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Abstract

The single-time nonlocal Lagrangians corresponding to the Fokker-type action inte-
grals are obtained in arbitrary form of relativistic dynamics. The symmetry conditions
for such Lagrangians under an arbitrary Lie group acting on the Minkowski space are
formulated in various forms of dynamics. An explicit expression for the integrals of
motion corresponding to the Poincaré invariance is derived.

Introduction

There are various approaches to relativistic direct-particle-interaction theory [1-3]. This
theory does not use the notion of fields as mediators of interaction, but considers only
particle degrees of freedom to be physically meaningful. The Fokker-type relativistic
mechanics [4-6] which is the oldest attempt to construct such a theory has direct rela-
tion to the field description. It is based on the manifestly Poincaré-invariant, variational
principle formulated in terms of four-dimensional coordinates and velocities of particles.
Such a variational principle was first introduced for the electromagnetic interaction by
Schwarzshild, Tetrode, and Fokker at the beginning of the century and was developed by
various authors (see references in [1, 5, 6]). Later this description was extended on other
relativistic interactions [6, 7]. The equations of motion following from such a variational
principle explicitly answer the demand of relativistic invariance and can be compared with
corresponding field theory expressions. However, this approach is not free of difficulties
both on physical and mathematical levels. The cost for a manifestly Poincaré-invariant
four-dimensional description is the necessity to use the many-time formalism, which com-
plicates the physical interpretation of its results. Mathematically, it is hard to motivate
obtaining the equations of motion from the action integrals which are obviously divergent
because integration is carried out on the whole of the world lines of the particles [4].

It was showed in [8, 9] that many-time Fokker-type action integrals can be transformed
into single-time actions with nonlocal Lagrangians depending on the three-dimensional
coordinates of particles and on derivatives of the coordinates with respect to parameter
t. Such Lagrangians provide us with a useful tool for the consideration of the various
approximations [8-10] as well as for the transition to the predictive relativistic mechanics
and Hamiltonian formalism [11,12]. It was demonstrated [9] that nonlocal Lagrangians
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corresponding to the manifestly Poincaré-invariant action integrals satisty the Poincaré-
invariance conditions within the framework of a three-dimensional Lagrangian description
of interacting particle systems [13]. The conservation laws which follow from such in-
variance were investigated via Noether’s theorem. Moreover, as was stressed in [9], the
nonlocal single-time Lagrangians which are found on the basis of the Fokker-type action
integrals represent a close form for a wide class of solutions of the equations expressing
the requirement of invariance of a Lagrangian description of particle systems underthe
Poincaré group.

The purpose of this report is to study possible generalizations of this development. In
the previous papers [8, 9] the evolution parameter ¢ was chosen as coordinate time 2°. This
choice corresponds to the instant form of relativistic dynamics in the Dirac’s terminology
[14]. Not long ago the single-time Lagrangian description of particle systems was extended
to an arbitrary form of relativistic dynamics defined geometrically by means of the space-
like foliations of the Minkowski space [15]. The conditions of the Poincaré-invariance
were reformulated in an arbitrary form of dynamics and the expressions for corresponding
conserved quantitites were obtained. Here we shall show how one can present solutions
of Poincaré-invariance conditions in an arbitrary form of Lagrangian dynamics for the
interactions originally described by a Fokker-type action.

In Sec.1 we derive a single-time Lagrangian function corresponding to the Fokker-type
action integral in an arbitrary form of relativistic dynamics. The Poincaré-invariance
conditions for such a Lagrangian are examined in Sec.2. Finally, in Sec.3 we find an
explicit expression for conserved quantities in the terms of interaction potential functions
entering Fokker-type integrals.

1 Fokker-type action integrals in an arbitrary form
of relativistic dynamics

We shall be concerned with a dynamical system consisting of N interacting point particles.
It is convenient to describe the evolution of this system in the four-dimensional Minkowski
space My with coordinates z#, 1 = 0,1,2,3. We use the metric 7,, =diag(1,—1,—1,—-1).
The motion of the particles is described by the world lines v, : R — My,a = 1,..., N,
which can be parametrized by arbitrary parameters 7,. In coordinates we have

Ya i Ta — TH(14). (1.1)
We assume that the equations of motion for the system can be obtained from the Fokker-
type variational principle

5S =0, (1.2)

where the action S has the form
S = Z/dTaAa(a:a,ua) —1—22/dTa/dTbAab(aja,xb,ua,ub). (1.3)
a a< b

The functions A, and A, depend on the four-dimensional particle coordinates x# and on
the first derivatives
daxt

dr,’

ul = (1.4)
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It is well known that physical information about motion of the system is contained in
the world lines v, considered as unparametrized paths in the Minkowski space. Therefore,
the action (1.3) is assumed to be parameter-invariant. This assumption leads to the
following conditions:

O,

. JOAy Oy,
e Qub

U +u
e July b oul!

