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In this study, we represent an application of the geometrical characterization of µ-prolongations of vector
fields to the nonlinear partial differential Gardner equation with variable coefficients. First, µ-symmetries and
the corresponding µ-symmetry classification are investigated and then µ-reduction forms of the equations are
obtained. Furthermore, µ-invariant solutions are determined and µ-conservation laws of Gardner equation are
studied.
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1. Introduction

Symmetry group analysis is one of the most efficient methods in the analysis of differential equa-
tions and there are many studies in the literature dealing with the analysis of differential equations
based on Lie symmetries, reductions and invariant solutions [1, 4, 17–20, 22, 25–27]. In addition to
application of Lie point symmetries to differential equations, λ -symmetry approach, which is first
studied by Muriel and Romero [14, 15], plays important role for analyzing the analytical implicit
solutions of ordinary differential equations (ODEs). In the literature, in order to obtain the exten-
sion of λ -symmetries for the case of partial differential equations (PDEs), it can be characterized by
λ -prolongation in J(n)M, where (M,π,B) is the space B of independent variables seen as a bundle
over the space B. Once this characterization is obtained, it is extended to the ordinary differential
equations for the case B = R and to the partial differential equations for the case B = Rp, and then
to the case of systems of PDEs.

Cicogna, Gaeta and Morando [4–6] improved the λ -symmetry approach for PDEs. These sym-
metries are called µ-symmetries and the corresponding conservation laws for µ-symmetries are
called µ-conservation laws. In this approach, for p independent variables x = (x1, . . . ,xp) and q
dependent variables u = (u1, . . . ,uq), µ function is a horizontal one-form µ = λidxi on the first-
order jet space (J(1)M,π,M), where µ is a compatible, that is, Diλ j−D jλi = 0. If µ-prolongation
is applied to differential equations then the determining equations are obtained for µ-symmetries
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and by solving these determining equations, the infinitesimals functions ξ , τ , ϕ and λi are deter-
mined. The application of µ-symmetry approach not only to ODEs but also to PDEs can be seen as
the new application area of the symmetry group theory to differential equations.

In the literature, the Gardner equation was initially discussed by Miura in 1968 [13]. It is known
that the Gardner equation is an extension of KdV equation and it introduces the identical features
of the classical KdV equation, but it expands its order of availability to a larger interval of the
parameters of the interior wave motion for a certain surrounding. The event of shallow-water wave
is governed by Gardner equation, which is the KdV equation with dual power nonlinearity. Exper-
imental investigations have shown that Gardner equation models deep ocean waves rather than
shallow-water waves that is used by KdV equation. It is widely used in various areas of physics,
such that plasma physics, fluid dynamics, quantum field theory, and it is a useful model for the
description of a great variety of wave phenomena in plasma and solid state [2,3]. The µ-symmetries
and µ-conservations laws of the extended KdV equation are investigated in the study [9].

In the studies [11] and [12], Johnpillai and Khalique investigated the optimal system of one-
dimensional subalgebras of the Lie symmetry algebras of the classes

ut +uux +A1(t)uxxx +A4(t)u = 0, (1.1)

and

ut +u2ux +A1(t)uxxx +A4(t)u = 0, (1.2)

where A1(t) and A4(t) represent the dispersion term and the linear damping term, respectively and
u(x, t) denotes the amplitude of the relevant wave mode, which is a function of two independent vari-
ables x and t indicating the space variable in the direction of wave propagation and time parameter,
respectively. Later, the same authors constructed conservation laws for Eq. (1.1) for some special
forms of the functions A1(t) and A4(t). Additionally, Vaneeva [28] examined the variable-coefficient
Gardner equation

ut +A2(t)uux +A3(t)u2ux +A1(t)uxxx = 0, (1.3)

where A2(t) and A3(t) are smooth functions satisfying the condition A1(t).A3(t) 6= 0. Bruzon and
Rosa studied [23] the Gardner equation of the form

ut +A2(t)unux +A3(t)u2nux +A1(t)uxxx +A4(t)u = 0, (1.4)

where n is an arbitrary positive integer. In addition, the Lie point symmetries and the corresponding
conservation laws of the Gardner equation with variable coefficients for n =1 are investigated in the
study [24].

We propose herein a generalized variable-coefficient Gardner equation of the form

ut +A2(t)umux +A3(t)u2nux +A1(t)uxxx +A4(t)u = 0, (1.5)

where m is an arbitrary positive integer. It is known that PDEs with two independent variables can
be reduced to ODEs by using Lie point symmetry groups. If one obtains some solutions for the dif-
ferential equations under the symmetries that leave invariant the equation itself then these solutions
are called similarity solutions, which are invariant under the Lie group of transformations. In the
literature, there are some studies in which exact solutions of PDEs are obtained from the similar-
ity reductions, for example [20, 21]. For the cases of µ-symmetries, µ-reductions and µ-invariant
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solutions, the concept of the infinitesimal symmetry generator and the standard conservation laws
should be redefined by taking account of µ-infinitesimal functions and λi functions [7, 8]. One of
the aims of the present study is also to classify the µ-symmetries of the Gardner equation and
to obtain µ-invariant solutions of the Gardner equation by using µ-symmetries and to determine
µ-conservation laws.

This study is organized as follows. In section 2, we present the fundamental definitions about
µ-prolongation and µ-symmetries. In section 3, we discuss some different forms of the Gardner
equation and the corresponding determining equations. This section also includes different cases
corresponding to different choices of coefficients. Furthermore, µ-symmetries for each different
case are presented. Section 4 presents similarity reductions and some invariant solutions of a gen-
eralized variable coefficient Gardner equation. In the section 5, we examine µ-conservation laws of
the Gardner equation. The last section summarizes some important results in the study.

2. Preliminaries

In this section, we introduce the concept of µ-symmetries for PDEs. Let us consider a space M =

B×U with coordinates x∈ B'Rp and u∈Rq, x is an independent and u is a dependent variable. M
is the total space of a linear bundle (M,π,B) over the base space B. The bundle M can be prolonged
to the k-jet bundle (J(k)M,πk,B), with J(0)M ≡M, the total space of the jet bundle is also called the
jet space. Now we suppose any bundle P, the set of sections of this bundle is denoted by Γ(P) and
the set of vector fields in P by χ(P). And µ = λidxi be horizontal one-form on first-order jet space
(J(1)M,π,M) and compatible with contact structure ε on J(k)M for k ≥ 2, i.e. dµ ∈ J(ε), where
J(ε) is Cartan ideal generated by contact structure ε and λi : J(1)M −→ R. µ-symmetries should
satisfy the compatibility condition, that is Diλ j−D jλi = 0, where Di is total derivative of xi. The
horizontal one-form µ ∈Λ1(J1M) on the vector bundle (M,π,R) is the one-form µ = λ (x,u,ux)dx,
where λ (x,u,ux) : J(1)M −→ R is smooth real function.

Definition 2.1 ([16]). Let us consider x-derivatives of function u in J(k)M. Then one can introduce
a canonical contact conjecture in the jet space J(k)M, that is, the module generated by the set of
canonical contact one-forms υa j := dua

j −ua
j,mdxm.

Definition 2.2 ([7]). Let Y be a vector field on JkM. The vector field Y preserves the contact struc-
ture if LY : ε −→ ε .

