfy 8% AL*(€) = 0. The form @ with p = ¢ in equation (3.23) of
Theorem 3.3 satisfies dy® = 0. By Theorem 3.4 L (€) = 0. The if part of the statement is trivial.
O

4. A Canonical Form for H'2(%*) and the Snake Lemma

We now refine Theorem 3.1 to produce a canonical form for elements of H'?(%>) by determining
a unique representative for any [®] € H'?(%~).

Theorem 4.1. Let (0] € H'?(%>). There exists a unique representative for [®] of the form

(Z )N (Kie) A 9”), (4.1

o=dcxN0"Ne—ditNB(e),

H[\”ﬂm

where € € QY (%), e* = —¢, and L;(¢) = 0.

Proof. We begin by utilizing equation (3.26) and make the substitution p = 6°, K; = r; giving the
identity,

X (i <i(_x)a—l<ri90 N L a>> i 1’190)/\904—1”,90/\9 ) 42)
a=1

i=1 i=1

If we now write p = Y'X_, ;6" and let

3
M»

(Z X)) (r6%) A 9"“), (4.3)

1

i
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the identity (4.2) gives
0
X(n)=6"A(p*+p) (4.4)

Suppose now [w] € H'?(%) with representative @ = dx A 8° Ap —dt A B(p) with p = r;6'
from Theorem 3.2. Let & = @ — 1dy(n) where 7 is given in equation (4.3), so that [®] = [@]. We
then use equation (4.4) to replace X (1) in the following,

& =dxN6°Ap —di AB(p) — %a’x/\X(n)—%dt/\T(n)

= dx (69 Ap — 3X(m) —di A (B(p) + 57())
4.5)

= dx A <90/\p;(90/\p+90/\p*)) —dt/\(B(p)Jr%T(n))
= dxn 0N 3 (p—p*) —di A (B(p) + 5T(M).

The representative @ in (4.5) satisfies the skew-adjoint condition in the theorem with
1 .
E = — —
5P =p7),

while Theorem 3.4 shows L} (€) =0 and B(p) + 37 (1) = B(€).
We now show the representative (4.1) unique. Suppose that

Wy =dx N0 Neg —dit AB(e), a=1,2 (4.6)
where €}, = —¢&q and [@;] = [@;]. This implies there exists & = £,;,0 A 8” € Q%2(%>) such that
dxNO° A (&1 — &) = dx AN X (E,,09 N 6P). 4.7

Now let & = 1,49 € Q¥ (J*(R?,R)) and E = E,09 N80 € QO2(J=(R2,R)) so that 1%&, =
€y, 1*E = £. Equation (4.7) implies

dt Ndx NO° A (8] — &) = dt AD(E)] = —dy(dr N E). (4.8)
Applying the integration by parts operator / (using (2.5)) to equation (4.8) and that £}, = —&, gives
dt Ndx N A (8] — &) =0.

Since & — &, is skew-adjoint, this implies & = &, and hence &; = &,. Therefore B(&;) = B(¢;) and
O] = . O

Corollary 4.1. If [®] € H'?(%>) with representative ® = dx \8° Ap —dt \B(p) then the unique
representative in Theorem 4.1 has

e=(p—p"). (49)

N =

The second part of Corollary 3.3 provides an isomorphism between H''!(%2>) and the solution
space L3 (Q) =0, Q € C*(%"). We now extend this to H'2(%>).
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Corollary 4.2. Let S = {e € Q" (%#~) | €* = —¢ , and 8° AL*(¢) = 0}. The linear map x : S —
H'“2(%*) given by x (&) = [dx N\ 8° A& —dt A\ B(€)] where B(€) is given in equation (4.1), is an
isomorphism.

Proof. Given ¢ satisfying the conditions of the corollary, Theorem 3.3 shows x () € H'?(%*).
Theorem 4.1 shows directly that y is onto, while the uniqueness of the representative in Theorem 4.1
shows that J is one-to-one. O

See Section 8.1 for an application of Corollary 4.2.
We now refine Theorem 3.1 and provide a third (non-unique) normal form.

Theorem 4.2. Given (@] € H'2(%>), there exists a representative @ such that
0 =dxN8° NdyQ —dt Ndyy=dy (dxN6"-Q —dt A7) (4.10)

where Q is a smooth function on %> and y € QU (%>).

Proof. We start with equation (3.2) in Theorem 3.1 where a representative for [@] can be written
0=dxNONp—dt\P,

where w.l.o.g. p =7r,0% a=1,...,m. Now dy® € H'3(%#*), and so by Theorem 3.2 there exists
& € Q%3(%*) such that

dyo = dyé.
Writing & = A;x0° A 67 A 6%, this gives
dx AX (A;jx® N8I N O) =dx N6 A (dyp). (4.11)
We now show & has the form
E=A0'NO'ANE°, i=0,....m—1 (4.12)

Suppose there is a term in & with M1 A M2 A O3 1 < M| < M, < M3, and assume we have the
one with the highest M3. On the left side of (4.11) there will be

dx ANX (0™ A 0M2 5 gM3)

which contains dx A @M1 A M2 A @M3F1 | which can’t occur on the right side since there is no 6°.
Suppose now that there are terms in & of the form 8° A M2 A M3 with 1 < M, < M3. Consider the
maximal M3, and again

dx AX (67 A M2 A oMs),

will contain a term dx A\ 8% A 2 A @3+ which can’t occur on the right hand side of equation (4.11).
This shows equation (4.12).
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Now
dydv&é =0

but since £ € Q%3(%), this implies dy & = 0. We apply vertical exactness and let { € Q%?(%>)
be such that dy { = £. By the vertical homotopy on & we may assume { = A% A 8!, Finally, we let

@=0+dyl =dxNO°ANp—di AP, (4.13)
where p = p +X(A0' A0°) and B = B — T({). Therefore,
dy® = dy @ +dydyl = dy® — dydy { = dy® — dyE = 0.

This proves there is a representative @ for [@] with dy & = 0.
Again we use dy exactness to find € Q1 (%2>) such that,

@ =dyn (4.14)

where

n=dxANa—dt\y, a,ye Q7). (4.15)
Writing o = anJ', j=0,...,m, equation (4.14) and (4.15) give

6°Np = —dy(a;6).
We now modify 1 in equation (4.15) and the representative @ for [®] in equation (4.13) by
n=n-— dH(amG’"_] ), D=0 +dev(am6m_] ), no summation
so that @ = dyf]. In particular we note
fl=dxA(a;0))—dtng  j=0,...m—1.

Continuing by induction, there exists a representative @ for [®] and an 7 € Q!'!(%*), where @ =
dy1 and

N=dxN0°-Q —dt A} (4.16)
where Q is a smooth function on %Z*. Therefore

@ =dxN0° NdyQ —dt Ndy¥.

Combining Theorem 4.2 and Corollary 4.1 gives the following.

Corollary 4.3. If[®] € H"*(%") with representative @ = dy (dx A 8°-Q — dt \y) from Theorem 4.2
then the unique representative in Theorem 4.1 is determined by

1

e=-(Lo—Lp) 6° (4.17)

where Lo = 0: X'
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The snake lemma from the variational bicomplex is the following.

Lemma 4.1. Let ® € Q'2(%*) satisfy dyw =0, dy@ = 0. Let 1 € Q" (%) such that dyn = .
Then there exists A = Ldt Ndx € Q*°(%>) such that dym = dy A.

Proof. We have
dvdun = —dgdyn = —dyw =0,

and the vertical exactness of the variational bicomplex implies the lemma. U

The relationship between @, A and 1 in Lemma 4.1 is represented by the diagram,

0

o

(0]

A

n d—H> dun
[av

A

Corollary 4.4. Let (0] € H'*(%") and let  be a dy closed representative as in equation (4.10),
and let A € Q*(%>) be as in Lemma 4.1, so that dym = dyA. The linear map A : H'"> (%) —
H?>%(%>) given by

A([o]) = [2] (4.18)
is well defined.

Proof. Suppose @, € Q1?(%>), a = 1,2 where @] = [@y] and that @, = dy",, a = 1,2 are dy
closed representatives. Let A, € Q>%(%>) satisfy dyn, = dyA4, a = 1, 2. To demonstrate [A,] =
[A2] € H*09%> we show there exists k € Q'(%*) such that A; — A, = dy k.

Since [@;] = [,], there exists & € Q%2(%>) such that,

dy(m —m2) =dué. (4.19)

Taking dy of equation (4.19) gives dydyé = —dydyE = 0, which implies dyé = 0 since
HO2(%*) =0 (or dgu = 0, u € Q%5(%>) implies u = 0). Therefore there exists ¢ € Q*!(%>)
such that & = dy ¢. Substituting & = dy ¢ in equation (4.19) gives

dy(M —M2+dp@) =0. (4.20)

The vertical exactness of the variational bicomplex applied to equation (4.20) implies that there
exists k € QI'1(%>) such that

m—"M+dyd =dyk. (4.21)
Taking dy of equation (4.21) and using dyn, = dy A, gives
dv)l,l — dvlz = devK
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so that
dy (11 — M +dy K') =0. (4.22)

Again by vertical exactness of the augmented variational bicomplex applied to equation (4.22), there
exists p € Q%%(R) such that

A=A = —dyk+p (4.23)

where € Q%(R?). The deRham cohomology of R? is trivial so 4 = da = dya,a € Q!(R?).
Therefore equation (4.23) becomes

M—A=dy(—x+a)
and [11] = [)Lz] S Hz’o(%w). O

The relevance of the kernel of A is given in Theorem A.2.

