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Abstract 
Many scholars focus on linguistic 2-tuple to solve 
group decision making problem based on linguistic 
information because it can avoid information losing in 
the process of manipulating and computing linguistic 
information. However, there are few researches on the 
properties of linguistic 2-tuple judgment matrix with 
additive consistency till now. This paper studies the 
additive consistency of linguistic 2-tuple judgment 
matrix and puts forward several propositions about 
linguistic 2-tuple judgment matrix with additive 
consistency. These propositions can provide methods 
to judge additive consistency of linguistic 2-tuple 
judgment matrix and to build linguistic 2-tuple 
judgment matrix with additive consistency. 
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1. Introduction  
In real world, the uncertainty, constraints, and even 
unclear knowledge of the experts imply that decision 
makers cannot provide exact number to express their 
preferences. The use of linguistic labels makes expert 
judgment more reliable and consistent [1]-[2]. We can 
find different linguistic computational models for 
aggregating linguistic preference variables: the first 
model is the approximate computational model based 
on the extension principle, which uses fuzzy numbers 
to represent linguistic labels [3]-[4]; the second model 
is the ordinal linguistic computational model, which 
makes direct computations on labels [5]-[6]; the third 
model is the 2-tuple linguistic computational model, 
which uses the 2-tuple linguistic presentation model 
and makes linguistic computations [7]-[8]. The 2-tuple 
linguistic presentation model can avoid information 
loss in processing and computing linguistic 
information, and maintain accuracy and consistency of 
linguistic information [8]. Therefore, many scholars 
are focusing on group decision making based on 
linguistic 2-tuple. Herrera and Martinez   (2001) 
introduces the linguistic hierarchical structure and 

transformation functions among different levels of a 
linguistic hierarchy, and propose the multi-expert 
decision making model based linguistic 2-tuples to 
deal with multigranular hierarchical linguistic contexts 
[7]. Delgado, Herrera and Herera-Videma et al present 
a distributed intelligent agent model where the 
communication of the evaluation of information 
among the agents is carried out by using 2-tuple 
linguistic representation model to endow the retrieval 
process [9]. Wang and Fan (2003) propose a group 
decision making method using linguistic 2-tuple to 
deal with linguistic information [10]. Li and Fan (2003) 
define linguistic ordered weighted averaging (LOWA) 
operator and Linguistic implication function of 
linguistic 2-tuple and put forward a model for group 
decision making [11]. Yu and Fan (2006) propose a 
new maximal tree clustering analysis method multiple 
attribute clustering analysis problems with linguistic 
assessment information, which manipulates linguistic 
2-tuple and clusters the alternatives [12]. Liao, Li and 
Dong (2006) put forward a linar programming model, 
which firstly use the 2-tuple linguistic representation 
model to aggregate the linguistic information and 
compute group consistency and group inconsistency 
based on the idea of LINMAP, and then build the ideal 
solution and the weights of experts [13]. Jiang and 
Xing （ 2007 ） define linguistic 2-tuple judgment 
matrix, additive consistency and satisfy consistency of 
linguistic 2-tuple judgment matrix, and find some 
methods to judge the additive consistency and satisfied 
consistency of linguistic 2-tuple judgment matrix [14]. 

Researches on consistency analysis of judgment 
matrix with fuzzy linguistic information are further 
studied [15]-[17]. However, few researches focus on 
properties of linguistic 2-tuple [16]. This paper studies 
properties of the linguistic 2-tuple judgment matrix 
which is additive consistent and propose several 
propositions. The rest structure of this paper is as 
follows: Part 2 discusses the 2-tuple linguistic 
representation model and its operators; Part 3 defines 
the linguistic 2-tuple judgment matrix and its additive 
consistency; Part 4 proposes several propositions 
about linguistic 2-tupole judgment matrix with 



additive consistency and prove them; Part 5 gives the 
conclusion.  

2. Linguistic 2-tuple and its 
operators 

Spanish professor Francisco Herrera uses the 2-tuple 
linguistic representation model to manipulate 
linguistic information [5]. This model has the 
following advantages for representing the linguistic 
information over classical model [8]: the linguistic 
domain can be treated as continuous; the linguistic 
computational model based on linguistic 2-tuple 
carries out processes of computing with words more 
easily and without loss of information; the result of the 
processes of computing with words are always 
expressed in the initial linguistic domain.  