Definition 2.3 ([7]). A vector field X ∈ χ(M) can be written as

X = ξ
i(x,u)

∂

∂xi +ϕ
j(x,u)

∂

∂xi . (2.1)

This can be extended to a vector field X(k) in J(k)M by requiring that it preserves the contact
structure. Thus, the vector field in J(k)M can be written

Y = X +
k

∑
n=1

Ψn
∂

∂un

. (2.2)

Definition 2.4 ([7]). Let X = ξ ∂x+η∂t +ϕ∂u be a vector field on M and Y = X +
k
∑

n=1
Ψn(∂/∂un) be

a vector field on JkM. Let λ : J1M −→R be a smooth function. We say that Y is the λ -prolongation
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of X if its coefficients satisfy the λ -prolongation formula

Ψn+1 = ((Dx +λ )Ψn)−un+1((Dx +λ )ξ ), (2.3)

for all n = 0, . . . ,k−1.

Definition 2.5 ([7,8]). Let ∆ be a k-th order ODE for u= u(x), u∈U =R, and let (M =U×B,π,B)
be the corresponding variables bundle. Let the vector field Y in JkM be the λ -prolongation of the
Lie-point vector field X in M. Then we say that X is a λ -symmetry of ∆ if and only if Y is tangent
to the solution manifold S∆, that is, iff there is a smooth function Φ on JkM such that Y (∆) = Φ∆.

We take λ : J1M −→ R, and then the λ -prolongation of a Lie-point vector field in M is a vector
field in each JnM. We can consider λ : JrM −→R, obtaining obvious generalizations of the results.
In this case the λ -prolongations of X would be generalized vector fields in each JnM with n > 0
even if X is a Lie-point vector field. The same procedure can be applied to the µ-prolongation.

Proposition 2.1. The vector field Y ∈ χ(JkM), projecting to a vector field X ∈ χ(M) if and only if
it preserves the contact structure in JkM.

Theorem 2.1 ([7,8]). Let ∆ be a scalar PDEs of order k for u = u(x1, . . . ,xp). Let X = ξ ∂x +η∂t +

ϕ∂u be a vector field on M, with characteristic Q = ϕ−ξ ux− τut and let Y be the µ-prolongation
of order k of X. If X is a µ-symmetry for ∆, then Y : ϕX −→ T ϕX , where ϕX ⊂ JkM is the solution
manifold for the system ∆X made of ∆ and EJ := DJQ = 0 for all J with |J|= 0,1, . . . ,k−1.

3. µµµ-symmetries of Gardner equation

In this section, we study µ-symmetry properties of the Gardner equations with variable coeffi-
cients. To deal with µ-symmetry analysis, the Gardner equation can be considered in different forms
including a general form. For this purpose, we first, deal with the generalized variable-coefficient
Gardner equation of the form

ut +A2(t)umux +A3(t)u2nux +A1(t)uxxx +A4(t)u = 0, (3.1)

where n and m are non-zero integers. To determine µ-symmetries, first µ-prolongation of the vector
field Y is applied to Gardner equation and then the determining equations are obtained. In order to
determine µ-symmetries of PDEs, one can use the similar method as in the case for λ -symmetries
of ODEs. Let us say X be a vector field on M and Y be µ-prolongation of µ = λidxi. When the
µ-prolongation of the vector field Y is applied to the differential Eq. (3.1) and then the determining
equations can be obtained for µ-symmetries and the infinitesimal functions ξ , τ , ϕ , and λi. In
addition, X = ξ ∂x+η∂t +ϕ∂u is a vector field and µ = λ1dx+λ2dt is a horizontal one-form. For λ1

and λ2 functions, the necessary condition to be satisfied is called the compatibility condition, which
is represented by the formula Dtλ1 = Dxλ2. Thus, µ-prolongation of infinitesimal generator X (2.1)
is written

Y = X +ψ
x
∂ux +ψ

t
∂ut +ψ

xx
∂uxx + · · ·+ψ

ttt
∂uttt , (3.2)
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Ö. Orhan and T. Özer / On µ-symmetries, µ-reductions, and µ-conservation laws of Gardner equation

where

ψx = (Dx +λ1)ϕ−ux(Dx +λ1)ξ −ut(Dx +λ1)η ,

ψ t = (Dt +λ2)ϕ−ux(Dt +λ2)ξ −ut(Dt +λ2)η ,

ψxx = (Dx +λ1)ψ
x−uxx(Dx +λ1)ξ −uxt(Dx +λ1)η ,

ψxt = (Dt +λ2)ψ
x−uxx(Dx +λ2)ξ −uxt(Dx +λ2)η ,

ψ tt = (Dt +λ2)ψ
t −utx(Dt +λ2)ξ −utt(Dt +λ2)η ,

ψxxx = (Dx +λ1)ψ
xx−uxxx(Dx +λ1)ξ −uxxt(Dx +λ1)η ,

ψxxt = (Dt +λ2)ψ
xx−uxxx(Dt +λ2)ξ −uxxt(Dt +λ2)η ,

ψxtt = (Dt +λ2)ψ
xt −uxtx(Dt +λ2)ξ −uxtt(Dt +λ2)η ,

ψ ttt = (Dt +λ2)ψ
tt −uttx(Dt +λ2)ξ −uttt(Dt +λ2)η .

(3.3)

Now if we suppose µ = λidxi is horizontal 1-form and V = exp(
∫

µ)X is exponential vector
field, where X is a vector field given by formula (2.1) then the characteristic function is defined as
Q = ϕ−uiξ

i. Thus, one can write

V = exp
(∫

λ1dx+λ2dt
)

X , Q = ϕ−ξ ux−ηut . (3.4)

If the µ-prolongation Y is acted on the Eq. (3.1) and by substituting (−A2(t)umux−A3(t)u2nux−
A1(t)uxxx − A4(t)u) for ut , we can use the property of functional independence of the variables
u(x, t) and its derivatives and rearrange all polynomials, and separate independent functions, and
equate the coefficients of various powers of the variables to zero. As a result, the following over-
determined system of partial differential equations called determining equations are obtained in
terms of η(x, t,u), ξ (x, t,u), ϕ(x, t,u), λ1(x, t,u), and λ2(x, t,u) functions

3A2
1(t)ηu = 0, A1(t)ξuuu = 0, ϕuu = 0,

A1(t)(−3ξu +A1(t)(3ηx(λ1)u +η(3λ1(λ1)u +2(λ1)ux))) = 0,

4A1(t)A3(t)(ηλ1 +ηx) = 0, 6n(λ1)u +u(λ1)uu = 0,

2u2nA3(t)(9nηx +η(9nλ1 +2u(λ1)u)+umA2(t)(9mηx +η(9mλ1 +4u(λ1)u)

+u(4ξ (λ1)u +9λ1ξu−3ϕuu +9ξxu))) = 0,

6n(2n−1)ηx +η(6n(2n−1)λ1 +u(6n(λ1)u)+u(λ1)uu) = 0,

3(m−1)mηx +η(3(m−1)mλ1 +u(3mλ1)u +u(λ1)uu) = 0,

2uA1(t)A3(t)η3(2nA1(t)A3(t)A′2(t)η
2 +A2(t)(−mA1(t)A′3(t)η

2 = 0,

ηA′3(t)+2umA2(t)A3(t)(ηλ1 +ηx +u2nA2
3(t)(ηλ1 +ηx)+A3(t)(ηλ2−λ1ξ +ηt −ξx

+A1(t)(3λ
2
1 ηx +3λ1ηxx +ηxxx +3ηx(λ1)uux +3ηx(λ1)x +η(λ 3

1 +4(λ1)uuxx +(λ1)uuu2
x

+3λ1(ux(λ1)u +(λ1)x)+2ux(λ1)xu +(λ1)xx)))) = 0, (3.5)
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ηA′1(t)+A1(t)(ηλ2−3λ1ξ +ηt +4umA2(t)((ηλ1 +ηx)+4u2nA3(t)(ηλ1 +ηx)−3ξuux−3ξx)