5. Variational Operators and H'?(%>)

A scalar evolution equation defined by the zero set of A = u, — K(t,x,u,uy, ... ,u,) is said to admit
a variational operator of order k if there exists a differential operator

k
&= Zri(t,x,u,ux,uxx, ...)D%
i=0
with r; nowhere vanishing, and a function L € C*(R?,R) such that,
8(A):E(L<t7x7u7ul7MX7ul‘lvul‘x,uxx,-..)> (51)

where E(L) is the Euler-Lagrange expression of L € C*(J*(R?,R)). Theorem 2.6 in [7] relates the
existence of a multiplier (or zero order operator) to the cohomology of A. In this section we will
prove a generalization of this result and ultimately prove Theorem 1.1. We start with the following.

Theorem 5.1. Let & = r;D. be a variational operator for A = u, — K(t,X,u,uy,...,u,) with
Lagrangian L satisfying (5.1). Then there exists n € Q"1 (J*(R?,R)) such that

dy (Ldt Ndx) = dt Ndx ANO° - E(A) +dym. (5.2)
With 1 : = — J=(R?,R) in equation (2.9) let,
o=dy(1'n) € QY (%™).
Then dgw = 0.

Proof. Suppose € and L are given satisfying (5.1), then using the standard formula in the calculus
of variations (for example equation (3.2) in [2]), we have on account of (5.1)
dy (Ldt Ndx) = dt Adx NO°-E(L) 4+ dyn

0 5.3)
=dt NdxNO°-E(A)+dyn
which shows (5.2).
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By applying t* to equation (5.2) we have
dyt"A =dgt™n. (5.4)
Letting @ = dy1*1n, we compute dy ® using equation (5.4) and get
dy® = dydy1™n = —dydy1*n = —dy (1*dy L)) = —d3(1*A) = 0.

Therefore dgw = 0. O

A formula for @ in terms of € in Theorem 5.1 is given in Theorem 5.2 below. Before giving
Theorem 5.2 we note the following property of variational operators for evolutions equations.

Lemma 5.1. If A = u, — K(t,x,u,uy,...,u,) admits the k™ order variational operator & =
ri(t,x,u,uy, ... )DL, then & is skew-adjoint.

Proof. Suppose &(u; — K) = E(L) then applying I ody to equation (5.2) using d = 0 along with
the property (2.5) for I, we have

Tody (dt NdxN9°-E(A)) =0. (5.5)
With A = u, — K let
K =dy (€(A)) = rD\Di(0°) + uy idy r; — dy (r;DL(K)). (5.6)

so that condition (5.5) gives

20(dt Adx ANO° A K) = dt Adx A0 A (;c— Y (-1)/"DID{(8°-9,,, m) (5.7)
(a./)#(0,0)

In the term d,, ; -} k where Kk is given in equation (5.6) we note that d,,.(r;) =0, d,,;(K) =0,

a > 1, j > 0. Therefore the only possible non-zero terms in the summation term in equation (5.7)
with BMM.J with a > 1, j > 0 satisfy

—Dy(dy, - ) = —D; (ro®°) = — 1%, mod { &/ } ;>0
D.D;(d,,, - k) = DD, (r19°) =D.(r6) mod {®¥/};50  (5.8)
—(=D)*DDy(9y,, 1 &) = —(—1)*DED, (1 9°) = (—1)*DE(re6)) mod { &/ } j>0.

Writing the condition I(df Adx A9 A k) mod {8/} >0 using equation (5.7) and (5.8) gives

k
21(dt Adx ANO° A k) = dt Adx A0 A (n-D;ﬁ, + Z(—Dx)i(r,-ﬂ,)> mod {7} >0

i=0 (5.9)
=dt Ndx NSO N (E(S)+EX (%)) mod {8'};>0.
In order for the right side of equation (5.9) to be zero we must have £* = —&. g
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Theorem 5.2. Let & = ri(t,x,u,uy,...)D., i =0,....k be a k" order variational operator for
A=u, —K(t,x,u,u,...,u,) and let [dy1*n] € H*(%>) from Theorem 5.1. Then the unique repre-
sentative for [dy1*n)| in Theorem 4.1 is

1 | B
o=dxNONe—diNB(e), 8:—51*8(190):—51’1-9’. (5.10)

Proof. Let @y = dyTjp where )y satisfies equation (5.3). We have from equations (5.3) and (3.32)
dy @y = —dydy (i) = dt Adx Ady(9°- E(A))
=dt Adx A\ (DL(A)dyr; ANO° + r:Di(dy A) A ©°) (5.11)
=dt Adx A (DL(A)dyr; ANO° +dy AN (—Dy) (r;9°)) +dpfi

where 7] is given in equation (3.33) and satisfies 1*7} = 0. As remarked in the proof of Theorem 3.1,
the term D.(A)dyr; A9 in (5.11) does not contribute to the form j in equation (3.5). Therefore we
have from equation (5.11) that p in equation (3.5) is,

p = (=Dy)'(r®) = &*(8°).
Since p = % 1*p and € is skew-adjoint we get equation (5.10). O

‘We now come to the last main theorem in this section which proves the converse to Theorem 5.1.
The proof is again a generalization of the argument given in Theorem 2.6 of [7] for the multiplier
problem.

Theorem 5.3. Let (0] € H'2(%*) with representative ® as in equation (4.10) of Theorem 4.2,
W =dyn, where n=dxN0-Q —dtNvy. (5.12)

Let A = Ldt \Ndx satisfying dym = dy A from Lemma 4.1. Then & = ¥y —F¥g is avariational operator
and,

E(A) = (Fp—Fp)(A) =E(QA+L). (5.13)
The proof requires considerable care whether we are working on %> or J*(R?,R), see
Remark 2.1.
Proof. We start by writing ¥ = g6/ in equation (5.12) and define the form 7] € Q"1 (J=(R% R))
given by
i =dxnd°-Q—dt A[g;0] (5.14)

which satisfies 1*fj = 1 in equation (5.12), and where the forms 1/ are defined in (2.1). Now define
the vector fields on J*(R?,R),

T =0, +Kd,+D.(K)d,, +D(K)d

Uxx

+..., V=Ad,+Dx(A)0y,+...,

- (5.15)
X = 9+ 1,0y + 0y, + Dy (K)Oy, + ..., W = D.(A)d,, + D*(A)d,, + ...
so that D; = T +V,D, = X +W. Then with ] in equation (5.14) we have,
dyf) = dt Adx A [D;(8°- Q)+ Dy(g ;07
HT [D;( Q) x(gj ) (5.16)

=dt Ndx A [T (0% Q)+ X (g;00)] +dt Adx N[V (Y- Q) +W(g;07)].
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Since g; = g;(t,x,u,uy,...) then W(g;) = 0, while dt Adx ADy(0/) = dt Ndx AX (/) and V (8°) =
dyA. Equation (5.16) then can be written,

dufi = dt Ndx N [T(Q0°) + X (g;07)] +dt Adx A [8°-V(Q) +dyA- Q). (5.17)
The condition dyn = dy A (on Z) is
dt NdxN[T(0-Q)—X(g,;07)] =dt NdxNO" L,. (5.18)
Now m*dt Adx A 07 = dt Adx A/ (see Remark 2.1), and using the vector fields in (5.15) we have

m*(dyA) = dy (" L) = dy (Ldt A dx),
7 (dt Adx N[T(QO%)] = dt Adx N [T(Q0)] (5.19)
T (dt Ndx N [X (g;07)] = dt Ndx A [X(g;07)]

Therefore applying 7* to (5.18) and using (5.19) we have
dt Ndx N [T(Q0°) +X (g;07)] = dy (Ldt Ndx), (5.20)

The first variational formula for dy (Ldt A dx) on J*(R?,R) applied to the right side of (5.20)
gives

dt Ndx A [T(Q0°) + X (g;07)] = dt Adx N9° - E(L) +du (5.21)
where £ € Q1! (J=(R2,R)). Inserting equation (5.21) into (5.17) we have,
dyf) = dt Adx NO°-E(L)+dt Adx A [0°-V(Q) +dyA- Q)+ dy & (5.22)
The terms dy A - Q in equation (5.22) can be written as
dt Adx A [QdyA] = dt Ndx A [dy (QA) — Ady O] (5.23)

We now apply the integration by parts operator (see equation 2.8 in [2]) and use the first variational
formula for dy (QAdt A dx), in equation (5.23) and get

dt Adx N [QdyA] = dt Ndx AS°[E(QA) — (—=D,) (Q,A)] + du &

=dt Adx N O [E(QA) —Fy(A)] +du 629
Next we expand the term V(Q) in equation (5.22) using V in (5.15) and
V(Q) = D\(A)Q; =Fy(A) (5.25)
Inserting (5.24), and (5.25) into (5.22) and letting f = 51 + Z:’z gives,
dyfi = dt Ndx NO[E(L) +Fo(A) — F(A) + E(QA)] +dp .