The linguistic 2-tuple representation model takes 
as a basis the symbolic model and symbolic translation 
to represent the linguistic information using a pair of 
values called linguistic 2-tuple (written as ),( αis , 

is is a linguistic term and α is a numeric value ). 

2.1. Linguistic 2-tuple 
Suppose S={s0, s1, …，sg} be a set of labels assessed 
in a linguistic term set with odd elements, which has 
the following properties: ①ordered: when the index i
≥j, there must exist  si≥sj; ②a negation operator: 
Neg(si)= sg-i; ③ there exists a min and max operator: si

≥ sj means max(si, sj)=si and min(si, sj)=sj
  [16]. 

Definition 1 [9] Let β  be the result of an 
aggregation of the indexes of a set S={s0, s1, …，sg}, 
for example, the result of a symbolic aggregation 
operation. ],0[ g∈β  and g+1 is the cardinality of S. 
Let )(βroundi =  and i−= βα  be two values, 
such that, ],0[ gi∈  and ]5.0,5.0[−∈α then α  is 
called a Symbolic Translation. 

Symbolic Translation is a numberic value 
between ]5.0,5.0[− , which shows the difference 
between β  that is the aggregation result of elements 
in S and  the closest element si S.  

Definition 2 [9] Let S={s0, s1, …， sg} be a 
linguistic term set and ],0[ g∈β be a value 
representing the result of a symbolic aggregation 
operation, then the 2-tuple that expresses the 
equivalent information to β  is obtained with the 
following function: 

]5.0,5.0[],0[: −×→∇ Sg                          (1) 
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Where round(.) is the usual round operation, si  

had the closest index label to β . 
Proposition 1 [9] Let S={s0, s1, …， sg}be a 

linguistic term set and ),( αis  be a 2-tuple. There is 

always a 1−∇  function, such that, from a 2-tuple it 
returns its equivalent numerical value ],0[ g∈β , 
which is: 

],0[]5.0,5.0[:1 gS →−×∇−               (2) 

βαα =+=∇− isi ),(1              
From definition 1 , definition2 and proposition 1, 

we can conclude that the conversion of a linguistic 
term into a linguistic 2-tuple consist of adding a value 
0 as the symbolic translation, which is : 

)0,()( ii ss =θ                                           (3) 

2.2. Operators of linguistic 2-tuple 
Operation model of linguistic 2-tuple can be obtained 
according to the linguistic 2-tuple representation 
model, such as, the negation operator of the linguistic 
2-tuple, the comparing operator of the linguistic 2-
tuple, the aggregation operators of the linguistic 2-
tuple. 

(1) A linguistic 2-tuple negation operator [8] 
))),((()),(( 1 αα ii sgsNeg −∇−∇=        (4) 

(2) Linguistic 2-tuple comparison operators [9] 
Let ( , )is α  and ( , )is β  be two linguistic 2-

tuples, then:                                                        (5) 
If i<j, then ( , )is α is smaller than （ ),βjs , 

noted as  ( , )is α < ( , )is β  ; 
If i=j, then 
if βα >  then ( , )is α is bigger than ( , )is β , 

noted as ( , )is α > ( , )is β ; 

if βα =  then ( , )is α , ( , )is β  represents the 
same linguistic information, noted as 
( , )is α = ( , )is β ; 

if βα <  then ( , )is α is smaller than ( , )is β , 

noted as ( , )is α < ( , )is β .    
(3) Linguistic 2-tuple aggregation operators 
Definition 3  [13]  Let 

),(,),,(),,( 2111 nnsss ααα L be a set with n 
linguistic 2-tuples, the average operator of linguistic 2-
tuples ξ  is: 
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Definition 4 [13] Let 
),(,),,(),,( 2111 nnsss ααα L be a set with n 

linguistic 2-tuples and ),,,( 21 nωωωω L=  be the 

related weighted vector with ∑
=

=
n

i
i

1
1ω , then the 

weighted average operator of linguistic 2-tuples ωξ is 
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3. Linguistic 2-tuple judgment 
matrix and its additive 
consistency 

Let S={s0, s1, …，sg}be a natural language term set 
and },,,{ 21 nxxxX L= be the set of solutions, the 
preference information between two solutions is 
represented by linguistic 2-tuple. 