= A, = Aup,. (1.5)

Since in the Poincaré—invariant theory any particle cannot move with a velocity larger
than that of light ¢, the world lines ~, must be time-like lines, and for the tangent vectors
(1.4) we have the unequality

uZ = nuubiull = ug - ug > 0. (1.6)

Then a solution of the equations (1.5) can be written in the form

Ay = \/ Ugfa(xavﬂa)7 Agp = UZU%fab(%,IEb’ﬂavﬂb)? (1.7)

where @/ = ul/\/u2. In the case of the Poincaré-invariant theory it will be assumed
additionally that the arguments of the functions (1.7) are translationally-invariant Lorentz
scalars. This gives

fa = const = —myc, (1.8)

fab = _C_lFab(paln Oab;s Obas wab)u a < b7 (19)

where m, is a rest mass of the particle a, the constant ¢ is introduced for convenience,
and the set of two-body invariants in (1.9) is chosen in the form [7,16,8]

pab = (24 — x)?, Tab = Nab(Ta — Tp) - Ua, Wab = Uq - Up, (1.10)

with 74, = sgn(b — a).

The concept of the forms of relativistic dynamics [14] may be introduced within the
framework of the single-time three-dimensional Lagrangian formalism in the following way
[15,10]. Let us consider the foliation ¥ of the Minkowski space My by the hypersurfaces

t=o(x), teR, (1.11)

with the next property. Every hypersurface ¥; = {x € My|o(x) = ¢} must intersect the
world lines ~, of all particles in one and only one point

xo(t) = %ﬂzt- (1.12)

This allows us to consider the ¢ as an evolution parameter of the system [17,18,15]. In the
Poincaré-invariant theory, when we consider only time-like world lines, the hypersurfaces
(1.11) must be space-like or isotropic

N (0"0)(9"0) > 0, (1.13)

where O* = 9/8z,,. Then we have 8% > 0, and the hypersurface equation (1.11) has the
solution 2° = ¢(¢,x), where x = (2%), i = 1,2,3. Therefore, the constraint z,(t) € ¥,
enables us to determine a zero component of z,(t) in the terms of t and z%(¢), i = 1,2,3.
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The parametric equations (1.1) of the world lines of particles in the given form of dynamics
have the form

29 = o(t,%4(t)) = @a, = (t). (1.14)

The evolution of the system is determined by 3N functions ¢ +— ¢ (¢). They may be
considered as representatives for the sections s : R — F,t — (t,2%(t)) of the trivial fibre
bundle 7 : F — R with a 3N-dimensional fibre space E = R3N. The latter constitutes the
configuration space of our system.

Three Dirac’s forms of relativistic dynamics correspond to the following hypersurfaces
(1.11): 2° = ¢t (instant form), 2 — 23 = ¢t (front form), and x - z = ¢*t? (point form).
Other examples may be found in [15].

Now we assume that the evolution of the system under consideration is completely
determined by specifying an action functional

S — /dtL. (1.15)

The Lagrangian function L : J*°7m — R is defined on the infinite-order jet space of the
fibre bundle 7 : F — R with the standard coordinates z5 " [22-24]. The values of these
coordinates for the section s : t +— (¢, (¢)) belonging to the corresponding equivalence
class from J>7 are xfl(s)( t) = d°z%(t)/dt*,s = 0,1,2,.... The variational principle (1.2)
with action (1.15) gives Euler-Lagrange equations of motion

EuL = Z z(s (1.16)
s=0 8-73(1
where D is an operator of the total time derivative
D= szl S“ +9. (1.17)
ot

a s=0

Now we consider the transition from Fokker-type action (1.3) to its single-time counter-
part (1.15) in an arbitrary form of relativistic dynamics. Because of parametric invariance
of the action (1.3) we can choose the parameters 7, to be equal to t, such that x,(t,) € ¥¢,.
This allows us to determine zero components of the four-vectors z,(t,) and u,(t,) in the
terms of three-dimensional quantities:

29(ta) = ¢(ta, Xa(ta)) = Palta), (1.18)