This implies dy (7] — &) is a source-form. This is only possible if dy (7] — &) = 0, and so

(Fo —Fo)(A) = E(QA+L),
which is equation (5.13) as required. 0
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Remark 5.1. In general three applications of the vertical homotopy operator are required to deter-
mine A € Q>%(%) from [w] € H'*(%"). The first is to find a representative @ € H'?(%>) with
dy @ = 0 (Theorem 4.2). The second is to find ) such that dyn = ®, and the third is to find A such
that dy A = dgn.

We now have the following corollaries.

Corollary 5.1. Let [®] € H'*(%>) with unique representative ® = dxN\0° Ne —dt \B(€), € =r;0'
as in Theorem 4.1. Then A admits & = —2r;D'. as a variational operator.

Proof. Starting with equation (5.12), Corollary 4.3 implies
1

e=-(Lo—L5)0°=r;6". 5.26

2( 0—Lp) r (5.26)
Equation (5.26) together with the fact Fp = Q;D, gives € = 1*1(Fg — F*Q)(tS‘O) = r'@’, we have
E=F,-Fp= —2r;D! is a variational operator by Theorem 5.3. (]

Corollary 5.2. Let (0] € H'(%#*) with © = dx\0° A (r;0") —dt AB(p) as in Theorem 3.1. Then
A admits

€= (rDy)" — D} (5.27)
as a variational operator.
Proof. By Corollary 4.1 the unique representative @ = dxA\8° Ae —dt AB(€) has € = % (p—p") =

%(riei — (=X7)(r;8°)). Therefore by Corollary 5.1, € in equation (5.27) is a variational operator.
U

Corollary 5.3. If an even order evolution equation u; = K(t,x,u, ... ,uy,) m > 1 admits a varia-
tional operator &, then & = 0.

Proof. Let @ € Q*'(%) be the dy closed form from Theorem 5.2. On the other hand using the
representative for [@] from Theorem 3.1 combined with Corollaries 3.1 and 5.2 implies @ = 0.
Hence € =0. (]

Finally we may also restate Theorem 5.3 without reference to the equation manifold Z* as
follows.

Corollary 5.4. The operator € =r;(t,x,u,uy,...)D., i =0,..., kis a variational operator for u, = K
if and only if there exists Q(t,X,u, Uy, Uyy, . ..) and L(t,x,u, Uy, Uy, . ..) such that

E=F,—-Fp and &(u,—K)=E(Q(uw—K)+L). (5.28)
Lastly we combine the results of Theorems 5.1 and 5.3 to prove Theorem 1.1.

Proof. (Theorem 1.1) We define a linear transformation & : H'"2(%*) — 7,,(A) by using the
unique representative in Theorem 4.1 to be

®([w]) = @ ([dx A 6° Ae—dr AB(e)]) = —2r,D. (5.29)
where € = ;0" and is skew-adjoint. Then Corollary 5.1 shows ®([0]) € ¥,,(A).
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We check ® = &~ !. With & = —2r;D’. a variational operator, let € = r;6'. We have from equa-
tion (1.5) (or Theorem 5.2) and equation (5.29),
Pod(&) =D ([dxn0°Ne—diAB(e)]) =&
and
Do® ([dxN O Ne—di AB(e)]) = D(—2rDL) = [dx A OO Ne—di AB(e)).

Therefore ® in equation (1.5) is invertible with ®in equation (5.29) as the inverse. O

6. Functional 2-Forms, Symplectic Forms and Hamiltonian Vector Fields

In this section we review the space of functional forms on J*(R,R) as in [3], [2] and relate these to
symplectic forms, symplectic operators and Hamiltonian vector fields.

6.1. Functional Forms

On the space J*(IR,R) with coordinates (x,u,u,, ..., u;,...) the contact forms are 8/ = du; — u; . 1dx
and Dy = dy+u 0, + ... ui+ 10y, + ... is the total x derivative operator. Again Q"*(J*(R,R)) denotes
the » = 0,1 horizontal, s > 0 vertical forms on J*(R,R). The horizontal and vertical differen-
tials dy : Q" (J°(R,R)) — Q15(J°(R,R)), dy : Q*(J*(R,R)) — Q1 (J=(R,R)), are anti-
derivations which satisfy

of . . . . .
dy® = dx A\ Dy(o)dx, dvf:a—fe’:fie’, dy0' =dx N0 dy6i =0,
Uj

where f € C*(J*(R,R)), w € Q*(J*(R,R)) and D,(w) is the Lie derivative. Since d = dy +dy
this implies,
dy =0, d2=0, and dydy+dydy =0.
The integration by parts operator I : Q15 (J*(R,R)) — Q15 (J*(R,R)) is

I(X) = 190/\ i(—l)i(Dx)i(auiJ Y), ZeQSU*R,R)) (6.1)
§ i=0

and / satisfies the same properties as in (2.3),
Y =1I(X)+dyn, =1, Kerl = Image dy. (6.2)
The space of functional s forms (s > 1) on J°(R,R), Z*(J*(R,R)) C Q!(J*(R,R)), is
defined to be the image of Q'*(E) under 1,
F5(J°(R,R)) = I(Q"(J°(R,R))). (6.3)
Equation (6.1) applied to Definition 6.3 shows that if £ € #%(E) then there exists o €
QOs=1(J=(R,R)) such that
T=dxA0’Aax. (6.4)
However, not every differential form £ € Q!5(J*(R,R)) written in the form (6.4) is in the space

Z5(J=(R,R)). In the case of .Z2(J*(R,R)) the following is easy to show using the definition of /
in (6.1), see also Proposition 3.6 and 3.7 in [3].
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Lemma 6.1. Let £ € .F%(J*(R,R)), then there exists a unique skew-adjoint differential operator,
8§ = s;D'. such that,

Y =dxnB°AS(0). (6.5)
The differential &y : .7*(J*(R,R)) — .Z5t1(J*(R,R)) is defined by
Sy =Iody: F°(J*(R,R)) — F(I*(R,R)), s=0,...

where we let .Z°(J*(R,R)) = Q'"°(J=(R,R)). This leads to the differential complex
C(J°(R,R)) % 2°°R,R)) ¥ Z!(U°(R,R)) ¥ Z2U°[R,R)) ..., (6.6)

which is exact and is known as the Euler complex, see Theorem 2.7 [2].

6.2. Symplectic Forms, Symplectic Operators, and Hamiltonian Vector Fields

Let I" be the Lie algebra of prolonged evolutionary vector fields on J*(R,R). We begin by recalling
the appropriate definitions (see Section 2.5 [10]).

Definition 6.1. An element ¥ € .#2(J*(R,R)) is a symplectic form on I if £ # 0 and &y (X) = 0.
A skew-adjoint differential operator § = ;D' is symplectic if dx A 8° A 8(8°) is a symplectic form.

Definition 6.1 combined with Lemma 6.1 shows there is a one-to-one correspondence between
symplectic forms and symplectic operators. We now define Hamiltonian vector fields.

Definition 6.2. Let ¥ be a symplectic form. A vector field Y € I" is Hamiltonian if
Sy ol(Y IX) =0. 6.7)
The vector field Y is a degenerate direction if /(Y JX) = 0.

Definition 6.2 is equivalent to  being invariant under the flow of ¥ on .%2(J*(R,R)) as shown
in the following theorem.

Theorem 6.1. Let X be a symplectic form. An evolutionary vector field Y € 1 is Hamiltonian with
respect to ¥ if and only if

Lrx=Ilon'?0 4 1L=0, (6.8)

where £* = Iox"? 0 ¥ is the projected Lie derivative on .#2(J*(R,R)), see Theorem 3.21 in [3].

Proof. Using Lemma 3.24 in [3] and the fact that 6y X = 0, we have
L =Tody(Y JE)+I(Y J6yE) =Tody(Y IX). (6.9)

By the first property in equation (6.2), [ ody ol = I ody, so conditions (6.7) and (6.8) are equivalent
through equation (6.9). O
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We now write out definition 6.2 in a more familiar form. The exactness of the Euler complex
and the condition 8y o I(Y 1 X) = 0 implies there exists A = 2Hdx € .Z°(J=(R,R)) such that

I(Y JX) = 8yA =dx A 68°-E(2H). (6.10)

Writing Y = pr(Kd,) and £ = dx A 8° A§(0°) where 8 = s, D! is a skew-adjoint differential operator,
the left side of equation (6.10) is then

I(Y JX) = I(dx A (s:D(K)0° — K5;0"))
=dxN\0° (s;D\(K) — (—Dx)'(Ks;)) (6.11)
=dxn6°-28(K).

Using this computation in (6.10) shows that condition (6.7) (or (6.8)) is then equivalent to the
following.

Corollary 6.1. Let X be a symplectic form with corresponding symplectic operator 8. The evolu-
tionary vector field Y = pr(Kd,) € T is Hamiltonian if and only if there exists H € C*(J*(R,R))
such that

S(K)=E(H). (6.12)

Corollary 6.1 just shows that Definition 6.2 agrees with the standard symplectic Hamiltonian
formulation for time independent evolution equations [10].