Definition 5 [14] Let nnijijpP ×= ),( α&&&&  be a 
linguistic 2-tuple comparison matrix and the element 

),( ijijp α&& represent the result of comparing two 
solutions. If the following propositions are right, 

① Spij ∈&& ； ]5.0,5.0[−∈ijα ; 

② 2/),(1 gp iiii =∇− α&& ; 

③ gpp jijiijij =∇+∇ −− ),(),( 11 αα &&&&  

then P&&  is called a linguistic 2-tuple judgment matrix. 
Proposition gpp jijiijij =∇+∇ −− ),(),( 11 αα &&&&  
means the linguistic 2-tuple judgment matrix is 
complementary. in another word, a linguistic 2-tuple 
judgment matrix is a complementary judgment matrix. 

The element ),( ijijp α&& in P&&  implies : 

If 2/),(1 gp ijij =∇− α&&  then the preference of 
the solution xi is same as the preference of the solution 
xj. If ),(1

ijijp α&&−∇ <g/2 then the solution xj is better 
than the solution xi, and the smaller the 

),(1
ijijp α&&−∇ the better the solution xj comparing the 

solution xi. If ),(1
ijijp α&&−∇ >g/2 then the solution xi 

is better than the solution xj, and the bigger the 
),(1

ijijp α&&−∇ the better the solution xi comparing the 
solution xj. 

Definition 6 [14]  Let nnijijpP ×= ),( α&&&&  be a 

linguistic 2-tuple judgment matrix, if Ikji ∈∀ ,,  , 

elements in P&&  has the properties of the formula (8), 
then  P&&  is called a linguistic 2-tuple judgment matrix 
with additive consistency. 

1 1( , ) ( , )ij ij jk jkp pα α− −∇ +∇&& &&   
1( , ) / 2ik ikp gα−= ∇ +&&                                       (8) 

4. Properties of a linguistic 2-tuple 
judgment matrix with additive 
consistency 

Let },,,{ 21 nxxxX L= be the set of solutions, the 
preference information between two solutions is 
represented by linguistic 2-tuple. The relation matrix 

nnijijpP ×= ),( α&&&&  of the preference relation 

XXR →:  is a linguistic 2-tuple judgment matrix 
with additive consistency.  Then the preference 
relation XXR →:  is a partial order (X, ≤ ) 
because the following propositions are right. 

Reflexive: ],0[ gIi ⊆∈∀ , 

gpp iiiiiiii =∇+∇ −− ),(),( 11 αα &&&& . Therefore, 

2/),(1 gp iiii =∇− α&& , that means every solution has 
the same preference.  

Anti-symmetric: ],0[, gIji ⊆∈∀ , if 

RxxRxx ijji ∈∈ ),(,),( , means 

2/),(1 gp ijij ≤∇− α&&  and 2/),(1 gp jiji ≤∇− α&& . 

Thus, 2/),(1 gp ijij =∇− α&& .  

Transitive: ],0[,, gIkji ⊆∈∀ , if 

RxxRxx kjji ∈∈ ),(,),( , means 

2/),(1 gp ijij ≤∇− α&&  and 2/),(1 gp jkjk ≤∇− α&& . 
Because of 

),(),( 11
jkjkijij pp αα &&&& −− ∇+∇

Ikjigp ikik ∈∀+∇= − ,,,2/),(1 α&& . We get 

2/),(1 gp ikik ≤∇− α&& .   So Rxx ki ∈),( . 
From the definition of a linguistic 2-tuple 

judgment matrix with additive consistency and its 



related preference partial order relations, we can 
obtain the following properties. 

Theorem 1 A linguistic 2-tuple judgment matrix 
with additive consistency P&& can be obtained from 

)),(,),,(),,(( )1()1(232312120 nnnnpppP −−= ααα &&L&&&&&&

. 
Proof ： From ),( )1()1( ++ iiiip α&&  and 

),( )2)(1()2)(1( ++++ iiiip α&& , we get 

),(),( )2)(1()2)(1(
1

)1()1(
1
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−
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− ∇+∇ iiiiiiii pp αα &&&&

2,2/),( )2()2(
1 −≤+∇= ++
− nigp iiii α&& . Then we 

get )(),( )2()2()2( +++ ∇= iiiiiip βα&& , with 
1 1

( 2) ( 2) ( 2) ( 1) ( 1)( , ) ( , )i i i i i i i i i ip pβ α α− −
+ + + + += ∇ = ∇ +&& &&