+A2
1(t)(3λ

2
1 ηx +3λ1ηxx +ηxxx +3ηx(λ1)uux +3ηx(λ1)x +η(λ 3

1 +(λ1)uuxx +(λ1)uuu2
x

+3λ1(ux(λ1)u +(λ1)x)+2ux(λ1)xu +(λ1)xx)) = 0,

4(m−5n)nA2
1(t)A

2
3(t)A

′
2(t)−4nA1(t)A2(t)(−3mA1(t)A′2(t)A

′
3(t)+(m−2n)A3(t)(2A′1(t)A

′
2(t)

+A1(t)A′′2(t)))+A2
2(t)(m(4n−5m)A2

1(t)A
′2
3 (t)+(m−2n)2A2

3(t)(A
′2
1 (t)−2A1(t)A′′1(t))

+2m(m−2n)A1(t)A3(t)(2A′1(t)A
′
3(t)+A1(t)A′′3(t)) = 0,

2(m−5n)A1(t)A2
3(t)A

′
2(t)+A2(t)A3(t)((2n−m)A3(t)A′1(t)A

′
2(t)+A1(t)(3(m+2n)A′2(t)A

′
3(t)

+2(m−2n)A3(t)(3nA4(t)A′2(t)−A′′2(t)+A2
2(t)((4n−5m)A1(t)A′23 (t)+(m−2n)2A2

3(t)(A4(t)A′1(t)

+2A1(t)A′4(t))− (m−2n)A3(t)(−A′1(t)A
′
3(t)+A1(t)(3mA4(t)A′3(t)−2A′′3(t))))) = 0.

The standard but somewhat troublesome calculations for above determining equations yield
unknown functions as infinitesimal functions, namely, η , ξ , ϕ of the infinitesimal generator (2.1)
of the form

ξ (x, t,u) = F(x, t),

η(x, t,u) =−

(√
A1(t)

(
c5 exp

(∫ c4 +mA4(t)(2mc2−4nc2−3mt)
2mc2−4nc2−3mt

dt
)) 3n

m−2n

(2mc2−4nc2−3mt)F(x, t)

)
/

(
−2

m
m−2n c1(2c2(m−2n)−3mt)

(
2−

4n
3m c3

(
c5 exp

(∫ c4 +mA4(t)(2mc2−4nc2−3mt)
2mc2−4nc2−3mt

dt
)) 2n

m

(2mc2−4nc2−3mt
m−2n

) 4n−2m
3m
) 3m

2(m−2n)
+
√

A1(t)mx
(

c5 exp
(∫ c4 +mA4(t)(2mc2−4nc2−3mt)

2mc2−4nc2−3mt
dt
)) 3n

m−2n )
,

(3.6)

ϕ(x, t,u) =
(√

A1(t)
(

c5 exp
(∫ c4 +mA4(t)(2mc2−4nc2−3mt)

2mc2−4nc2−3mt
dt
)) 3n

m−2n

u(c4−2m+mA4(t)

(2mc2−4nc2−3mt))F(x, t)
)
/
(

m(−2
m

m−2n c1(2c2(m−2n)−3mt)

(
2−

4n
3m c3

(
c5 exp

(∫ c4 +mA4(t)(2mc2−4nc2−3mt)
2mc2−4nc2−3mt

dt
)) 2n

m

(2mc2−4nc2−3mt
m−2n

) 4n−2m
3m
) 3m

2(m−2n)
+
√

A1(t)mx
(

c5 exp
(∫ c4 +mA4(t)(2mc2−4nc2−3mt)

2mc2−4nc2−3mt
dt
)) 3n

m−2n ))
,
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and the corresponding λ1 and λ2 functions, which satisfy the compatibility condition Dtλ1 = Dxλ2,
are

λ1(x, t,u) =−
(

2
√

A1(t)c1(m−2n)A2(t)1− 3n
m−2n A3(t)

1+ 3m
2(m−2n) Fx(x, t)

−4nA1(t)A3(t)A′2(t)(F(x, t)− xFx(x, t))+2mA1(t)A2(t)A′3(t)(F(x, t)− xFx(x, t)
)

/
(

2F(x, t)
(√

A1(t)c1(m−2n)A2(t)1− 3n
m−2n A3(t)

1+ 3m
2(m−2n)

+2nxA1(t)A3(t)A′2(t)−mxA1(t)A2(t)A′3(t)
))

(3.7)

and

λ2(x, t,u) =
(

8A1(t)2(m−5n)nxA2(t)
3n

(m−2n) A3(t)2F(x, t)A′2(t)
2

+4c1A1(t)
3
2 (m−2n)2A2(t)2A3(t)

2+ 3m
2(m−2n) Ft(x, t)+4nxA1(t)A2(t)

m+n
m−2n A3(t)(

6mA1(t)A′2(t)A
′
3(t)F(x, t)−2A1(t)(m−2n)A3(t)

(
F(x, t)A′′2(t)−A′2(t)Ft(x, t)))

+2mxA1(t)A2(t)2+ 3n
m−2n

(
−A1(t)(5m−4n)A′3(t)

2F(x, t)

−2A1(t)(m−2n)A3(t)(F(x, t)A′′3(t)−A′3(t)Ft(x, t))
)

/
(

4(m−2n)A1(t)A2(t)A3(t)F(x, t)
(
−
√

A1(t)c1(m−2n)A2(t)A3(t)
1+ 3m

2(m−2n)

−2nxA1(t)A3(t)A′2(t)A2(t)
3n

m−2n +mxA1(t)A′3(t)A2(t)
m+n

m−2n

))
, (3.8)

where m 6= 2n, F(x, t) is an arbitrary function and c1, c2, c3, c4 and c5 are arbitrary constants. In addi-
tion, we have following differential relations among the coefficients A1(t), A2(t), A3(t) and A4(t)
for the µ-invariance condition of the Eq. (3.1), which are obtained from solutions of determining
equations,

4(m−5n)nA2
1(t)A

2
3(t)A

′
2(t)−4nA1(t)A2(t)(−3mA1(t)A′2(t)A

′
3(t)+(m−2n)A3(t)(2A′1(t)A

′
2(t)

+A1(t)A′′2(t)))+A2
2(t)(m(4n−5m)A2

1(t)A
′2
3 (t)+(m−2n)2A2

3(t)(A
′2
1 (t)−2A1(t)A′′1(t))

+2m(m−2n)A1(t)A3(t)(2A′1(t)A
′
3(t)+A1(t)A′′3(t)) = 0, (3.9)

and

2(m−5n)A1(t)A2
3(t)A

′
2(t)+A2(t)A3(t)((2n−m)A3(t)A′1(t)A

′
2(t)+A1(t)(3(m+2n)A′2(t)A

′
3(t)

+2(m−2n)A3(t)(3nA4(t)A′2(t)−A′′2(t)+A2
2(t)((4n−5m)A1(t)A′23 (t)+(m−2n)2A2

3(t)(A4(t)A′1(t)

+2A1(t)A′4(t))− (m−2n)A3(t)(−A′1(t)A
′
3(t)+A1(t)(3mA4(t)A′3(t)−2A′′3(t))))) = 0. (3.10)

Therefore, it is possible to carry out a one-type of µ-symmetry classification from Eq. (3.9) and
Eq. (3.10) based on the relations between coefficients A1(t), A2(t), A3(t) and A4(t) of the Gardner
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Ö. Orhan and T. Özer / On µ-symmetries, µ-reductions, and µ-conservation laws of Gardner equation

equation. In addition, the other type of classification is possible with respect to the relations between
parameters m and n in (3.9) and (3.10). From these two equations, it is clear that five different cases
can be considered to examine µ-symmetries for different choice of integer parameters m and n,
which are m 6= n, m = n, m = −2n, m = 5n, and m = (4/5)n since Eq. (3.9) and Eq. (3.10) have
different forms and different solutions for A1(t), A2(t), A3(t), and A4(t) for each case. In this study,
we only examine the µ-symmetry classification with respect to relations between the parameters m
and n. We consider each case in order below.