6.2.1. Symplectic Potential

If ¥ is a symplectic form, the exactness of the &, complex implies there exists y € .Z#!(J*(R,R))
such that £ = 8y (y). The functional form y is a symplectic potential for X.

Lemma 6.2. Let ¥ € .Z2(J°(R,R)) be symplectic (and so 8y closed), then there exists a smooth
function P € C*(J*(R,R)) such that

1
Y =dxN0°A8(0°), where $ =5 (Fp—Fp) (6.13)

where Fp = P,~D§c is the Fréchet derivative of P.

Proof. A symplectic potential y € .#!(J(R,R)) for X can be written using (6.4) as
v=dxn6°-P, PcC(J°(R,R)). (6.14)

Writing £ = dy ¥ and using equation (6.14) produces (6.13). U

The Hamiltonian condition on Y € I' in terms of a symplectic potential y is the following.
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Lemma 6.3. The evolutionary vector field Y € I is Hamiltonian for the symplectic form ¥ = Sy y
if and only if there exists A € F°(J(R,R)) such that

iy =38 (6.15)

Proof. Using the exactness of the dy complex we show 5‘/.,?)91// = 0 which is equivalent to equa-
tion (6.15). By Theorem 6.1, Y is Hamiltonian if and only if

0=Lioy=8Ly (6.16)

where we have used ,,%IE oy =0y o .ZIE (Lemma 3.24 [3]). This proves the lemma. O

Using either Lemma 6.3 or equations (6.13) and (6.1) we have the following simple corollary.

Corollary 6.2. Let ¥ be a symplectic form with symplectic potential W = dx A\ 8° - P. The evolution-
ary vector field V = pr(K9d,) € I is Hamiltonian if and only if there exists H € C*(J*(R,R)) such
that
1
2
where ¥p is the Fréchet-derivative of P on J*(R,R).

(Fp—F})(K) = S(K) = E(H) 6.17)

A straight forward computation writing ¥ = dy ¥ classifies the first order symplectic operators,
see also Theorem 6.2 in [10]

Lemma 6.4. An element ¥ € F*(J=(R,R)) of the first order form,
Y=dxA0'ANB"-A AcC(U”(R,R))

is symplectic, if and only if there exists P(x,u,uy,uy) € C*(J*(R,R)) depending on up to the second

order derivative, such that
JoP JoP
A:—Dx< ) (6.18)

Ju, Er

6.3. Time Dependent Systems

Most of the definitions and results from Sections 6.1 and 6.2 extend immediately to the case of time
dependent systems. Let E = R x J*(R,R), and label the extra R with the parameter ¢. The contact
forms are

01 = du; — u;y1dx (6.19)
and we let Qfsi (E) be the bicomplex of ¢ semi-basic forms on E,
QE)={0ecQ¥E)|dJo=0, r=01;5=0...}.
A generic form @ € Qtlsf(E ) is given by

o =dxA(E0LNBL), & eC(E).
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The anti-derivations df; : Q7 (E) — Qf 1175 (E) and dff : Q7 (E) — Qgiﬂ (E) are determined by
db(0) = dx ADy()dx, dE(f) = f:6;, dEeL =0, (6.20)

and satisfy (d5)* =0, (d5)? = 0,d5dE +dbdb = 0. However d # d& + dE . The integration by parts

operator / induces a map I : Q) (E) — Q' (E) having the formula (6.1) and properties (6.2). We
let

F2(E) =1 (QQS;S(E)) . 6.21)

The mapping 87 = Iz odf gives rise to the exact sequence as in (6.6). A form £ € 2 (E) is
symplectic if 67X = 0 and Lemma 6.2 becomes the following.

Lemma 6.5. An element ¥ = dx \ 0 AS(6))) € FZ (E) where 8 = s;D., and s; € C*(E) is sym-
plectic if and only if there exists P € C*(E) such that

1
§=5(Lp—Lj) (6.22)

where Lp = P,-D;.
We use Theorem 6.1 to define Hamiltonian vector fields in this case.

Definition 6.3. An evolutionary vector field Y = pr(Kd,) where K € C*(E) is Hamiltonian with
respect to the symplectic form X € ﬂfb (E) if

LY =Ipon' 2o L E=0 (6.23)

where T = d, +Y and .,Q”Th = Iz o'? 0 % is the projected Lie derivative.

Note that 7' in Definition 6.3 agrees with T in equation (2.10). We can also write condition (6.23)
as follows.

Lemma 6.6. An evolutionary vector field Y = pr(Ka,) is a Hamiltonian vector field for the sym-
plectic form ¥ = dx A\ 0Q A (s:0%) if and only if there exists & € Q¥*(E) such that

720 Lr(dx NO2 A (5i6))) = dx AD,(E) = dEE. (6.24)

Proof. We have kernel Ir = Image d%,, therefore equation (6.23) can be written as equation (6.24).
O

A formula for & in equation (6.24) in terms of p = 5,0/, is given in the proof of Theorem 7.1.
The analogue to Lemma 6.3 also holds in this case where Y is replaced by T'. In order to prove
this we now show the commutation formula in equation (6.16) holds where Y is replaced by T

Lemma 6.7. If y = dx A\ 60 - P where P € C*(E), then £ 8Ey = 6E L.
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Proof. Since T = d; +Y and D%Yu&fl// = 85.,2”51// (Lemma 3.24 [3]), we need to check
b SE,. _ SE
LSy =580 L5 v
We write out both side of this equation. The left side is

1 . . 1 . .
Igorm!? <2dx/\ 02 A [P 0k — (—Dy) (P 93)]) = de/\ B2 A [P 0k — (—Dy) (Ps02)]. (6.25)

The right side is
1 . _
Sy(dx A6 -P) = SdxA 0p A [P0 — (—Dy)'(P,69)] - (6.26)

Since the mixed partials are equal P, ; = P;;, equations (6.25) and (6.26) are equal, which proves the
lemma. U

Lemma 6.8. The evolutionary vector field Y € 1 is Hamiltonian for the symplectic form ¥ = 55 v
if and only if there exists A € F°(E) such that

Ly =8 (6.27)

Proof. Using the exactness of the §F complex we show 8F .ZThl// = 0 which is equivalent to equa-
tion (6.27). By Definition 6.3, Y is Hamiltonian if and only if

h
0= iﬂThZ = B%Th&/?‘l’: & L1y
where we have used Lemma 6.7. This proves the lemma. (]

Using Lemma 6.8 we have the following corollary which is the z-dependent version of Corol-
lary 6.2.

Corollary 6.3. Let ¥ =dxA 92 A S(GEO) be a symplectic form with symplectic potential Y = dx N\
8° - P. The evolutionary vector field Y = pr(Kd,) € I is Hamiltonian if and only if there exists
H € C*(E) such that

1 1

5 (B (Lp—Lp)(K)) = S P+ 8(K) = E(H). (6:28)

Proof. We just need to compute
LHdxNO2-P) =dxA62-P+dx 62 (LpK —LsK) = dx A 62 (P, +LpK — LK)
Using this computation in equation (6.27) with A = 2Hdx gives equation (6.28). (]
The function H in (6.28) is the Hamiltonian.

Remark 6.1. A symplectic form X is ¢-invariant if £ X = 0. In this case X determines a well
defined symplectic form £ on the quotient of E by the flow of 9, ¢ : E — E/J; = J°(R,R) such
that g*X = X. Definition 6.3 where Y and X are ¢-invariant implies Definition 6.2 for £ and ¥ = ¢,Y
and equation (6.28) becomes equation (6.17).
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7. Variational and Symplectic Operator Equivalence

A time independent evolution equation u; = K(x,u,uy,...,u,) is a symplectic Hamiltonian evolu-
tion equation [10] if there exists a symplectic operator & and a function H called the Hamiltonian
such that equation (1.6) holds. With this definition, the determination of the possible symplectic
Hamiltonian evolution equations is typically approached in two ways. The first way consists of
determining the possible symplectic operators of a certain order [10]. Then for a given class of
symplectic operators 8, determine K which satisfy equation (1.6). The second approach starts with
a given K and then determines if there exists a symplectic operator 8 such that equation (1.6) holds.

By comparison Theorem 1.3, whose proof is given in this section, combines these two questions
and resolves the characterization of symplectic Hamiltonian evolution equations by the invariants
H'2(%>). This can simultaneously solve the existence of § and the existence of the Hamiltonian
function H in equation (1.6) as done for the special case given in Theorem 1.4.

7.1. H'?(%) and Symplectic Hamiltonian Evolution Equations

Given a scalar evolution equation u; = K(¢,x,u,uy,...), we identify the manifolds #* and E =
R x J*(R,R) by identifying their coordinates which in turn induces an identification of smooth
functions. Define the projection map IT: T*(%>) — T*(E) by

I1(6') = 6., TI(dx)=dx, TI(dt)=0, (7.1)

where 0’ are given in equation (2.11) and 6% are in equation (6.19). Also denote by I the induced
projection map IT: Q"(%*) — Q. (E) where for example

I (dx A% A (5;8") +dt AB) =dx A B A(si6). (7.2)
Lemma 7.1. The map I1: Q" (%) — Q) (E) is a bicomplex co-chain map,
H(dyow) =d5T(w), T(dyw)=di(w). (7.3)

Proof. Equation (7.3) follows for the case @ = 6’ directly from equations (2.15) and (6.20), and
generically from the anti-derivation property of the operators. U

Lemma 7.2. The function T1: Q12(%>) — Qtlsf (E) induces a well defined injective linear map
II: H'2(%) — Ker 8 C FL (E) defined by

T([0]) = I o TI(®) (7.4)

where @ is a representative of [@).