W(ta) = A-tasXa(ta)) = Dialta). (1.19)
Thus

g = ¢ 'Ta(ta)(Da(te), Va(ta)), (1.20)

where v, (t,) = dx4(tg)/dt, and

T, (1) = /(Dealt))? — v2(t) = \Ju2 (). (1.21)
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The following transformations are quite similar to that used in paper [8] within the
framework of the instant form of dynamics. Using (1.7)—(1.9) and (1.21) in (1.3), we
obtain

S = —ZmGCQ/dtaI‘gl(ta)
— czZ/dta/dtbrgl(ta)rgl(tb)Fab(xa(ta),a:b(tb),ﬁa(ta),ab(tb)). (1.22)

a< b
Identifying the integration variables in each term of the sums in (1.22) gives
S =— Zma(;?/dtargl(t) - cZZ/dtl /dtgxab[tl,tg], (1.23)
a a< b

where

Xab[t1,t2] = Tt (t1)Ty H(t2) Fup(za(th), mp(t2), Ga(th), dp(t2)). (1.24)

Changing the integration variables in the double sums of (1.23), (¢1,t2) — (¢,0), where
t = A1+ (1 — Nita,0 = c(t; —t2), and A € R is an arbitrary number (see [19,8]), we get
the expression (1.15) with the Lagrangian function

L=L;-U, (1.25)
where
Ly==> ma’T;'(t) (1.26)

is a free-particle Lagrangian in an arbitrary form of dynamics and

U:ZZ/dexab <t+()\—1)i,t+/\i> (1.27)

a< b

is an interaction potential. The shifts of the time arguments in (1.27) may be expressed
by means of the exponential operators exp(aD,), where

Dy =Y zisth 0 (1.28)

s=0 ¢ 813?1(8) .

Using the obvious relation

o)
%:DQ_D—a (1.29)

and commutativity of the operators D, and Dy, we obtain
0 0
= db —(AD — D, ab |t — =1, Xq, Xp, Vg, . 1.30
U ;zb:/ exp(c( ))Xb( o6 Xa, X5,V vb> (1.30)

It should be noted that an arbitrary parameter A enters the Lagrangian function (1.30)
only together with the operator of a total time derivative D and, therefore, has no effect
on the observable quantities.
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In the case of Poincaré-invariant interactions determined by the relation (1.9), we have

X&b[tlv t2] = (F;)ilr\b_lFab(pabu Oab; Obas Wab)a (131)

where the arguments (1.10) of the functions Fy, are expressed in the three-dimensional
terms (a < b)

pab = (4 — @)° = s

oap = ¢ 'To[(h, — b)) Dl — Tap - Val,
Tba = ¢ To[( — 06) Do — Tap - V),
wap = ¢ T [(Dgl) Doy — va - vy,

and the following abbreviations are used

Tap = Xgq — Xp, ol =exp <_Z§t) P, I =exp (_zgt) r,. (1.36)
For the instant form of dynamics, when
o(x) =c1af, o(t,x) = ct, (1.37)
we return to the expressions of the paper [9]:
o= (1—02c2)7V2 =, (1.38)

Pab = 0> =12, Tab = —Ya(0 + NapTap - Vac '), wap = YaW(l — Va - Ve ?). (1.39)

As another interesting example we consider the class of isotropic forms of dynamics
determined by the hyperplanes

xtn, = ct, n*n, =0, (1.40)

with a null vector n* = (1,n),|n| = 1. In this case we have

o(t,x) =ct+n-x, (1.41)
and

Lo =[1+mn-vee )2 —02e?712 (1.42)
For the invariants (1.32)—(1.35) in these forms of dynamics, we find

pab = (0 —m-rap)? — 72, (1.43)

Oab = —La[(0 — Napnr - rap) (1 + 11 VaC_l)) + NapTab - vac_l], (1.44)

wap = Talp[(1 410 -vee (1 +n-vpe™) — vy - vy 2. (1.45)

Within the framework of relativistic Lagrangian mechanics such forms of dynamics have
the most interesting applications in the two-dimensional space-time My, when (n = £1)

Lo = (14 2nv,e™t)~12, (1.46)
pab = 02 =20n10,  Oap = —Val0(1+nvec™ ) —nngras),  wap = T, Tp—T, 1T,.(1.47)

Several models of the relativistic direct particle interactions in this form of dynamics have
been considered in [18, 20, 21].
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2 Symmetries in the Lagrangian description

Let us consider an arbitrary r-parametric Lie group G acting on My by the point trans-
formations g : My — My,

= (gz)t =zt + X*CH + o(N), (2.1)
where A%, a = 1,...,r , are parameters of the group. The vector fields