CASE I: m 6= n. From the mathematical point of view, it is not possible to determine the general
solutions of A1(t), A2(t), A3(t) and A4(t) from Eqs. (3.9) and (3.10). For this reason, we consider
some special chooses of the functions A1(t), A2(t), A3(t) and A4(t). In order to obtain a specific
solution for (3.9) and (3.10), for example, lets choose A1(t) = A1, where A1 is a constant. Under
this consideration, Eq. (3.9) becomes

A2
1(m(4n−5m)A2(t)2A′3(t)

2 +4nA3(t)2 ((m−5n)A′2(t)
2− (m−2n)A2(t)A′′2(t)

)
+2mA2(t)A3(t)(6nA′2(t)A

′
3(t)+(m−2n)A2(t)A′′3(t))) = 0, (3.11)

and Eq. (3.10) is written in the form

A1(4(m−5n)A3(t)2A′2(t)
2 +2A2(t)A3(t)(3(m+2n)A′2(t)A

′
3(t)

+2(m−2n)A3(t)
(
3nA4(t)A′2(t)−A′′2(t)

)
)+2A2(t)2(−5m+4n)A′3(t)

2

+2(m−2n)2A3(t)2A′4(t)− (m−2n)A3(t)
(
3mA4(t)A′3(t)−2A′′3(t)

)
= 0. (3.12)

It is clear that from Eq. (3.11), first, the solution of function A3(t) can be determined and then
the function A2(t) is found from the equation (3.12) as below

A3(t) = c3A2(t)
2n
m

(
c2−

3mt
2m−4n

) 4n−2m
3m

,

A2(t) = c5 exp
(∫ c4 +mA4(t)(2mc2−4nc2−3mt)

2mc2−4nc2−3mt
dt
)
,

(3.13)

where c2, c3, c4 and c5 are constants. From equations (3.6) and (3.13), the corresponding µ-
infinitesimals are written in the following form

ξ (x, t,u) = F(x, t),

η(x, t,u) =−
(√

A1

(
c5 exp

(∫ c4 +mA4(t)(2mc2−4nc2−3mt)
2mc2−4nc2−3mt

dt
)) 3n

m−2n

(2mc2−4nc2−3mt)F(x, t)
)
/

(
−2

m
m−2n c1(2c2(m−2n)−3mt)

(
2−

4n
3m c3

(
c5 exp

(∫ c4 +mA4(t)(2mc2−4nc2−3mt)
2mc2−4nc2−3mt

dt
)) 2n

m
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(2mc2−4nc2−3mt
m−2n

) 4n−2m
3m
) 3m

2(m−2n)
+
√

A1mx
(

c5 exp
(∫ c4 +mA4(t)(2mc2−4nc2−3mt)

2mc2−4nc2−3mt
dt
)) 3n

m−2n ))
,

ϕ(x, t,u) =
(√

A1

(
c5 exp

(∫ c4 +mA4(t)(2mc2−4nc2−3mt)
2mc2−4nc2−3mt

dt
)) 3n

m−2n

u(c4−2m+mA4(t)

(2mc2−4nc2−3mt)F(x, t)
)
/
(

m(−2
m

m−2n c1(2c2(m−2n)−3mt) (3.14)

(
2−

4n
3m c3

(
c5 exp

(∫ c4 +mA4(t)(2mc2−4nc2−3mt)
2mc2−4nc2−3mt

dt
)) 2n

m

(2mc2−4nc2−3mt
m−2n

) 4n−2m
3m
) 3m

2(m−2n)

+
√

A1mx
(

c5 exp
(∫ c4 +mA4(t)(2mc2−4nc2−3mt)

2mc2−4nc2−3mt
dt
)) 3n

m−2n ))
,

where c1 is an arbitrary constant.

CASE II: m = n. To provide specific solutions for the last two equations, we now choose A1(t) =
A1tk, where A1 and k are constants. Under this consideration, Eq. (3.9) gets

−n2t−2+2kA2
1(16t2A3(t)2A′2(t)

2−4tA2(t)A3(t)
(
3tA′2(t)A

′
3(t)+A3(t)

(
2kA′2(t)+ tA′′2(t)

))
A2(t)2 ((−2+ k)kA3(t)2 + t2A′3(t)

2 +2tA3(t)
(
2kA′3(t)+ tA′′3(t)

))
= 0. (3.15)

Similarly, the equation (3.10) becomes

2ntk−1A1(A2(t)A3(t)
(
9tA′2(t)A

′
3(t)+A3(t)

(
(k−6ntA4(t))A′2(t)+2tA′′2(t)

))
−2nt−1+kA18tA3(t)2A′2(t)

2−A2(t)2 (−tA′3(t)
2 +nA3(t)2 (kA4(t)+2tA′4(t)

))
−A2(t)2A3(t)

(
(k−3ntA4(t))A′3(t)+2tA′′3(t)

)
= 0. (3.16)

The solution of (3) is written

A3(t) = c3A2(t)
2n
m

(
c2−

3mt
2m−4n

) 4n−2m
3m

, (3.17)

where c2 and c3 are arbitrary constants. Combining this solution (3.17) with the solution (3), the
corresponding µ-infinitesimals are determined as below

η(x, t,u) =
3A1(c2 + tk+1)F(x, t)

3c1c3
3tk/2

√
A1tk +A1(k+1)tkx

, ξ (x, t,u) = F(x, t),

ϕ(x, t,u) =
A1F(x, t)u

(
(3c2k+(k−2)tk+1)A3(t)−3t(c2 + tk+1)A′3(t)

)
2nt
√

A1tkA3(t)(3c1c3
3tk/2 +(k+1)x

√
A1tk)

, (3.18)

where c1 is a constant.
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CASE III: m =−2n. To consider Eqs. (3.9) and (3.10) together, the function A1(t) can be consid-
ered in the same form with the previous case as A1(t) = A1tk. Hence, Eq. (3.9) gets

−4n2t−2+2kA2
1(7t2A3(t)2A′2(t)

2−2tA2(t)A3(t)
(
−3tA′2(t)A

′
3(t)+2A3(t)

(
2kA′2(t)+ tA′′2(t)

))
A2(t)2 (4(−2+ k)kA3(t)2 +7t2A′3(t)

2−4tA3(t)
(
2kA′3(t)+ tA′′3(t)

))
= 0, (3.19)

and Eq. (3.10) reads

4nt−1+kA1(−7tA3(t)2A′2(t)
2 +2A2(t)A3(t)2 ((k−6ntA4(t))A′2(t)+2tA′′2(t)

)
(3.20)

A2(t)2 (7tA′3(t)
2 +8nA3(t)2 (kA4(t)+2tA′4(t)

)
−2A3(t)

(
(k+6ntA4(t))A′3(t)+2tA′′3(t)

))
= 0.

