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Abstract 

This work has been focused in the applica-

tion of Gustafson- Kessel Algorithm in a 

complex system through a methodology 

proposed. The complex system here consid-

ered will be the financial market. So, the 

main objective of this paper is to classify ob-

jects in two patterns: winner and loser. The 

methodology is based on application of a 

method of clustering called Modified Gus-

tafson-Kessel (MGK) in some open compa-

nies of the transportation sector and energy 

sector. Results shows that the use of MGK 

can better separate the promising actions 

from the non-promising ones with more pre-

cision due to its covariance matrix that can 

be change for generate the best separability 

among clusters. This produces a new tool 

for analysis of the dynamic of stock market 

with the main aim of given support to inves-

tor in make decision. 

Keywords: Fuzzy c- Means Algorithm, 

Gustafson- Kessel Algorithm, Stock Classi-

fication, Pattern Recognition 

 

1    Introduction  

A complex system can be understood as a collection 

of many interdependent parts that contain an interation 

with each other through nonlinear collaboration. As 

example of complex system can be mentioned the hu-

man brain, the weather, economy and financial mar-

kets. In fact, the financial market is a non-linear and 

time-variant system, and can belongs to regions of sta-

bility and instability influenced by many variables 

such that: optimism and pessimism of the investor, 

news, financial indicators, etc. Thus, the financial 

market is a complex system and requires many math-

ematical models to understand it and to help investors 

in the risk analysis, financial forecast, make decision, 

formation of portfolio. There are several papers that 

deal with these issues, developing models for portfolio 

formation as can be seen in [1], [2] and [3], among 

others. 

Obviously, for this complex system, several tools 

were developed in theories of administration and eco-

nomics with the aim of modeling this market [4], [5]. 

However, a few years ago, the techniques used in en-

gineering, especially those related to artificial intelli-

gence, have been widely applying in the financial mar-

ket. In [3], the authors developed stock classification 

model using the fuzzy clustering algorithm called 

fuzzy c-means. Among other studies, it is worth men-

tioning [6] where the theory of genetic algorithm was 

utilized in the financial market, also in [7] the authors 

use neural networks. 

In this way, in this work will be utilized, for the stock 

classification of the financial market, Gustafson-Kes-

sel Modified Algorithm (MGK). Since the FCM was 

already used for this purpose, as can be seen in [3], the 

main objective here is to apply the same technique 

proposed in [3], using GKM algorithm. The method-

ology adopted will be the same as in [3], using real 

data of stock market from 2011 to 2016. 

It is expected that application of GKM algorithm in 

stock market can produce better results than FCM al-

gorithm, since GKM seems to have more flexibility in 

regarding to FCM, which can significantly improve 

the selectivity of stocks and the accuracy of the results. 

2    An Overview 

Clustering analysis is the formal study of algorithms 

and methods for grouping or classification of objects. 

The fuzzy c-means [8] and Gustafson-Kessel Modi-

fied [9] algorithms are very useful tools to accomplish 

this grouping, defined by the similarity between some 

features related to these objects. 

There are basically two grouping techniques: hierar-

chical and partitional. The hierarchical is commonly 

used in the biological sciences and represented by a 

tree based in features of the objects, known as a den-

dogram, which allows visualization of the groups and 

their relationships. On the other hand, partitioned 

grouping is based on the representation of the data 

through its characteristics arranged in scattered form. 

To facilitate this study, a pattern matrix containing the 
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database is formed, where each of the n objects is rep-

resented by a set d of features. Each row of the matrix 

defines an object and each column is associated with 

a specific feature, thus forming an array of dimensions 

n x d [10], [11]. 

The goal is to determine a number of clusters, so that 

objects within a group are more similar than objects in 

other groups. This similarity is based on the distance 

between objects with respect to a center (called the 

cluster center), that is, as smaller the distance between 

an object and a center, higher will be the membership 

degree of this object in regarding to this center. 

As an example, two hypothetical groups obtained 

through of this grouping is presented at Figure 1. 

 
Figure 1 – Hypothetical Clusters of 2 dimensions 

 

As can seen in Figure 1, each group or cluster is rep-

resented by a center V, and surrounded by some ob-

jects. The center V can be understood as a reference to 

other objects. That is, the center is responsible for rep-

resenting all the objects present in the cluster. 

It is worth remembering that in this traditional group-

ing, each object belongs exclusively to a single group. 