Proof. To show I is well defined, suppose @ = @ +dy&. Then by equation (7.3) and property 3
in equation (6.2) applied to Ir gives

IgoTI(@) = Iy o (TN @) + T(dy &) = I o (TI(@) + d5 (TI(E)) = Iz o T ).

Therefore I1 is well defined.
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We now show II([o]) is 8 closed. We use equation (7.3) and compute
I odt olp oTI(@) = Ig odf; oTI(@) = Ix o T(dy o). (7.5)

Since dyw € H'3(%>), Theorem 3.2 implies there exists & € Q%3(%*) such that dy 0 = dy& so
equation (7.5) becomes

I odgoIE oll(w) =Igo(dy&) = Ig odﬁon(é) =0.

Therefore T1([®)]) is 8y closed.
We now show IT is injective. Let [®] € H'2(%*) and let ® = dx A 8° A€ —dt A B(€) be the

unique representative from Theorem 4.1, where &€ = ;67 and £* = —e. Then I1([@]) = dx A 62 A
(5:0%), and (s5;0%)* = —(5:0%) since X = Dy. If II([@]) = 0, then 5,6} = 0 and ® = 0. This shows
I([w]) € #Z2 (E) and that IT s injective. O

In particular we have
Corollary 7.1. If [®] # 0 then TI([0)]) € FL(E) is a symplectic form.

We now set out to prove the fact that I in Lemma 7.2 is in fact a bijection which will imply
Theorem 1.2 in the Introduction. We will use the following Lemma.

Lemma 7.3. Let s;,&;; € C*(%*) then

1] dtA ("0 Lr(dxnOp AsiOf)) =dt NLr(dx N 6" As;i0'),

o o (7.6)
2] di Ndx NDy(&;0p N 6%) =dt Ndx NX(&;;0' N 67).

Proof. Since dt A Gé =dt A0 and X = D, these identities follow. U

We now have the main theorem.

Theorem 7.1. Let § = s5;D'. be a skew-adjoint differential operator on E. The form £ = dx A 62 A\
(5;0}.) is symplectic, and Y = pr(Kd,) is a Hamiltonian vector-field for ¥ if and only if

o =dxN68°Ne—ditA\B(e) (7.7)
satisfies dy@ = 0, where € = 8(8°) and B (&) is given in equation (4.1).

Proof. Supposed X is symplectic and Y is Hamiltonian, then Lemma 6.6 produces & = &,;,08 A 9}:1
satisfying equation (6.24). Let
®=dx N0 A (s;0") +dt \(Ep0° N OY). (7.8)
Equations (7.6) and (6.24) give
dp®=dt AT (dx A O° A (5i0')) +dx AX (dt A E,09 N 6P)
= dt AN Lr(dx N\ O2 A (5i0}) +dx Ndt ADy(E.08 N 6R)
— dr A (7:12 o Ly (dx NOLA (5:05)) — dx A Dy(Eap B2 A eg)) —0.

Therefore [@] € H'?(%%). Now Theorem 3.4 implies £,;,0 A 82 = —B(s;0') so that @ in equa-
tion (7.8) and equation (7.7) are the same.

Co-published by Atlantis Press and Taylor & Francis
Copyright: the authors
634



M_.E. Fels and E. Yagsar / Variational Operators, Symplectic Operators, and the Cohomology of Scalar Evolution Equations

Suppose now that @ in equation (7.7) is dy closed. By Lemma 7.2, £ = fl(a)) is a symplectic
form. So we need only show that Y is Hamiltonian. Again we refer to Lemma 6.6 and show the
existence of & = &,,08 A 62 in equation (6.24).

Writing (sl-Gi ) = B0 A 6" and using equations (7.6) we have

dyw =dt NT(dx A 6° A (5:0")) — dx AX (dt AByy0° A 6°)

1,2 0 ; b (7.9)
= dr A (n 26 Ly (dx N OP A (581)) +dx ADy(Bap 8% A eE)) .
This will vanish if and only if
720 Lr(dx N O A (5i0L)) +dx AD.(Buy6f A 62) =0 (7.10)

because this term is # semi-basic. Equation (7.10) produces & = —TI(B(s;0")) = B,,0f A 62 in
equation (6.24) and therefore Y is a Hamiltonian vector field for X. O

We now summarize the results of Lemma 7.2 and Theorem 7.1 by the following corollary.

Corollary 7.2. Let u; = K be an evolution equation, and let Y = pr(Kd,) be the corresponding
evolutionary vector field on E and let 2y (E) C ﬁéb (E) be the subset of symplectic forms for which
Y is a Hamiltonian vector field. Define the function ¥ : 2y (E) — H'“>(%*) given by

W(dxAOp Aeg) = [dxNO° Ae—dt AB(g)], (7.11)

where dx \O2 Neg € 2y (E) with eg = 8(02) and 8 = s;D'. is the corresponding symplectic operator,
and € = 8(0°) = 5;X'(0°). The function ¥ : 2y (E) — H"?(%*) is an isomorphism and ¥ = ¥~!
where W is defined in equation (7.4).

With Theorem 1.1 and Corollary 7.2 in hand the proof of Theorem 1.2 and 1.3 are now easily
given.

Proof. (Theorems 1.2 and 1.3) We start with Theorem 1.2 and suppose that § = s;D%. € 2% (E) is a
symplectic operator for the scalar evolution equation A = i, — K and that Y = pr(Kd,) is a Hamil-
tonian vector field for £. Then with W from equation (7.11) in Corollary 7.2 and & in equation (1.5)
in Theorem 1.1 we have,

o low(s) = —%s,-Di
is a variational operator and so § is a variational operator for A (by the abuse of notation in
Remark 2.1). The fact that ®~! o ¥ is an isomorphism then proves Theorem 1.2.
To prove Theorem 1.3 we identify as above, a symplectic operator & on E as an operator on
Jw(Rz,]R) (see Remark 2.1). The function @ in equation (1.5) defines an isomorphism between
symplectic operators for A and H'?(%). This proves Theorem 1.3. O

As our final Lemma we show for completeness how formula (5.13) can be determined from the
symplectic potential.

Lemma 7.4. Let 8 = s;D’. be a symplectic operator and let yw = dx\ 62 - P € C*(E) be a symplectic
potential. The unique representative for ¥(8) € H'*(%%) in Theorem 5.2 has € = 8(8°). Further-
more there exists a representative @ for ¥(8) where @ in equation (5.12) can be written @ = dyn
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where

N=dxn0"-P—dtNy. (7.12)

Proof. By equation (7.11) of Corollary 7.2 we have the unique representative as stated in the
lemma.

We prove the second part of the lemma by first using Theorem 4.2 to construct a representative
ax for ¥ (8) such that ax = dy 1o with g = dx A 8°- Q —dt A . By equation (4.17) of Corollary 4.3
and equation (6.22) for the operator in the form & = §(8°) gives

1

1
_ * 0
e=5(Lo—Lp)0

::E(LP-L;)GO. (7.13)

Lemma 6.5 and equation (7.13) show vy = dx A 92 - Q is a symplectic potential for & and that
85wy = 8L y. Therefore using equation (6.2) (for Ir) and the exactness of the d% complex,

v = yo+dE(Adx) +d5 € (7.14)

for some A € C*(E) and & € Q"!(E). We then let
N ="no+dyv(Adx)+dgé, and = wy—dydy§, (7.15)
where we are computing dy and dy on Z*. Note that by equation (7.3) and (7.14) we have I1(n) =

v so that 1) has the form in equation (7.12). We then compute using equation (7.15) and wy = dy 1o
that

dyn =dy(Mo+du&) = 0y +dvdué = o,

which proves the lemma. (]

7.2. Time Independent Operators

Equation (1.6) defines when the time independent evolution equation u, = K (x, u, uy, . ..) is a Hamil-
tonian evolution equation with symplectic operator 8. This is precisely the same definition that the
ordinary differential equation K (x,u,uy,...) = 0 admits § as a variational operator. The following
simple lemma is the key to decoupling the variational operator problem for time independent scalar
evolution equations.

Lemma 7.5. Let 8 = s;Dx' be a time independent symplectic operator with symplectic potential
P € C*(J*(R,R)) (equation (6.13) in Lemma 6.2). Then

S(u) =E (—;Put> ) (7.16)
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Proof. By the product formula in the calculus of variations (equation 5.80 in [17]) the left side of
equation (7.16) is

1 .
E <—2PI/£[> = —5 (FPM[ +FZ[P)
1
— L (Fou,—D,P)
% (7.17)
= —5 (F;M[ — PID;M[)
1

= —— (Fpu; — Fpu,).

[\

Equation (7.17) together with the fact from equation (6.13) that 28 (u;) = Fpu, —Fpu, show that the
two sides of equation (7.16) agree. O

We then have the following.