From the solution of Eq. (3.19), the function A2(t)

A2(t) =
c3t2k

A3(t)(tk+1 + c2)
4
3
, (3.21)

is found, where c2 and c3 are arbitrary constants. If one substitutes the function A2(t) into Eq. (3.20)
and the function A4(t) can be obtained from the solution of Eq. (3.20) in the form

A4(t) =
tk

c2 + t1+k

(
c4 +

∫
1/(2nA2

3(t))t
−2−k(c2k(1+ k)A2

3(t)− t2(c2 + t1+k)(A′3)
2(t)

+tA3(t)(
(

t1+k− c2k)A′3(t)+ t(c2 + t1+k)A′′3(t)
)

dt
)
, (3.22)

where c4 is an arbitrary constant. For this case, from solutions of equations (3.19), (3.20) and (3.6),
µ-infinitesimal functions

ξ (x, t,u) = F(x, t),

η(x, t,u) =
3A3(t)

√
A1tk(c2 + t1+k)(c1 + t1+k)4/3F(x, t)

(1+ k)tkx(c1 + t1+k)4/3A3(t)
√

A1tk +3c1(c2 + t1+k)(A3(t)c2t2k)3/4
, (3.23)

ϕ(x, t,u) =−
√

A1tk(c1 + t1+k)F(x, t)(−(3c2k+(k−2)t1+k)A3(t)+3t(c2 + t1+k)A′3(t)

2ntA3(t)
(
(1+ k)tkx

√
A1tk +3c1(c2 + t1+k)(c2t2k)3/4

) ,

are determined, where c1 is a constant.

CASE IV: m = 5n. For the function A1(t) = A1tk and the Eqs. (3.9) and (3.10) are converted to the
following differential equations

3n2t−2+2kA2
1A2(t)−4tA3(t)

(
−5tA′2(t)A

′
3(t)+A3(t)

(
2kA′2(t)+ tA′′2(t)

))
+A2(t)

(
−3(−2+ k)kA3(t)2−35t2A′3(t)

2 +10tA3(t)
(
2kA′3(t)+ tA′′3(t)

))
= 0, (3.24)

and

6ntk−1A1A2(t)(A3(t)
(
7tA′2(t)A

′
3(t)−A3(t)

(
(k−6ntA4(t))A′2(t)+2tA′′2(t)

))
(3.25)

A2(t)
(
−7tA′3(t)

2 +3nA3(t)2 (kA4(t)+2tA′4(t)
)
+A3(t)

(
(k−15ntA4(t))A′3(t)+2tA′′3(t)

))
= 0.
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Thus, the solution of Eq. (3.24) yields

A2(t) =
t−3k/2A3(t)5/2((1+ k)c2 + t1+kc3)

1+ k
, (3.26)

where c2 and c3 are arbitrary constants. From solution of Eq. (3.25), the function A4(t)

A4(t) =
2nc4tk + tk ∫ (t−2−k(c2k(1+ k)2A3(t)2− t2(c2 + c2k+ c3t1+k)A′3(t)

2/A3(t)2
)

dt

2n(c2 + c2k+ c3t1+k)

+
tk ∫ (tA3(t)((−c2k(1+ k)+ c3t1+k)A′3(t)+ t(c2 + c2k+ c3t1+k)A′′3(t)))/A3(t)2

)
dt

2n(c2 + c2k+ c3t1+k)
, (3.27)

is determined. Substituting Eqs. (3.26) and (3.27) into (3.6) leads to

η(x, t,u) =
3A1(c2 + c2k+ c3t1+k)F(x, t)√
A1tk(1+ k)(3c1tk/2 + c3x

√
A1tk)

, ξ (x, t,u) = F(x, t),

ϕ(x, t,u) =

√
A1tk(c2 + c2k+ c3t1+k)u(x, t)F(x, t)

(
(3c1k(1+ k)+ c2(k−2)tk+1)A3(t)

)
2ntA3(t)(3c1(1+ k)t3k/2(c1 + c1k+ c2tk+1)+

√
A1tk(c2 + c2k+ c3t1+k)c2(1+ k)xtk)

−

√
A1tk(c2 + c2k+ c3t1+k)u(x, t)F(x, t)

(
3t(c1 + c1k+ c2t1+k)A′3(t)

)
2ntA3(t)(3c1(1+ k)t3k/2(c1 + c1k+ c2tk+1)+

√
A1tk(c2 + c2k+ c3t1+k)c2(1+ k)xtk)

, (3.28)

where c1 and c4 are constants.

CASE V: m = (4/5)n. For the same function A1(t) considered above, Eq. (3.9) becomes

−12
25

n2t2k−2A2
1A3(t)

(
35t2A3(t)A′2(t)

2−10tA2(t)
(
2tA′2(t)A

′
3(t)+A3(t)

(
2kA′2(t)+ tA′′2(t)

))
+A2(t)2

(
3(−2+ k)kA3(t)+4t

(
2kA′3(t)+ tA′′3(t)

)))
= 0, (3.29)

and the Eq. (3.10) is written

12
25

nt−1+kA1A3(t)(−35tA3(t)A′2(t)
2 +5A2(t)(7tA′2(t)A

′
3(t)+A3(t)((k−6ntA4(t))A′2(t)+2tA′′2(t)))

+A2(t)2 ((−5k+12ntA4(t))A′3(t)+6nA3(t)
(
kA4(t)+2tA′4(t)

)
−10tA′′3(t)

)
) = 0. (3.30)

Additionally, the solution of Eq. (3.29) leads to

A2(t) =
c3t3k/5A3(t)2/5

(t1+k + c2)2/5 , (3.31)

where c2 and c3 are constants. By substituting A2(t) into (3.30), the function A4(t)

A4(t) =
c4tk + tk

∫ (
t−2−k(c2k(1+ k)2A3(t)2− t2(c2 + c2k+ c3t1+k)A′3(t)

2/2nA3(t)2
)

dt

c2 + t1+k

+
tk
∫ (

tA3(t)((−c2k(1+ k)+ c3t1+k)A′3(t)+ t(c2 + c2k+ c3t1+k)A′′3(t)))/2nA3(t)2
)

dt

c2 + t1+k , (3.32)
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is determined. Finally, the corresponding µ-infinitesimal functions are

η(x, t,u) =
3
√

t(c2 + t1+k)A3(t)F(x, t)

A3(t)t3k/2((1+ k)x+3c1c5/2
3

, ξ (x, t,u) = F(x, t), (3.33)

ϕ(x, t,u) =
tk/2u(x, t)A3(t)F(x, t)

(
(3c2k+(k−2)tk+1)A3(t)−3t(c2 + t1+k)A′3(t)

)
2ntx(1+ k)t3k/2A3(t)2 +3c1c5/2

3 t3k/2A3(t)
,

where c1 and c4 are constants.

In addition to these cases analyzed above, it is possible to investigate the other different forms
of Gardner equations, which are represented in the introduction section. Firstly, we examine Eq.
(1.1) ([11]-[12]) of the form

ut +uux +A1(t)uxxx +A4(t)u = 0.

For Eq. (1.1), by using the same form for A1(t) function, the infinitesimal functions

η(x, t,u) =
(c1−3tA1)F(x, t)

c2− x
, ξ (x, t,u) = F(x, t), ϕ(x, t,u) =

2uF(x, t)
(c2− x)

, (3.34)

are found, where c1 and c2 are constants. Similarly, for Eq. (1.2) of the form

ut +u2ux +A1(t)uxxx +A4(t)u = 0,

the µ-infinitesimals read

η(x, t,u) =
(3t−3t log(t))F(x, t)

c1− x
, ξ (x, t,u) = F(x, t), ϕ(x, t,u) =

(3log(t)−1)uF(x, t)
2c1− x

,

where c1 is a constant. Finally, we deal with Eq. (1.3)

ut +A2(t)uux +A3(t)u2ux +A1(t)uxxx = 0,

and by considering the function of form A1(t) = 1/(a+bt), where a and b are arbitrary constants,
the functions A2(t) and A3(t)

A2(t) =
c5(3log(a+bt)−bc1)

− 2b+b2c1+c3
6b

a+bt
, A3(t) =

c4(3log(a+bt)−bc1)
− b2c1+c3

3b

a+bt
, (3.35)

are determined, where c3, c4, and c5 are constants. Thus, the µ-infinitesimal functions for the equa-
tion become