In the case of a fuzzy grouping, each element belongs 

to more than one group simultaneously but with dif-

ferent degrees of similarity. The distances of each ob-

ject in regarding to each center will determine these 

degrees of similarity, so that the smaller the distance 

of an element in regarding to a center, greater the de-

gree of similarity between this object and the corre-

sponding group. 

The clustering algorithms based on fuzzy logic theory 

are direct modifications of the partitioning algorithms 

with the quadratic error criterion. 

The fuzzy set theory [12] has as one of its main char-

acteristics the fact of allowing intermediate values to 

be defined between the conventional values as true or 

false, hot or cold, etc. 

According to [13], fuzzy logic is a tool able of captur-

ing vague information, generally described in natural 

language, and converts them into a numerical, easy-

to-manipulate format. 

Thus, analyzing the variables from this perspective, 

unlike the classical set theory, where objects belong or 

not to a set, that elements have similarity degrees as-

sociated with each one of the groups. 

We can describe the membership grade as a measure 

of similarity, proximity or compatibility between two 

elements. Mathematically its definition is formulated 

as follows: 

Let X be a collection of objects � � ���, ��, … , �	
, � � ���, ��, … ��
 a subgroup of X. and 0 ������� � 1, � � 1,2, … � e � � 1,2, … �, such that all � � 1,2, … �, the equality ∑ ���������� � 1. So, ������ 

is called the membership grade (or degree of similar-

ity) of the element �� in regarding to the subset ��. 
Among the techniques for grouping or fuzzy classifi-

cation of elements into subsets of a given set, fuzzy c- 

means (FCM) algorithm is very efficient, as well as 

being used as a framework for the formulation of other 

algorithms. 

The algorithm that implements FCM forms its parti-

tions by minimizing the following objective function: 

��� �� !������"�  $�� % &�'�(
	

���

�

���
 (1) 

where �� representes the elemento j, &� representes the 

center of clusters and � ∈ *1,∞, is the weighting ex-

ponent. 

It’s an optimization problem and can be solved 

through of equations (2) and (3) and following steps 1 

to 4 [11].  

 

&� � ∑ !������"� ��	���
∑ !������"�	���

     � � 1, . . � (2) 
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(3) 

Step 1: Start a membership grades matrix, so that 8 �� 9��,�
��� � 1  

Step 2: Calculate the centers through equation (2); 

Step 3: Recalculate, through equation (3), the new 

membership grades matrix using the center vectors 

obtained in step 2; 

Step 4: Repeat steps 2 and 3 until the value of the ob-

jective function, equation (1), no longer decreases, ac-

cording to the precision adopted. 

However, in 1979 a work was published proposing a 

modification for the traditional Fuzzy c-Means Algo-

rithm (FCM). The modification described in this work 

was entitled Gustafson-Kessel (GK), due to name of 

its authors [15]. 

In FCM algorithm is utilized Euclidean distance be-

tween each object and each center, while that in GK 
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algorithm is utilized the Mahalanobis  distance, which 

implements a covariance matrix among the attributes 

available in the database. This matrix has the function 

of calculating the relation between the different prop-

erties, in order to allow better flexibility in the for-

mation of each cluster [14]. 

The covariance matrix allows the Gustafson-Kessel 

algorithm to find clusters of independent geometric 

shapes, that is, each group has its own dimensional 

features. Therefore, the results generated by the GK 

algorithm can be better than FCM algorithm. 

However, some numerical problems occur frequently 

when GK is applied in its standard form and the num-

ber of samples is small or when data within a cluster 

is practically linearly correlated. 

Considering this limitation of the GK algorithm, a 

method was proposed to overcome this problem, 

which was called Modified Gustafson-Kessel (MGK). 

Such modification can significantly improve the per-

formance of the GK algorithm [9] 

The GKM algorithm also follows the principle of op-

timization of a similar function to that proposed by the 

FCM algorithm, given by: 

 

: �  ��9��1,�
;

1��
<��1=�

>

���
 (4) 

 

with <�1=�� � �?1 % @�9A,�B���?1 % @�9A,� 

being the distance between the element I and cluster 

k, weighted by matrix �� 
Where N represents number of companies, K repre-

sents the number of clusters, ��1 is the membership 

grade of each object (company) k in regarding to each 

cluster and D is a distance, which produces clusters 

with different shapes. The equations (5), (6) and (7) 

are the base of the algorithm [9]. 