Xo = C1O, (2.2)
satisfy the commutational relations of the Lie algebra of the group G,

(X, Xg] :czyﬂXV, a,B,y=1,...,r, (2.3)

with the structure constants czéﬁ
The action (2.1) of the group G on My can be easily extended on the world-lines ~,
by the rule

Ya = 9Ya = {gx\x € Im’Ya}- (2-4)

But in the given form of dynamics the world lines 7, are determined by the functions
t +— 2 (t) or, in other words, by the sections s of the bundle 7. Therefore, (2.4) induces
an action of the group G on J*°7 by the Lie-Bécklund transformations [22-24]. As was
showed in [15], the generators of such transformations have the form

0
X =3 (D o (2.5)
a s=0 a
where
féa = Céa - vénam (2.6)
and
Cio=C(t.Xa),  Naa = (Xa0)(t,%a), v} =aiV). (2.7)

The Lie-Bécklund vector fields (2.5) obey the same commutational relations as (2.2),
[(Xo, Xg] = cZéﬁXﬂ,, (2.8)
and commute with a total time derivative (1.17)
[Xa,D] =0. (2.9)

For the Poincaré group we have the following ten vector fields corresponding to its
natural action on My:

X! =0, (2.10)
Xl = 2,0, — 1,0y, (2.11)

with commutational relations

(x5, X0 =0, (2.12)
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[0, X0] = M) — Mo Xy (2.13)
[X;LLw XL 5l = Th/p?f + WUXVL,) nupX nVUXLp' (2.14)

Thus, we obtain the next realization of the Poincaré algebra in terms of Lie-Béacklund
vector fields (2.5)

0 S P
= D?[6;, — voau] —, (2.15)
ZZ RCOPwe
S 1 8
Z Z D?[xq,06,, xayé — (xauaa,, — xavgau]% (2.16)
a s=0 81'0,

where we must use (1.14) for elimination of ¥, and we denote
Oap = (0,0)(t,Xq). (2.17)
Making use of the hypersurface equation (1.11), we find
0a0 = (0pa/0t) ™t = o}, (2.18)
Tai = ~Pat (00a/0%ai) = —05 Pai- (2.19)
It is convenient to introduce the vector fields
H=—-cXl, P=X], TJi= 16”,@)( K=c'xk, (2.20)

obeying the following commutational relations

[H,P;] =0, [Pi, Pj] =0, [H,Ji] =0, [Pi, Tie] = —€ira P, (2.21)
(Tis Ti) = —€ir T, (i, Ti) = —€iKy, (K, Kj) = ¢ €6 Tk, (2.22)
[H, Ki] = P;, [P, /Cj] = (5@6727'[. (2.23)

Inserting (2.18), (2.19) into (2.15), (2.16), we obtain the realization of the Poincaré algebra
which is convenient for consideration of symmetries of the single-time three-dimensional
Lagrangian description [15]:

s 7 9
- CZZD a‘pat Z(S) ’ (2'24)
a s=0 0xq
Pi= XY D + a2 225)
? = 7 aPaiPat 1’2(8)7 .
S 7 Vi 8
Ji = €l Z Z D 5 + U PalPar )] 5 i(s)’ (2'26)
a s=0 Ta
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1 ST J j o N =1
Ki=c ;;}D [—©a8] + V) (Tai — PaPai)Pat ]—axg(s). (2.27)

The symmetry of a Lagrangian description of the interacting particle system under the
group G means the invariance of the Euler-Lagrange equation (1.16) under corresponding
Lie-Bécklund transformations generated by the vector fields (2.5). It was showed and
discussed in [13,10] that the sufficient conditions for the symmetry under Poincaré group
have the form

XoL = DQg, a=1,---,10, (2.28)
with auxiliary functions €2, satisfying the consistency relations
Xoflg — X5Q, = Cz,BQ’Y' (2.29)

Let us examine these conditions for the nonlocal Lagrangians corresponding to the
manifestly Poincaré-invariant Fokker-type action. To do it, we need the following formula
for derivatives of the interaction potential (1.30) [19,8]

U /deexp <9)\D> S exp (—GDG> {(A 1)°0° Oxab ,
6$Z(S) Is b(=a) c css! 8.%2
A =1)710"" Oxap
s~ Hs—=1)! o
0 ) [ASGS 8Xba As—Lgs—1 8Xba

Z exp (—Db ' . — W
o c ess! ozt s~ (s — 1) Ol

(1 - 605) +

1- 505)] } . (2.30)