 1
( 1)( 2) ( 1)( 2)( , ) / 2i i i ip gα−
+ + + +∇ −&& . From  

),( )2()2( ++ iiiip α&&  and ),( )3)(2()3)(2( ++++ iiiip α&&  we get 

),( )3()3( ++ iiiip α&& . Using mathematical induction we 

get element jip ijij <),,( α&& . From ),( ijijp α&&  we 

can get ),( jijip α&&  because a linguistic 2-tuple 
judgment matrix is complementary. Therefore, we can 
say that 

)),(,),,(),,(( )1()1(232312120 nnnnpppP −−= ααα &&L&&&&&&

 can built every element in a linguistic 2-tuple 
judgment matrix with additive consistency P&& . □ 

Theorem 2  A linguistic 2-tuple judgment matrix 
P&&  is additive consistent ⇔ There exists a 
vector ),,,( 21 nββββ L= which will 

make 2/),(1 gp jiijij +−=∇− ββα&&  true. 

Proof：If a linguistic 2-tuple judgment matrix P&&  
is additive consistent, according to theorem 2 the 
vector 

)),(,),,(),,(( )1()1(232312120 nnnnpppP −−= ααα &&L&&&&&&

 can built every element in P&& .  
),,,( 21 nββββ L=  can be found to let 

2/),( )1()1()1(
1 gp iiiiii +−=∇ +++
− ββα  be true. 

Using mathematical induction we can get 

2
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Thus, every element ),( ijijp ∂&&  in P&&  , 

2/),(1 gp jiijij +−=∇− ββα&&  must be true. 

If there exists a vector ),,,( 21 nββββ L=  

which make 2/),(1 gp jiijij +−=∇− ββα&&  be 

true, then 1 1( , ) ( , )ij ij jk jkp pα α− −∇ +∇&& &&  
1( , ) / 2ik ikp gα−= ∇ +&&  for Ikji ∈∀ ,,  must be 

true. Therefore, the linguistic 2-tuple judgment matrix 
is additive consistent. □ 

Theorem 3 If a linguistic 2-tuple judgment matrix 
P&&  is additive consistent then the following formula  is 
true. 

1( , )ij ijp α−∇ =&&  
1

1
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Proof ： According to theorem 2 , 
2/),(1 gp jiijij +−=∇− ββα&&  and 
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If i<j, then 1( , )ij ijp α−∇ =&&   
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Theorem 4 A linguistic 2-tuple judgment matrix 
P&&  is additive consistent if and only if Iji ∈∀ , , 

nkcpp jkjkikik ,,2,1,),(),( 11 L&&&& ==∇−∇ −− αα , 
c is a constant. 

Proof：If linguistic 2-tuple judgment matrix P&&  is 
additive consistent, then 

2/),(1 gp jiijij +−=∇− ββα&&
 is true according 

to theorem 2. Therefore, 
cpp jijkjkikik =−=∇−∇ −− ββαα ),(),( 11 &&&&

. 



Let 2/),(1 gpc ijij −∇= − α&&  be true. If 

nkcpp jkjkikik ,,2,1,),(),( 11 L&&&& ==∇−∇ −− αα  

be true, then 1 1( , ) ( , )ij ij jk jkp pα α− −∇ +∇&& &&  
1( , ) / 2ik ikp gα−= ∇ +&&   for Ikji ∈∀ ,, .  □ 

5. Conclusions 
This paper studies the additive consistency of a 
linguistic 2-tuple judgment matrix according to the 
definitions of a linguistic 2-tuple judgment matrix and 
its additive consistency.  It puts forward several 
propositions about the properties of a linguistic 2-tuple 
judgment matrix with additive consistency. The paper 
also proves them. With the help of these propositions, 
it will be helpful to judge whether a linguistic 2-tuple 
judgment matrix is additive consistent or not. These 
properties can be used as a tool to build a linguistic 2-
tuple judgment matrix with additive consistency and to 
sort the solutions based on linguistic 2-tuple judgment 
matrix with additive consistency. Meanwhile, these 
propositions will be a basis for aggregation analysis of 
group decision making based on linguistic 2-tuple. 

The additive consistency of a linguistic 2-tuple 
judgment matrix will be further studied.  
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