Theorem 7.2. Let S be a t-independent symplectic operator. The following are equivalent,

(1) uy = K(x,u,uy, ... ,upmi1), m> 1, satisfies S(K) = E(H).
(2) 8 is a symplectic variational operator for the ODE K = 0,
(3) 8 is a variational operator for u; = K (see Remark 2.1).

This converts the symplectic Hamiltonian question for the evolution equation into a variational
operator problem for the ODE K = 0.

Proof. Suppose u; = K(x,u, ...,uz,1) is Hamiltonian for the 7-independent symplectic operator 8,
so that §(K) = E(H) on J*(R,R). By definition 8 is a variational operator for the ODE K = 0. So
(1) and (2) are trivially equivalent.

We show (1) implies (3). Suppose that 8(K) = E(H). Using equation (7.17) in Lemma 7.5 we
have

S(u —K) = S(u) — E(H) —E <—;Put —H> ,

where P is a symplectic potential for S (see equation (6.13)). Therefore 8 is a variational operator
for u; — K.

Finally we show (3) implies (1). Lemma 7.4 which allows Q in equation (5.13) to be replaced
with the symplectic potential P so that hypothesis (3) implies,

(Fp—Fp)(u, —K) =E(AP+L) =E(Pu,—PK+L). (7.18)
Substituting from equation (7.17) into equation (7.18) we get
(Fp —Fp)(—K) =E(—PK+L).
Therefore
$(K) = E(2(L - PK)),

and #; = K is a time independent Hamiltonian evolution equation for the symplectic operator 8.
g
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It is worth noting that if [@] € H'?(%>) then [0; - ®]x—o € H'*(K = 0) [5]. That is, in the
time independent case, the form B in Lemma 3.2 (restricted to the ODE K = 0) defines an H?
cohomology class for the ODE K = 0.

8. First Order Operators and Hamiltonian Evolution Equations
8.1. First Order Operators for Third Order Equations
For a third order evolution equation
Ut :K(tyxyuvux;uxx;uxxx> 8.1

we write the conditions for when € = 2RD, + X (R), R € C* (%) is a variational operator. This will
prove Theorem 1.4 in the Introduction.

Proof. (Theorem 1.4) By Theorem 1.1 and Corollary 4.2 the skew-adjoint operator & = 2RD, +
X (R) is a variational operator for (8.1) if and only if the skew-adjoint form € = —RO' — %Ro 6% isa
solution to

~Li(e)A68° = (T(e) — X°(Ks¢) + X*(Ka2€) — X (K1€) + Kog) N 0" =0 (8.2)
where K; = 9,.K. Using T(08°) = dyK = K;0" and T(0') = X (dyK) = X (K;0") we have

T(e)=-T(R)0' — %T(X(R)))OO —RX(K;0") — %X(R)Kiei. (8.3)

The highest possible 87 A 0° term in equation (8.2) using (8.3) is 6*. We find from equation (8.2)
[6* A 6°] = —RK; + RK; = 0.

While for 63 A 0%, 62 A 0° and 6' A 6° we have from equations (8.3) and (8.2),

(03 A 8°] =2X (K3)R — 2K2R + 3K3X (R),
(02 A 8°] = —3X (K>R) +3X*(RK3) + %X(KgX(R)), (8.4)
[0' A 0% =—T(R) —2KoR + KX (R) + %Xz(KgX(R))

+X3(K3R) — X*(K»R) — X (K>2X (R)).

For the coefficient of 83 A 8° to be zero we have from equation (8.4),

2 .
X(R) = %(Kz —X(K3))R = KR (8.5)

where K, = % (K> —X(K3)). The coefficient of 82 A 8° in equation (8.4) is zero on account
of (8.5). For the coefficient of 8' A 8° in (8.4) to be zero gives

3
T(R) = —2KoR+ K1 X (R) + 5X2 (K3X(R)) + X3 (K3R) — X*(K2R) — X (K2 X (R)). (8.6)
Simplifying equation (8.6) using equation (8.5) we get

T(R) = <—2Ko + KK, — % (X (K3)Kj3 + K3K3) +X(K3x(1%2))> R (8.7)
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It follows that a non-vanishing R (which we may assume to be positive) satisfying equations (8.5)
and (8.7), which is necessary and sufficient for the existence of a first order variational operator
for A = u, — K in equation (8.1), is equivalent to A = X(logR) and B = T (logR) satisfying the
conditions in Theorem 1.4. This proves Theorem 1.4. 0

The form x in equation (1.7) for the KdV equation u; = u,y, + uu, satisfies
K= —udt, dyk= —uydxA\dt.

Therefore according to Theorem 1.4 there is no first order formulation for the KdV equation as a
symplectic Hamiltonian evolution equation.

8.2. First Order Hamiltonians Operators and their Potential Form

Let v, = ZoE(H (x,v,vy,...)) be a time independent Hamiltonian evolution equation where & is
a first order Hamiltonian operator. According to [16] or [1] we may choose coordinates (using a
contact transformation) such that = D,. The following is Theorem 1 in [15] in the context of
scalar evolution equations.

Lemma 8.1. The potential form of the Hamiltonian evolution equation,
vi = DyE(H; (x,v,vy,...)). (8.8)
is given by the equation
uy = E(H1)|v=u,- (8.9)
Equation (8.9) admits E = Dy as a first order variational operator, and satisfies
Dy (1~ B(H) o) = E(— St + Hi s, (8.10)
There is an abuse of notation in this lemma where D, is used as the total x derivative operator in

either variable u or v depending on context.

Proof. Starting with equation (8.8), let v = u, so that (8.8) becomes
tx = (DyE(H1)) |v=u, = Dx (E(H1)|v=v,) - (8.11)

Integrating equation (8.11) with respect to x gives the potential form (8.9).
To prove equation (8.10) holds, we simply need the change of variables formula, see exercise
5.49in [17],

E(Hl ’V:”x) = (Dx)* (E(Hl ‘v:ux)) =—D, (E(Hl ‘v:ux))‘ (8.12)

Equation (8.12) together with the simple fact —2E(u,u,) = u;, proves equation (8.10). O

The second term in the right hand side of equation (8.10) is just the pullback of the Hamiltonian
function in (8.8). We also note the following simple corollary.

Corollary 8.1. Every Hamiltonian evolution equation v = Z(E(H;(x,v,vy,...))) with first order
Hamiltonian operator 9 is the symmetry reduction of an equation u; = K(x,u,uy, . ..), of the same
order, which admits an invariant first order variational operator.
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8.3. Bi-Hamiltonian Evolution Equations with a First Order Hamiltonian Operator

We now present sufficient conditions when the potential form of a compatible bi-Hamiltonian sys-
tem admits another variational operator.

Theorem 8.1. Let v, = K(x,v,vy,...) = Dy (E(H,(x,v,Vy,...))) be a Hamiltonian evolution equa-
tion with potential form

Uy = E(H)|yes, . (8.13)

Let 9 be second time independent Hamiltonian operator with Hamiltonian Hy(x,v,vy, . ..) satisfy-
ing,

vi =Dy (E(H1)) = Zo(E(Hp)).
Assume Y also satisfies the compatibility condition (equation 7.29 in [17])
P (E(Hy)) = DE(H,). (8.14)
Then the right hand side of the potential form satisfies
E(E(H)|—1,) = —E(Ha -0, (8.15)

where ?, € = Dy |y—y,. Furthermore if € = P~y is symplectic, then € is a variational operator for
the evolution equation (8.13) and

&(u; — K) = E(Qu; + Ha|y—y,) (8.16)

where Q is defined in equation (5.28) where € = Fj — Fp.

Proof. First we apply € = Z|,—,, to the right hand side of equation (8.13), and use condition (8.14)
to get

E(E(H)v=v,) = (Zo(E(H1)) |y=u,
= (DX(E(HZ)) |v:ux (817)
= _E(H2|V:Mx)'

Again the last line follows from the change of variables formula in the calculus variations (exercise
5.49 in [17]). This verifies equation (8.15). Then by part (1) of Theorem 7.2 equation (8.15) shows
that € is a variational operator for equation (8.13). If Q is the function from equation (5.28) we then
have &(u;) = (F; — Fo)(u;) = E(Qu,) and equation (8.17) that

8(ut_E(Hl)‘v:ux) :E(Qut +H2|v:ux)' (8.18)

O

29, is the push-forward of £ by the quotient map q : (¢,x,u,uy,...) = (£,x,V,vx,...).
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Theorem 8.1 makes the hypothesis that £ = Z|,—,, is a symplectic operator. This holds in the
case of the Hamiltonian operators given by Theorem 5.3 in [10],

v 1 v
Do = h(v) (\/Cl —}—cz/o h(y)dnyo\/cl +cz/0 }l()})dy—i—Di) oh(v) (8.19)

satisfy the compatibility conditions with D, in Corollary 3.2 of [8] when A(v) = (k;v+ky)~'. This
gives

1
kyuy +ky
(8.20)

1 1 1
&= @0|v:ux = m (\/C] + Ek]bt%—i-kguxon \/C] + 2k1u)2c—|—k2ux—|—Di> o
X

which are symplectic [10].