 

@�9A, � ∑ 9��19A0�,,�;1�� ?1∑ 9��19A0�,,�;1��
    � � 1,2, . . C (5) 

 

D� � ∑ 9��19A0�,,�9?1;1�� % @�9A,,9?1 % @�9A,,B
∑ ���19A0�,��;1��� � 1,2, …C          

 
(6) 

 D�	EF � 91 % G,D� + GIJK9DL,�/	N (7) 

Where γ∈ [0,1] is a control parameter and DL is the 

covariance matrix of the entire data set. Depending on 

the value of γ, the clusters are forced to become more 

or less similar in their form. 

Then eigenvalues O�� and eigenvectors P��   are ob-
tained from D�	EF . Find O� �^_ =  �`��  O��  and set 

O�� = ab cde
f     ∀�, hJijkK��l ab cde

abm
 > o, and obtain 

the reconstruct D� by 

 

D�� = *p�� … p�	qI�l9O��, … , O�	,*p�� … p�	q0�     (8) 

 

Briefly the GKM algorithm can be executed thought 

the following steps: 

 

Step 1: Initialize a merbership grades matrix, so that 

∑ ��1>��� = 1. 

Step 2: Calculate the centers of the each cluster 

through equation (5). 

Step 3: Calculate the cluster covariance matrices 

through equations (6) - (8). 

Step 4: Calculate the distances through equation (9) 

given by. 

 

<�1=�� = �?1 − @�
9A,�B rs�IJK9D�,�

	D�0�t �?1 − @�
9A,� 

� = 1,2, … C        u = 1,2, … v 

(9) 

 

Step 5: Update the membership matrix through equa-

tion (10) using the distances obtained in step 4. 

 

��1
9A, = 1

∑ w<�1=�<�1=�
x

�
�0�>���

 

� = 1,2, … C        u = 1,2, … v 

(10) 

Step 6: Repeat steps 2- 5 until objective function 

shown in equation (4) not more decrease. 

The application here considered has as fundamental 

base the modified Gustafson- Kessel algorithm and 

possess two main stages: pattern recognition and stock 

classification. 

3    METHODOLOGY  

In this section will be introduced the methodology 

used for stocks classification using Modified Gus-

tafson- Kessel Algorithm (MGK). So, the methodol-

ogy is based on techniques of pattern recognition and 

has as fundamental base the GKM algorithm, where 

the features or information of each stock are financial 

indexes of some companies. These indexes were col-

lected quarterly from the Economatica database [16] 

from the first quarter of 2011 to the third quarter of 

2016. 

 Four indexes were selected, and considered the most 

significant because they have a strong relationship 

with the financial return of the stocks: Net Margin, 
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Price on Profit, Price on Net Asset Value and Net Debt 

on Shareholders' Equity [3]. 

In this first stage, the aim is to separate the data into 

two groups: a promising group, which will produce a 

greater financial return, and an unpromising group, 

which will produce a lower financial return. In this 

first stage, was considered the total period from 2011 

to 2014. 

During this stage of pattern recognition, the total pe-

riod was divided into quarterly subperiods, t = 1,2, ..., 

i. For the quarter t, GKM algorithms was applied, in 

order to separate the stocks into two different groups.  

In each quarter t, the algorithms was applied to the 

pattern matrix M, of dimension n x d, where each n 

rows corresponds to one company, and each d col-

umns corresponds to the financial indexes related to 

the company. Then, after some iterations, two groups 

were formed and, for each cluster was calculated the 

average financial return produced. The group that pro-

duced a higher average financial return is called here 

a good group, classified in the promising stock group, 

and the one that produced the lowest average financial 

return is called bad group and classified in the group 

of non-promising stocks. Figure 2 summarizes this 

first stage for a quarter t. 

 
Figure 2 – Stocks Pattern Recognition 

 

This procedure was applied on 15 quarters, from 1yz 

quarter of 2011 to 3|} quarter of 2014, generating two 

patterns: a promising pattern and another pattern 

called no promising. 

In the second stage, with the patterns founded in the 

first stage, the stocks were classify from 1yz quarter of 

2015 to 3|} quarter of 2016. Each quarter considered 

in the first stage produced two center vectors: a prom-

ising center vector e an unpromising center vector. In 

other words, there are 15 winner center vectors 9@F, 

and 15 loser center vectors 9@~, generating a matrix 

of center vectors V given by: 

� =
⎣
⎢
⎢
⎡ @F�.

@~�..
.

@F��

.