η(x, t,u) =
(bc1−3log(a+bt))(a+bt)F(x, t)

b(c2− x)
, ξ (x, t,u) = F(x, t), (3.36)

ϕ(x, t,u) =
(c3 + c1b2−2b)uF(x, t)

2b(c2− x)
,

where c2 is a constant.
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4. µµµ-reduction forms and µµµ-invariant solutions of Gardner equation

In this section, we consider µ-reduced forms and corresponding µ-invariant solutions of Gardner
equation by using the µ-symmetries, which are determined in the previous section. In the classical
Lie symmetry group theory, the reduced forms of the original differential equations can be obtained
by using their symmetry groups. In this manner, one can transform a PDE to a ODE after reduction
if the original equation has two independent variables. In the case of µ-symmetries of PDEs the
procedure is similar to the case for the Lie point symmetries of differential equations. To obtain the
µ-reduced forms, we should write the characteristic equation based on the symmetry groups of the
equation for different cases. As the first application to determine µ-reduced forms of the equation,
we consider the case m = n. If the functions A1(t) and A3(t) are chosen as constants and then the
functions A2(t) and A4(t) are determined from the related relations given in the previous section.
As a result, for these infinitesimals for the case m = n, the characteristic equation

dx
F(x, t)

=
(c1c3

2−
√

A1x)dt√
A1(c1−3t)F(x, t)

=
(c1c3

2−
√

A1x)du√
A1uF(x, t)

, (4.1)

is written and then the similarity variable (invariant), which is the new independent variable for the
reduced forms of the original equation is obtained by the integration of the first two terms of the
characteristic equation

ζ =
c1c3

2−
√

A1x
(c1−3t)1/3 , (4.2)

and the other invariant is obtained by the integration of equations of the other terms in the charac-
teristic equation. Thus, the corresponding similarity variable becomes

u(x, t) =
ũ(ζ )

(c1−3t)1/3 . (4.3)

Hereby, if we substitute similarity forms into the original equation, the µ-reduced equation, for
example n = 1,

(1+ c3)ũ(ζ )+(ζ + ũ(ζ )(c2 + ũ(ζ )))ũ′(ζ )−A5/2
1 ũ

′′′
(ζ ) = 0, (4.4)

is found. Here, it is possible to determine other forms of similarity variables and invariants for other
cases of the different choices of m and n.

As the second case, we take m = 5n, A1(t) and A3(t) are considered as constants and thus,
A2(t) and A4(t) are determined and the infinitesimals are found. For this reason, the characteristic
equation becomes

dx
F(x, t)

=
(3c1 + c3x)dt

3(c2 + c3t)F(x, t)
=−(3c1n+ c3nx)du

c3uF(x, t)
, (4.5)

and the first invariant is

ζ =
(3c1 + c3x)3

c2 + c3t
, (4.6)

for n = 1, the other invariant is

u(x, t) =
ũ(ζ )

3c1 + c3x
, (4.7)
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and the corresponding µ-reduced equation reads

c4ζ
2−6c3

3ζ − c3ζ ũ2(ζ )− c3ũ5(ζ ) = 0. (4.8)

As the third case, we consider m = 4/5n, A3(t) is a constant and k = −1, that is A1(t) = A1/t
and the functions A2(t) and A4(t) are determined according to these choices. Hence, one can write
characteristic equation for the infinitesimal functions as below

dx
F(x, t)

=
c1c5/2

3 dt
(1+ c2)F(x, t)

=
2nc1c5/2

3
u(1+ c2)F(x, t)

, (4.9)

which yields the corresponding invariants

ζ = x−
c1c5/2

3 ln(t + c2t)
(1+ c2)

and u(x, t) =
t

ũ(ζ )
. (4.10)

For n = 1/2, the µ-reduced equation form is

ũ3(ζ )+ c4ũ3(ζ )− ũ(ζ )ũ′(ζ )− ũ8/5(ζ )ũ′(ζ )+ ũ2(ζ )ũ′(ζ )

+A1
(
6ũ(ζ )ũ′(ζ )ũ′′(ζ )−6ũ′3(ζ )− ũ2ũ′′′(ζ )

)
= 0. (4.11)

In addition to the previous cases, it is possible to consider µ-reduced equations for other forms
of the Gardner equation. For example, let’s consider Eq. (1.1) and then for the special choices of the
function A1(t), the function A4(t) is determined and the characteristic equation becomes

dx
F(x, t)

=
A1(c2− x)dt

(c1−3A1t)F(x, t)
=

(c2− x)du
2uF(x, t)

, (4.12)

giving the related invariants such that

ζ =
(c1−3A1t)1/3

c2− x
and u(x, t) =

ũ(ζ )
(c2− x)2 . (4.13)

The associated µ-reduced equation for Eq. (1.1) is

24A1ζ + c3 +2ũ(ζ ) = 0. (4.14)

Solving µ-reduced equation and substituting into (4.13) lead to the invariant solution of the form

u(x, t) =
24A2

1t + c3(x− c2)−8c1A1

2(c2− x)3 . (4.15)

We now examine µ-reduced equation for the Gardner equation (1.2). For the special choice of
A1(t), the function A4(t) is determined and the characteristic equation is written

dx
F(x, t)

=
(c2− x)dt

(c1−3t)F(x, t)
=

du
uF(x, t)

. (4.16)

The corresponding invariants

ζ =
(c1−3t)1/3

c2− x
and u(x, t) =

ũ(ζ )
(c2− x)

, (4.17)
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are defined and thus the µ-reduced equation for differential equation (1.2) becomes

6ζ
3 + c3 +ζ

3ũ2(ζ ) = 0. (4.18)

The solution of µ-reduced equation yields the µ-invariant solution of the form

u(x, t) =

√
c3(x− c2)3−6(c1−3t)
(c2− x)(c1−3t)1/2 . (4.19)

Finally, for the µ-reduced equation of the Gardner equation given by Eq. (1.3), we write the
characteristic equation

dx
F(x, t)

=
b(c2− x)dt

(a+bt)(bc1−3ln(a+bt))F(x, t)
=

2b(c2− x)du
(2b− c1b2− c3)uF(x, t)

, (4.20)

thus, the similarity variables are

ζ =
c2− x

(2tc3−3ln(2a+ t))1/3 and u(x, t) = ũ(2c2− x), (4.21)

and the µ-reduced equation for Eq. (1.3) is

ũ′(ζ )(ũ′(ζ )+ζ
4(2+ c3−3ln(2exp2/3−1/3ζ 3

))) = 0, (4.22)

and solving µ-reduced equation, the µ-invariant solution

u(x, t) = c4(2c2− x), (4.23)

is determined.

Remark 4.1. It is important to mention that µ-invariant solutions obtained in this section are both
solutions of the µ-reduced equations and solutions of the original differential equations.

5. Lagrangians and µ-conservation laws

In this section, we deal with the Lagrangian functions of the Gardner equation and the corresponding
µ-conservation laws. It is known that µ-symmetry is defined in the following form

µ = λidxi, (5.1)

where the functions λi are square matrices and it is called M-functions of the dependent variable u
and independent variable x. S∆ is the solution manifold in JrM for given equation ∆ of differential
equation of order r. Thus, X is µ-symmetry of the equation ∆ if Y = X r

M : S∆→ T S∆.