9. Examples
Example 9.1. The Harry-Dym equation z, = 7o [10,21] is @ compatible bi-Hamiltonian system,
2 = ZE(H)) = ZoE(H) (9.1)

where
5 2 2 1 1;2; > 3 3.3 0 1
D1 =z7"0oD,oz ,le—i—,and Dy=zoD;oz’ , Hy=——. (9.2)
z z
The change of variable z = v~! maps the Hamiltonian operator .@1 to canonical form [1,16], and
the Hamilonian operators and the associated Hamiltonians in equation (9.2) become

2
_Lvr
23’

The Harry-Dym equation (9.1) in these coordinates is then,

9,=D,, H = and 9 :v_lDiov_l , Hy=—v. (9.3)

Vo Vix 6V)3€
4

v = DE(H) = Z0(E(Hp)) = 2% —6

6 9.4)

—2=.

1%
The potential form of equation (9.4) is found by letting v = w, and integrating to get (see

also (8.9))

Wiexx 3w)2cx

e 9.5)

Wy = E(Hl ) ’V:WX =

3
Wy

Equation (8.10) of Lemma 8.1 as it applies to the potential Harry-Dym equation (9.5) produces the
following variational operator equation for D,

Wyxx 3W)2(x . 1 1 W}%x
Dx <W[—W3+ 2W§ =K —EWXWI—EVJ% .

X

We now apply Theorem 8.1 to obtain a second variational operator. The compatibility condition
in equation (8.14) is satisfied with the operators from equation (9.3) with

2 (E(H,)) = D:E(H,), where H—lv—%—gv—i (9.6)
0 1)) = D:E(H>), 2535 g :
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The operator % in equation (9.3) is of the form (8.19) so that by equation (8.20)
&= Dlyen, =w, 'D}ow,! 9.7)

is a symplectic or variational operator. Since the compatibility condition in equation (8.14) is satis-
fied and € is a symplectic operator Theorem 8.1 applies. Therefore the operator € in equation (9.7)
is a variational operator for the potential Harry-Dym equation in (9.5). The function Q in equa-
tion (5.28) is easily determined for € (using the fact that —2¢€ is a symplectic operator) to be

2
Wi — WiWix
3
2wy

0= 9.8)
Equation (8.16) with Q in equation (9.8) and H; in equation (9.6) (with v = w,) gives the variational
operator equation for the potential Harry-Dym equation (9.5),

¢ <wt_Wm+ 3W§x) _E (MMQ% _15w;tx> |

3 4 3
wy o 2wy 2wy

If we return to the original coordinates for the Harry-Dym equation and make the change of
variable given by x = u,w = x,w, = u;',... to the potential form in equation (9.5) we get the
Krichever-Novikov equation (or Schwarzian KdV), pg. 120 in [10],

3 2
U = Uy — 5@ 9.9
Uy
In particular the Krichever-Novikov in equation (9.9) is the potential form of the Harry-Dym equa-
tion (9.1). These different coordinate representations of the Harry-Dym equation and the Krichever-
Novikov equation is summarized by the diagram,

— — _ -1
3 (x=ww=x,wy=1u;") W, = s 3wl
t XXX 2 u, w3 2W§
(0= t0,2 = thy, 20 = Uyt ') (x=2x,v = wy) (9.10)

i = ZSZxxx Vi = _vilDi(vig

(x=x,y=z")

The variational or symplectic operators for the Krichever-Novikov equation are obtained by

applying the change of variables x = u,w = x,w, = u, !, ... to D, and equation (9.7) giving the well
known symplectic or variational operators for the Krichever-Novikov equation [10],

1 u 1 u w2 u
-1 —1 XX 3 XX <2 XXX
& =u;'Dyou; = 5D, — 22, o= D} -35Epry (35 D) p 9.11)
ux ux ux ux ux ux
With quotient map q(t,x,u,uy, tyy,...) = (t = t,Xx = U,z = Uy,2c = Uplt; ',...), the operators

from (9.11) project q.€; = Z; to the Hamiltonian operators in equation (9.2).
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We now compute the explicit unique representative for the H'?(%*) cohomology class for the
Krichever-Novikov equation (9.9) corresponding to the first operator in (9.11) (Theorem 4.1). This
is computed using formula (1.4) in Theorem 1.1 to be,

1 Attty — 3u> u 1
O = dxn 070! +din |00 [ et Tt gy 1 gs) L gr o)
: 2u? * + [ 4u? + 2u3 2u? + uz
(9.12)
We have dy @; = 0 and for the forms 1 and A in Theorem 5.3 we may choose
M= ——dxAn 694 di A g = Qe go w1 1 oo
2u, 4u? 2u? 2u,
2 (9.13)
A=
=77 )zc

Likewise formula (1.4) for the second operator in (9.11) gives the unique cohomology representative
(Theorem 4.1),

Uyl — U2 3u 1
D = d. /\90/\ xWxxx xx ol xx92_763 _7dt/\92/\93
W < 2ud 2u} 2u? 2u?
caing'p (gt Mgy Sttt =6 ) 1 g0 o
2u? ul 2ut 22 o1
2u§umxxx _ 18%2‘””””” 12“)6 ot 69qu Uxxx — 39”;46)6 di NOO A 6! ‘
4u®
+df A 60 IOM)%Mxxxx A8ty Uty + 39”)0( 02 3(4uxuxxx — 7l/t)2€x) 63 n 2y 64
4”)56 4”;‘ u)?z :
In this case dy @y # 0, but [@y] = [my] where
“b:db+dH<2 390A9> (9.15)

and dy @y = 0. Furthermore with @y in equation (9.15) the forms 1 and A in Theorem 5.3 can be
chosen to be

no = 2142 ”xuxxxd A 9() 2Lt)2cx - quxxxdt/\ 92 ”xxxx“ 3“x”xx”xxx+uxxdt/\ 91
2u? 2u? 2u}
2 U — 10u§uxxuxxxx—6u5§ U2+ 2Tt e, — 120, g n g ©.16)
4uy
Ao =

8?

For A; in equations (9.13) and (9.16), it is difficult to determine whether [4;] € H>%(%") is trivial or
not (see Theorem A.2). However, it is possible but not easy to show A; # dk; where k; is z-invariant
by using the infinite sequence of conservation laws [10] for the Krichever-Novikov (Schwarzian
KdV) equation (9.9). The forms A; define a non-trivial cohomology class in the 7-invariant varia-
tional bi-complex for (9.9).
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Example 9.2. The Harry Dym equation can be written in the form

v= D (\}) ) ©.17)

where the Hamilonian operators and their Hamiltonians are

1
@0 :Dz y H() = 2\/17 and @1 = 2VDX+VX s H1 = g\f%v}%.

Equation (9.17) is obtained from equation (9.4) by substituting v = —23 V9.
Another potential form (or integrable extension) for the Harry-Dym equation (9.17) can be
obtained by letting v = u,,, in equation (9.17) so that

utxxx — (D)%E(HO)) |V:u);xx7
which after integrating three times gives,

1

Uxxx

U = E(HO)‘v:um =

(9.18)

We show that D? is a variational operator. First using the change of variables formula in the calculus
of variation for v = u,y, (exercise 5.49 [17]) we have

(~DIE(Hp)) = E (Ho|y=,.,) - (9.19)

V=Uxxx

The operator D? is symplectic which together with equation (9.19) shows that D? is a variational
operator for equation (9.18) and giving,

1
D?c (u, —E(Ho) |v:um) = Uz + E (H0|v:um-) =E <_2utuxxx +2y uxxx) .

In equation (8.14) compatibility was used to show the second Hamiltonian operator for a bi-
Hamiltonian equation became a variational operator for the potential form. In order to use a similar
argument in this case we need to show Z,E(Hy) = ZyE(H_;). We find

P, (B(Ho)) = (29D + vy) (\%

In analogy to equation (8.14), this gives rise with H_; = 0 to the variational operator

> =0=2(0). (9.20)

€ = D|v=up = 2UeeDx + txx- (9.21)

Using the fact that operator € in equation (9.21) is a symplectic operator, the compatibility condi-
tion (9.20) gives

€ (ut - E(HO) ‘v:uw() = 2yl + Upprelty — € <E<HO>) ’v:uxxx

1 9.22
=E <2M)2CXM[) . ( )

Equation (9.22) shows directly that € in (9.21) is a variational operator for equation (9.18).
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It is worth noting that £(K) = 0 in this example and that [@] = dy[n] where [n] € H"!(%*).
The representative

1
o=dxN0Ne—dt AB(e) +dy(6° N0 -uy) + gazHodV(uumel — (Ul + Uit 0°)

with € = —1€(0°) = —u, 0" — 1, 0° satisfies @ = dyn where

2 1 2 1
n=dxA 0°. <—3uxuwC — 3uuxxxx> —dt Aﬁ(—guxuxxx — guuxxxx).

Since dyn = 0, [n] € H'(%>). This also produces an example where

2 1
0= _guxuxxx - guuxxxx
satisfies L} (Q) = 0, as well as equation (A.6). By Theorem A.1, Corollary A.1 or Corollary A.3, O
is not the characteristic of a classical conservation law

Example 9.3. The cylindrical KdV equation is (see [21])

1
Vi = Voxx + YWy — % (9.23)
while it’s potential form is
1 u
Uy = Uy + Euﬁ ~ 5 (9.24)
The form « in equation (1.7) in Theorem 1.4 is k =t ~'dt = dy (logt) and so equation (9.24) admits
&1 =1tD; as a variational operator. In equation (5.13) we have Q| = —%tux leading to

1 u 1 1 u 1
&1 (u, — Uy — Eu?c + 2t> =E <—2tux <ut — Uy — Eu,zc + 21) — ntui) .