.
@~��⎦

⎥
⎥
⎤
 

In this matrix V was applied the GKM algorithm and 

obtained only one promising center vector and one un-

promising center vector, which are called winner cen-

ter vector and loser center vector, respectively. 

After this, considering the period from 2015 to 2016, 

in each quarter t was calculated Mahanalobis distance 

between each stock and each center of centers through 

equation 9 and consequently the membership grade 

correspondent through equation 10. The stocks with 

higher membership grades in regarding to winner cen-

ter vector were classify as winner stocks and stocks 

with higher membership grades in regarding to loser 

center vector were called as loser stocks. This suggests 

two portfolios: a winner portfolio and a loser portfolio. 

The figure 3 shows the procedure adopted in the sec-

ond stage. 

 
Figure 3: Stocks Pattern Classification 

 

Where Ii� is the distance between a stock and win-

ner center vector and Ii� is the distance between a 

stock and winner center vector. 

This procedure was applied in each quarter from 2015 

to 2016 producing in each quarter a winner portfolio 

and a loser portfolio. 

4    RESULTS 

For the application of the methodology presented 

above the two sectors of stocks were considered sepa-

rately: stocks of the transportation sector and energy 
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sector. This make decision to analyze the sets sepa-

rately because the joint analysis of stocks of different 

sectors is not recommended when financial indices are 

used (Matarazzo, 2010).  

In order to obtain the results, Table 1 shows the appli-

cation of the GKM algorithm in data of the stocks of 

the energy sector in the 1yz quarter of 2011, while ta-

ble 2 shows the financial return of each stock in the 

2nd quarter of 2011.  

Companies 
 Membership Degrees 

 �� �� 

AES Elpa 1 0,973 0,027 

Celesc 2 0,920 0,080 

Cemar 3 0,010 0,990 

Cemig 4 0,002 0,998 

Cesp 5 0,640 0,360 

Coelba 6 0,009 0,991 

Coelce 7 0,498 0,502 

Copel 8 0,917 0,083 

CPFL Energia 9 0,086 0,914 

Eletrobras 10 0,983 0,017 

Eletropaulo 11 0,970 0,030 

Energias BR 12 0,931 0,069 

Energisa 13 0,116 0,884 

Engie Brasil 14 0,244 0,756 

Equatorial 15 0,010 0,990 

Light S/A 16 0,197 0,803 

Taesa 17 0,657 0,343 

Tran Paulist 18 0,797 0,203 

Table 1 – Membership Matrix  1yz  quarter 2011 

 

Companies  Financial Return [%] 

AES Elpa 1 12,32 

Celesc 2 -4,86 

Cemar 3 8,37 

Cemig 4 7,37 

Cesp 5 0,38 

Coelba 6 0,00 

Coelce 7 9,38 

Copel 8 -4,97 

CPFL Energia 9 -1,76 

Eletrobras 10 -1,71 

Eletropaulo 11 8,63 

Energias BR 12 -1,46 

Energisa 13 27,66 

Engie Brasil 14 0,52 

Equatorial 15 8,16 

Light S/A 16 10,86 

Taesa 17 28,52 

Tran Paulist 18 -0,34 

Table 2 – Financial Return 2	} quarter 2011 

 

Table 1 shows nine companies with a higher member-

ship degree in regarding to cluster 1 and nine compa-

nies with a higher membership degree in regarding to 

cluster 2 on 1st Quarter 2011. Table 2 shows the fi-

nancial return of each company in the second quarter 

of 2011, so that the financial return of each cluster was 

calculated: for cluster 1 2.945% and for cluster 2 

7.803%. Then, cluster 2 produced an average financial 

return greater than cluster 1 and can be called a good 

or promising cluster or winner cluster. 

This procedure was repeated for all quarters, from the 

1st Quarter of 2011 to the 3rd Quarter of 2014, obtain-

ing, in this way, the promising group and the no prom-

ising group for each quarter. 

Figure 4 shows the financial return generated by the 

promising and unpromising groups during these fif-

teen quarters analyzed using GKM algorithm  

 

 
Figure 4 – Average Returns – Energy 

 

Figure 4 reveals that utilizing Modified Gustafson- 

Kessel  algorithm is utilized, it’s possible obtain prom-

ising clusters with average financial return considera-

ble great than unpromising cluster. This indicate that 
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Modified Gustafson- Kessel  algorithm allows sepa-

rate with more precision the promising stocks.  

As can be seen, the separability power between prom-

ising and unpromising stocks through the application 

of GKM algorithm is undeniable. 