For a function M and one can have the relation M : JrM → R. Under this relation, X is µ-
symmetry of the equation ∆ for the function H that H is µ-invariant under X if Y [H] = 0 and it is
mentioned as the invariance of the level manifolds of H under Y . We now consider the vector fields
X having ξ i = 0 that is Q j = ϕ j thus, it is represented by a standard formulation of the classical
Noether’s theorem. It is clear that these assumptions simplify the procedure. For the applicability of
Noether’s theorem, we need some form of variational structure in the systems. The construction of
the Euler-Lagrange equations characterizes the minimizers of a variational problem.
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Definition 5.1 ([10, 16]). Let Ω ⊂ X be an open and variational problem that consists of finding
maximum and minimum values of

L[u] =
∫
Ω

L(x,u(n))dx. (5.2)

The integrand L(x,u(n)) called the Lagrangian of the variational problem L, is depend on x, u and
derivatives of u.

Definition 5.2 ([16]). We suppose that f (x) is real-valued function and ∇ f (x) is the gradient of
f (x). The change of gradient can be seen by

〈∇ f (x),y〉= d
dε

∣∣∣
ε=0

f (x+ εy), (5.3)

where 〈x,y〉 is the usual inner product. For functional L[u], the gradient is called variational deriva-
tive of L.

Proposition 5.1. Let L[u] be a variational problem. The variational derivative of L is

δL[u] = (δ1L[u], . . . ,δqL[u]). (5.4)

If u is an extremum of L[u], then

δL[u] = 0. (5.5)

Theorem 5.1. If L[u] =
∫
Ω

L(x,u(n))dx is variational problem, then it must be a solution of the

Euler-Lagrange equations

E(L) = 0. (5.6)

Definition 5.3 ([16]). Let

D = ∑
j

Pj[u]D j, Pj ∈A (5.7)

is a differential operator, its adjoint is the differential operator D∗ is

D∗ = ∑
j

Pj[u](−D) j. (5.8)

The differential operator D : A k→A ` has adjoint D∗ : A `→A k, the adjoint of the transposed
entries of D. An operator D is self-adjoint if D∗ = D and it is skew-adjoint if D∗ =−D.

Note that, if P ∈A `, its Frechet derivative has adjoint D∗p : A `→A q.

Theorem 5.2. Let ∆ is the Euler-Lagrange expression for some variational problem L=
∫

Ldx, i.e.
∆=E(L), if and only if the Frechet derivative D∆ is self-adjoint: D∗

∆
=D∆. The function Lagrangian

for ∆ can be found using the formula L[u] =
∫ 1

0 u.∆[λu]dλ .
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Definition 5.4. A standard conservation law is

DiPi = 0, (5.9)

where Pi is a p-dimensional vector and we know that µ = λidxi is a horizontal one-form and it
satisfies the compatibility condition i.e. Diλ j = D jλi. Now, using these property we can define µ-
conservation law for this µ-symmetry [4] as

(Di +λi)Pi = 0, (5.10)

where Pi is a M-vector and it is called µ-conserved vector.

As a result, one can obtain µ-conservation law using the following Theorem:

Theorem 5.3 ([8]). Let X be a vector field and L = L(x,u(n)) be the n-th order Lagrangian. X is a
µ-symmetry for L if and only if the equation has the M-vector Pi and it satisfies the µ-conservation
law (Di +λi)Pi = 0.

Using this Theorem, the M-vector Pi can be found using Lagrangian. Firstly, we suppose
L (x, t,u,ux,ut) is first order Lagrangian, the vector field X = ϕ(∂/∂u) is a µ-symmetry for L .
Then, we can define the M-vector Pi = ϕ(∂L /∂ui). For second-order Lagrangian L and the vec-
tor field X = ϕ(∂/∂u) is a µ-symmetry for L and then, the M-vector

Pi = ϕ
∂L

ui
+((D j +λ j)ϕ)

∂L

ui j
−ϕD j

∂L

ui j
, (5.11)

is a µ-conserved vector.

5.1. Lagrangian of Gardner equation

Now, we consider the Gardner equation given by (1.3)

∆ : ut +A2(t)uux +A3(t)u2ux +A1(t)uxxx = 0,

where A1(t), A2(t) and A3(t) are smooth functions satisfying the condition A1.A3 6= 0. It is a fact
that the Gardner equation does not have standard Lagrangian function itself and the equation has
Lagrangian if and only if its Frechet derivative is self-adjoint. However, the Frechet derivative of
Gardner equation is not self-adjoint since it is of odd order. To prove this fact, let us take the
following Frechet derivative of ∆

D∆ =
d

dε

∣∣∣
ε=0

=
(
(ut +εDt)+A1(t)(uxxx+εD3

x)+A2(t)(u+ε)(ux+εDx)+A3(t)(u2+ε)(ux+εDx)
)
.

The simplification gives

D∆ = Dt +A1(t)D3
x +A2(t)uDx +A2(t)ux +A3(t)u2Dx +A3(t)ux, (5.12)

and then, the adjoint operator becomes

D∗∆ = (−Dt)+A1(t)(−Dx)
3 +A2(t)u(−Dx)+A2(t)ux +A3(t)u2(−Dx)+A3(t)ux. (5.13)

From the equations (5.12) and (5.13), one can say that it is not a variational problem since
it is not self-adjoint, that is D∗

∆
6= D∆. Therefore, the potential form of Gardner equation having
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a standart Lagrangian should be considered. For this purpose, one can consider the differential
substitution u = vx to Eq. (1.3) to write

∆v : vxt +A1(t)vxxxx +A2(t)vxvxx +A3(t)v2
xvxx = 0. (5.14)

This equation is called “the Gardner equation in potential form” having the Frechet derivative
of ∆v of the form

D∆v = Dxt +A1(t)D4
x +(A2(t)vx +A3(t)v2

x)D
2
x +(A2(t)vxx +2A3(t)vxvxx)Dx. (5.15)

Thus, one can see easily that the Gardner equation in potential form is self-adjoint, that is D∗
∆
=

D∆. By the Theorem 5.2, it has a Lagrangian of the form

L[v] =
∫ 1

0
v.∆v[λv]dλ =

1
2

vvxt −
1
2

A1(t)vvxxxx +
1
3

A2(t)vvxvxx +
1
4

A3(t)vv2
xvxx. (5.16)

By reducing the order of Lagrangian, one can write

L[v] =−1
2

vxvt +
1
2

A1(t)v2
xx−

1
6

A2(t)v3
x−

1
12

A3(t)v4
x +DivP. (5.17)

Hence, the Lagrangian of equation ∆v becomes

L =−1
2

vxvt +
1
2

A1(t)v2
xx−

1
6

A2(t)v3
x−

1
12

A3(t)v4
x . (5.18)

5.2. µ-conservation laws of Gardner equation

In order to analyze µ-conservation laws, let us consider the vector field in the form

Y = ϕ∂v +ψ
x
∂vx +ψ

t
∂vt +ψ

xx
∂vxx +ψ

xt
∂vxt +ψ

tt
∂vtt , (5.19)

where

ψ
x = (Dx+λ1)ϕ, ψ

t = (Dt +λ2)ϕ, ψ
xx = (Dx+λ1)ψ

x, ψ
xt = (Dt +λ2)ψ

x, ψ
tt = (Dt +λ2)ψ

t .

In order to determine the µ-conservation forms, we deal with the application of µ-prolongation
of the vector field Y (5.19) to the Lagrangian of the Gardner equation in potential form (5.18) by
considering following two different cases.