Note that the Lagrangian on the right side of this equation differs from that in equation (1.3) by a
total divergence.

By solving the equation 6% AL} (g) = 0 from (4.1) for third order forms € we find that equa-
tion (9.24) admits a third order symplectic or variational operator,

1 1
€0 = DY+ 3 (2 s +1x)Dyt ¢ (2 +1).
For €y we have
1
QO = _6 (Z2M)zc +txuy + 3”xxxt2)

in equation (5.13) leading to

1 u 1 u 1
&o (u, — Uyxx — Eui + 2t> =E (QO (ut — Uyxy — Eu)% + 2t> ) (t2ui + 2txu)3€))

If we now compute the reduction of the potential cylindrical KdV by substituting w = /7 u, into
the x-derivative of equation (9.24) we get

Wr = Wy + %wwx = 21(E(Hy)) = 20(E(Hy)) (9.25)
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where

1 1 2w w 1

D =Dy, H = -w>+—w', Q9=D>+-—""D,+——, Hy=-w 9.26
1 X 1 2 X 6 \/ZT 0 X 3 Z’ X 3 \/E 0 2 ( )

Equation (9.25) can of course be obtained from the cylindrical KdV equation (9.23) by the change

of variables w = /1 v. It is unclear (to the authors) if the cylindrical KdV in equation (9.24) is a bi-

Hamiltonian evolution equation for which &, and % in equation (9.26) are Hamiltonian operators.

Reference [21] states there are no Hamiltonians for the cylindrical KdV. It is straightforward to work

out the symplectic or variational operators for the potential cylindrical KdV in these new variables

from equation (9.25) by following Theorem 8.1.

More generally any evolution equation of the form

Uy = Uy —}—a(t)u)zc. (9.27)

admits Dy as a first order variational operator. We find after a long computation that equation (9.27)
admits a third order variational operator in the case where a(#)a(z) # 0 only when

1
=t —m—. 9.28
alt) =+ o==rs ©.28)
1
3 A

_1
For the + sign in equation (9.28), the change of variables ¢t = cl_1 (f—c2), x=1c¢, %, u= %cl i,
takes equation (9.27) with a(z) in (9.28) to the potential form of the cylindrical KdV obtained from
equation (9.25). The same result holds in the other cases with slightly different changes of variable.

10. Conclusions

The determination of a variational or symplectic operator for a scalar evolution equation has been
shown to be equivalent to the non-vanishing of a cohomology class in H'2(%). The arguments
used to prove this clearly extend to other types of differential equations including systems. For
example Theorem 5.1 holds independently of A being a evolution equation and so the variational
operators for A always determine an element of the cohomology H"~!?(%*) as in Theorem 5.1.

There remain many open theoretical questions such as how the compatibility condition for sym-
plectic operators appears in the cohomology. Another interesting problem is to determine under
what conditions the symmetry reduction of a variational operator equation is a Hamiltonian system
(the converse of Lemma 8.1).

Many difficult computational questions have also not been resolved. We were unable to
compute the dimension of H'?(%*) in our examples. Preliminary computations using equation
6° AL;(p) = 0 from Theorem 3.1 suggests that dimH'?(%#>) = 2 for the Krichever-Novikov
equation in Example 1. However we were not able to give a full proof of this fact. We have also
not explored in any detail the obvious generalization of Noether’s Theorem which arises from the
existence of a variational operator or equivalently by utilizing a non-trivial element of H'(%>).
This would provide an alternate derivation for identifying symmetries and conservation laws for
symplectic Hamiltonian systems, see Theorem 7.15 in [17] and [13].

A. The Vertical Differential

The vertical differential induces a mapping dy : H™* (%) — H"**1(%>) defined by dy [0] = [dy o].
Let u, = K be a scalar evolution equation with equation manifold %Z>. We now examine when
[@] € Imagedy .
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Theorem A.1. Let [{] € H"(%*). There exists k] € H'*(%*) such that [{] = dy[K] if and only
if 8y oTI(&) = 0 where T1: Q11 (%~) — Qtls’bl (E) is the induced map from equation (7.1) and { is
any representative of [].

This answers the question of when [{] is the image of a classical conservation law [k]. To relate
Theorem A.1 to the theory of characteristics for a conservation law, suppose [{] € H'1 (%) with
(unique) canonical representative given in Theorem 3.3 by

E=dxN8°-Q—dtAB(Q)

where the function Q satisfies L} (Q) = 0. Theorem A.1 states that the function Q is the character-
istic of a classical conservation law for A if and only if Q = E(L). The test for this condition is the
Helmholtz condition 8 (dx A 62 - Q) = 0.

Proof. Suppose [{] € H'"! (%>) where { = dx A (a;0") —dt A B is a representative, then
Igody oTI(dx A (a;0") —dt AB) =Igody (dx A (a;6f)) = 0.
This implies by equation (6.2),
dx A (a;0%) = df (gdx) + d% (m;6}). (A.1)
Let u = m;0' € Q'9(%>) and
{=C—dup. (A.2)
so that [é:’ | = [£]. Now by equation (7.3), the definition of IT in equation (7.1), and equation (A.1),
T(E) = TU(L) — df o T1() = dx A (@) — dfs (mi6k) = d (gdx) = g0}
Therefore there exists € Q%!(%%) such that,
C=gi0' Ndx—di AP = dy(gdx) —dt AP. (A.3)
Now deVéA' = —dydy § = 0 and therefore from equation (A.3),
dudyC = dt Ndx NX (dyB) = 0. (A.4)

However dy 8 € Q%?(%*) and the only way the contact two form dy 8 satisfies equation (A.4) is if
dy B = 0. This implies from equation (A.3) that dyf] = 0.

Using the vertical exactness of Q"' (%) we conclude there exists k¥ € Q"0(%#*) such that
é = dy k. Now

dvdyk = —dydyx = —dy = 0.

Again by vertical exactness of the (augmented) variational bicomplex for dy : Q>%(%#>) —
Q>1(%>) applied to dy k we have,

dyx = a(t,x)dt Ndx.
Since R? is simply connected we may write

dyx = a(t,x)dt Ndx = d(g(t,x)dx+ h(t,x)dt). (A.5)
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Finally let

Kk =Kk —g(t,x)dx—h(t,x)dt,

so that dy K = dy k = {, and equation (A.5) gives
dyk =dgx —d(g(t,x)dx+ h(t,x)dt) = 0.
Therefore [{] = dy[k] and [K] € H'°(%#™). O

Corollary A.1. Let [{] € H" (%) with canonical representative given by
C=dxnB’-Q—dtNB
where L (Q) = 0 (see Theorem 3.1). Then [{] = dy[k] where [k] € H'Y(%") if and only if the func-

tion Q is in the image of the Euler operator. That is if and only if there exists A(t,X,u, Uy, Uyy,...) €
C*(E) such that Q = E(A).

Corollary A.2. Ifu; = K(t,x,u,...,usy), m> 1 is even order, then every solution Q to L} (Q) =0
is the characteristic of a conservation law.

As is well known, the characteristic of a conservation law is a solution to L}(Q) = 0 but the
converse is not necessarily true. Corollary A.1 identifies the characteristics which come from con-
servation laws. See Example 9.2 for a solution to L} (Q) = 0 which is not the characteristic of a
conservation law.

We now examine the case of H'?(%>).

Theorem A.2. Let (@] € H'*(%"). Then [®] = dy[n] where [n] € H'' (%) if and only if [®)] €
Ker A where A : H'"? (%) — H*>%(%") is defined in equation (4.18).

Proof. Let [@] € H'(%>) with representative ® satisfying @ = dyn and A be as in Lemma 4.1.
That is

[(D] = [dvn} dHT[ = dV}L.
Suppose now that A = dy K so that [®] € KerA. Let ) = ) +dy k. Then
dv] = [dvn], dufy = dun +dudyk = dyA —dyduk =0.

Therefore [] = dy[f)] where [f] € H"'(%"). This proves sufficiency of the condition.
Suppose now that [@] = dy[n] where [n] € H"'(%*). Let @ be the representative such that
® = dy1. By hypothesis dyn = 0 and so for A in Lemma 4.1 we have

dHT] = dv)y =0.
The same argument as in the second part of the proof of Corollary 4.4 implies that there exists
k € Q0(R?) such that A = dy k. Therefore A([®]) = [A] = [dyk] = 0. O

Theorem A.2 is demonstrated in Example 9.2. As a simple corollary to Theorem A.2 we can
identify the elements of H'-!(%>) which are not the image of a conservation law as follows.

Corollary A.3. The map dy : H"' (%) /dy (H'°(%>)) — Ker A is an isomorphism. Moreover, we
can identify n € H"(%>)/dy (H"°(%>)) with the space of functions Q € C*(%*) such that

(Fy—Fo)(u,—K) =E(Q(u; —K)) &/ (dxN6g-Q) #0. (A.6)
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