So, the pattern generated by the GKM algorithm 

shows to be more precise and more selective because 

of its flexibility. These data are used in second stage. 

A) Second Stage: The application of GKM algorithm 

in each one of these 15 quarters produced a promising 

center vector (winner)- vw and a unpromising center 

vector (loser)- vL. The result is a center matrix V 

given by: 

� =
⎣
⎢
⎢
⎡ @F�.

@~�..
.

@F��

.

.
@~��⎦

⎥
⎥
⎤
 

Here, the aim is to obtain only a promising center vec-

tor called winner center and an unpromising center 

vector denominated loser center. In this sense, the 

winner center was obtained as follow: in the matrix of 

center vector V was applied the GKM algorithm in the 

set winner center vectors, producing two cluster and 

each one cluster possess a center. These two centers is 

called here winner center of centers. After this, tests 

were done for identify the best winner and the same 

procedure was done to set loser center. The table xx 

shows the winner center which represents all winner 

center vectors and loser center which represents all 

loser center vectors. The table 3 shows the winner and 

loser centers to energy sector 

 DL/PL P/L P/VPA ML 

Winner Center 76.50 14.82 1.60 11.63 

Loser Center 62.05 -2.37 1.42 10.71 

Table 3: Winner and loser centers- Energy 

 

The classification will be done using the Mahalanobis 

distance. The Mahalanobis distance between each 

stock and each of the winner and loser centers is com-

puted. This distance, contained in GKM algorithm, 

has a relationship with membership degrees, so that if 

the distance between a stock and winner center is 

smaller than distance between this stock and loser cen-

ter, then such stock is more similar with winner center 

and can be classified as winner stock. This procedure 

was done for some stocks of energy sector from first 

quarter of 2015 to 3º quarter of 2016. So, after classi-

fication two portfolios are formed: winner portfolio 

and loser portfolio. The stocks closer winner center, 

what means stocks with greater membership degree in 

regarding to winner center, belong to promising port-

folio. 

The figures 5 shows the average return of the winner 

portfolio together with average return of loser portfo-

lio for energy sector. 

 

 
Figure 5 – Average Returns –Classification Energy 

 

Considering this total period, the average return of 

winner portfolio is 46.67% against 33.06% of loser 

portfolio. 

The same methodology was applied to companies of 

transportation sector. The results followed the same 

trend obtained for the energy sector and can be seen in 

figure 6. Table 4 shows the winner and loser centers 

to transportation sector. 

 DL/PL P/L P/VPA ML 

Winner Center 124.12 19.94 3.42 5.56 

Loser Center 148.79 27.19 3.62 8.45 

Table 4: Winner and loser centers  – Transporta-

tion 

 

 

Figure 6 – Average Returns – Transportation 

 

Considering this total period, the average return of 

winner portfolio is 15.05% against 4.08% of loser 

portfolio. 

This classifier is more precise, more flexible and with 

more stock selectivity, with great potential for me-

dium-term financial returns when compared to the one 
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presented in [3]. This proposal, together with other an-

alyzes, may assist an investor in making investment 

decisions at any time. 

5    CONCLUSION 

This study investigated the efficiency of the identifi-

cation of patterns of open companies using the GKM 

algorithm. It was found that, with GKM algorithm - 

usually used in image recognition, speech recognition, 

among other things – it’s possible to recognize prom-

ising and non-promising patterns for stocks in the fi-

nancial market. Although the FCM was used in previ-

ous work, the efficiency of GKM in the stock market 

has been investigating in this work. Differently of the 

FCM, the GKM is more precise due to its flexibility 

in regard to distance considered. The FCM, due to Eu-

clidean distance, can lost some companies promising. 

The results obtained here for companies of the energy 

and transportation sectors have shown that: in the 

most of quarters, GKM algorithm is designed to sepa-

rate the promising stocks from the non-promising ones 

with more efficiency, finding a better optimal local 

point. In addition, the total financial return for the win-

ner portfolio is very significant.  

The algorithm GKM gets to separate the promising 

stocks from non- promising stocks forming a portfolio 

with maximized earn. In this way, can be concluded 

that the use of GKM is efficient, reliable and more 

flexible in application to pattern recognition of stocks 

of stock market, with the ability to generate more 

promising short-term results and in medium term. 

Consequently, this application has the potential to 

generate greater gains for the investor. The model here 

presented has as main aim to given support to investor 

in make decision in a complex, unstable environment 

called financial market. 
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