Case I: In the first case, the function λi is considered not only functions of x, t, v and but also
functions of the derivatives of v, i.e the function λi can be written as λi = λi(x, t,v,vx,vt), which
is the most general case. In this case, the coefficients of the µ-prolongation of the vector field Y
should be reformulated by considering the dependence of λi functions with respect to the derivatives
of the dependent function. Hence, if the µ-prolongation of the vector field Y acts on Eq. (5.18)
by substituting vt =

(
A1(t)v2

xx−A2(t)v3
x/3−A3(t)v4

x/6
)
/vx and after straight forward but rigorous
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calculations one can get the following determining equation

−1
2

vx

(
λ2(x, t,v,vx,vt)ϕ +(A1(t)v2

xx−A2(t)v3
x/3−A3(t)v4

x/6)ϕu/vx +ϕt

)
−
(1

2
A2(t)v2

x +
1
3

A3(t)v3
x− (A1(t)v2

xx−A2(t)v3
x/3−A3(t)v4

x/6)/2vx

)
(λ1(x, t,v,vx,vt)ϕ + vxϕu +ϕx)

+A1(t)vxx(vxxϕu +λ1(x, t,v,vx,vt)(vxϕu +ϕx)+(λ1(x, t,v,vx,vt)(λ1(x, t,v,vx,vt)ϕ + vxϕu +ϕx)

+vxϕxu + vx(vxϕuu +ϕxu)+ϕxx +ϕ(vxt(λ1(x, t,v,vx,vt))vt + vxx(λ1(x, t,v,vx,vt))vx

+vx(λ1(x, t,v,vx,vt))vx +(λ1(x, t,v,vx,vt))x)) = 0. (5.20)

In this equation, one can consider λi functions as linear in terms of vx and vt since the functions
λi depend on derivatives of v function, which satisfies the compatibility condition Dtλ1 = Dxλ2.
Then, the solution of the determining equation is

ϕ =C(x)exp
(
− v(x, t)−

∫
(h(t)+G′(t)+Kt(x, t))dt

)
, (5.21)

λ1 = vx−
C′(x)
C(x)

+Kx(x, t), λ2 = vt +h(t)+G′(t)+Kt(x, t), (5.22)

where K(x, t), C(x), h(t) and G(t) are arbitrary functions.
Therefore, the Theorem 5.3 yields µ-conservation vectors such that

P1 =−C(x)
6

exp
(
− v(x, t)−

∫
(h(t)+G′(t)+Kt(x, t))dt

)
(

3vt +6A1(t)vxxx +3A2(t)v2
x +2A3(t)v3

x

)
K(x, t),

P2 =−C(x)
2

exp
(
− v(x, t)−

∫
(h(t)+G′(t)+Kt(x, t))dt

)
vx, (5.23)

where v(x, t) =
∫

u(x, t)dx. By considering Noether Theorem for µ-symmetries, one can write µ-
conservation law for the Gardner equation in the following potential form

(Di +λ
i)Pi = (Dx +λ

1)P1 +(Dt +λ
2)P2

=C(x)exp
(
−v−

∫
(h(t)+G′(t)+Kt(x, t))dt

)(
vxt +A1(t)vxxxx +A2(t)vxvxx +A3(t)v2

xvxx

)
= QE(L ). (5.24)

In order to write µ-conservation law for the Gardner equation in its original form (1.3) (not poten-
tial), first, the equation is written in following form

Dx(vt +A1(t)vxxx +
1
2

A2(t)v2
x +

1
3

A3(t)v3
x) = 0, (5.25)

and then substituting u in vx gives

(vt +A1(t)uxx +
1
2

A2(t)u2 +
1
3

A3(t)u3) = R(t), (5.26)
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where R(t) is an arbitrary function. Hence, one can compute µ-conserved vectors in the forms

P1 =−C(x)
12

exp
(
−v(x, t)−

∫
(h(t)+G′(t)+Kt(x, t))dt

)(
6R(t)+6A1(t)uxx +3A3(t)u2 +2A4(t)u3

)
,

P2 =−C(x)
2

exp
(
−v(x, t)−

∫
(h(t)+G′(t)+Kt(x, t))dt

)
u. (5.27)

As a consequence, the corresponding µ-conservation law of the Gardner equation in the original
form is written as

(Dx +λ
1)P1 +(Dt +λ

2)P2

=−C(x)
2

exp
(
− v(x, t)−

∫
(h(t)+G′(t)+Kt(x, t))dt

)
(

ut +A3(t)uux +A4(t)u2ux +A1(t)uxxx

)
= Q∆. (5.28)

Case II: As a second case, we consider the case λi = λi(x, t,v) and then the solution of determining
equation (5.20) yields

ϕ = S(x, t), (5.29)

where S(x, t) is an arbitrary function and it can be shown that it satisfies the condition L [v] = 0.
Firstly, the corresponding λ1 and λ2 functions

λ1 =−
Sx(x, t)
S(x, t)

, λ2 =−
St(x, t)
S(x, t)

, (5.30)

are determined. It is clear that λ1 and λ2 satisfy the compatibility condition. Then, µ-conservation
vectors Pi

P1 =−1
6
(3vt +6A1(t)vxxx +A2(t)3v2

x +2A3(t)v3
x)S(x, t), P2 =−vx

2
S(x, t), (5.31)

are obtained and the corresponding µ-conservation law for the potential form

(Di +λ
i) = (Dx +λ

1)P1 +(Dt +λ
2)P2

= S(x, t)(vxt +A1(t)vxxxx +A2(t)vxvxx +A3(t)v2
xvxx)), (5.32)

is found. Similar to the first case, µ-conservation vectors for the original Gardner equation is deter-
mined in the following form

P1 =− 1
12

(
6A1(t)uxx +3A2(t)u2 +2A3(t)u3 +6H(t)

)
S(x, t), P2 =−u

2
S(x, t), (5.33)

where H(t) is an arbitrary function. Finally, µ-conservation law of the original Gardner equation is
of the form

(Dx +λ
1)P1 +(Dt +λ

2)P2 = S(x, t)(ut +A2(t)uux +A3(t)u2ux +A1(t)uxxx) = Q∆. (5.34)

Remark 5.1. It is also important to express that the µ-conservation laws of the Gardner equations
with variable coefficients obtained in this section are new. In addition, the corresponding conserva-
tion laws of the Gardner equations with variable coefficients are obtained in two different forms by
using µ-symmetry approach for the first time in the literature.
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6. Concluding Remarks

In this study the concept of µ-symmetry is represented to analyze µ-symmetry classification, µ-
reductions, µ-invariant solutions, and µ-conservations laws of nonlinear partial differential Gardner
equation with variable coefficients. The important object in this method is a horizontal one-form µ =

λi(x,u,ux)dxi, which must satisfy compatibility conditions. Firstly, some important properties of µ-
symmetries are presented. Then we show that the method of µ-reduction can also be interpreted
in terms of the formulation of the Noether theorem when µ-symmetries are considered to find the
invariant solutions of partial differential equations, which are called µ-invariant solutions. In this
view, we investigate µ-symmetries for different cases of equation parameters, namely m and n,
µ-reduction forms and some invariant solutions of the Gardner equations.

Furthermore, we analyze µ-conservation laws of Gardner equation. It is known that Gard-
ner equation does not have standard Lagrangian function itself. We know that the equation has
Lagrangian if and only if its Frechet derivative is self-adjoint. In addition, the Frechet derivative of
the equation is not self-adjoint since it is of odd order. However, the equation in potential form is
self-adjoint that is D∗

∆
= D∆ that this means it has a Lagrangian.

The µ-conservations laws of the Gardner equation in potential form are considered in two dif-
ferent cases. Firstly the new conservation law is determined by considering the dependence of λi

functions with respect to the derivatives of the dependent function that is λi = λi(x, t,v,vx,vt), which
is the most general case. For this case, µ-conservations laws are determined not in the potential form
but also in the form of original variables. As a second case, the function λi is considered only func-
tions of x, t, and v variables. In this case, we also obtain new conservation laws of the equation both
in the potential form and in the form of the original variables. We show that the both conservation
laws corresponding to these two cases have different forms.
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