Taking this expression, we obtain after some calculations that nonlocal Lagrangians de-
termined by the formulae (1.25)-(1.27) for the case of Poincaré-invariant interactions
(1.31), (1.32) indeed satisfy the conditions (2.26), (2.27) with the following functions
Qq,aa=1,...,10:

0
Q, = Za:macznaaFgl + ZZ/CW exp (c()\D - Da)) Xab X

a< b

o JMaa + (1 = )\)nba} : (2.31)

0
|:>\ eXp(—Ea

This conclusion extends the result of papers [8,9] on an arbitrary form of relativistic
dynamics.
3 Conservation laws for nonlocal Lagrangians

The important corollary of symmetry conditions (2.28), (2.29) for an arbitrary r-parametric
Lie group is the existence of r conservation laws

DG, =0, a=1,..r, (3.1)
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for the quantities G, which can be explicitly determined in terms of the Lagrangian func-
tion L and auxiliary functions §2,. This statement, which is well known as the Noether’s
theorem, follows immediately from the identity [22,23]

oo
XoL =) &0Eail+ DY > 741 s D¢y, (3.2)
a

a S=o0

which holds for an arbitrary Lie-Bécklund vector field (2.5). Here

> oL

Tai,s = Z(—D)n_sW (3.3)

n=s
are Ostrogradskyj’s momenta. Making use of the identity (3.2) in the symmetry conditions
(2.28), one readily checks that for the solutions of Euler-Lagrange equation (1.16) the
conservation laws (3.1) hold with

o
Go =YY TaisD*€hr — Q. (3.4)
a S=o0
In this section we evaluate explicitly the conserved quantities (3.4) corresponding to the
Lagrangian function (1.25) which obeys the symmetry conditions (2.28), (2.29). Firstly,
we shall consider the Ostrogradskyj’s momenta 7m,; ;. We make use of the formula (2.30)
to bring (3.3) to the form

Tai,s = aLf(SOs */dQeXp (HAD> {
’ ovt, c

3 exp (iD“) [(A 1% O,

S gl 1
bon) cssl ol

00 ()\ _ 1)n+s+103+1 ( 0 ) |:)\sas 8Xba
—0D)"EuiXa ——Dy ) | — ==
Z:O cvtstlin + s+ 1)!( )"EaiXab | + D exp ¢ ) Lessl oul *
n= b(<a)
0 )\n—i—s—l—les—i—l
—0D)"EniXba | ¢ - :
nz::o cn+s+1(n + s+ 1)|( ) EaiXb } (3 5)
The equality
1 1 1
= dr(1—71)%r" 3.6
(n+s+1)! n!s!/o T(l=7)r (36)

allows us to perform the formal summation over n with the result

Z exp (—zDa> X

0
Tais = § Malq(Vai — @aiDwa)dos — /d@ exp (AD) {
c
a b(>a)

e Ao / drexp (2 -2D) a1~ 7' QU

% s
ov, css!

1 s0s
Z exp (—sz> [% + )\60/ dr exp (—ZTAD) Eaixpa(l — 7)8} A0 } , (3.7)
0

% S
ov}, css!

where expression (1.26) for the free-particle Lagrangian Ly has been used.
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Inserting (3.7) and (2.31) into (3.4) and summing over s, we obtain

Zmara[(vai — ¢aiDpa)on = T3 aa] —

X 09\ .  Oxe
SF [avexn (SO0 - D) [T exp (123 ) 6+ oGl

a< b
00
Xab (A exp <_08t) Naa + (1 — )\)Uba):| +

()\_01)9 /01 drexp (Z(T(l — )\)D> (EaiXab) €XP ( 9 ) faa

¥ /O " dr exp <—27)\D> (a,iXba)gga} . (3.8)

Using in (3.8) the definition (2.6) of components of the Lie-Bécklund fields (2.5) and taking
into account the following relations

Cgoz = Cg(t7 Xa) = @aicz,a + PatNaa; (39)
1
a/ dre®™PD =P — 1, (3.10)
0
0 0 0
/de exp <()\D - Da)) Dy = /de exp <()\D - Da)) (AD + cae> (3.11)
c c

/d@ exp (i(w - D@) Dy = /de exp (i(w - Da)> ((1 D - c% - ;) (3.12)

(the two latter equalities are valid under the action on an arbitrary two-particle expression
such as appears in the double sum in (3.8)), we can write down the explicit formula for
the conserved quantities

Z mel’ <ao¢vtl% CgaDQOa) -
g aXab 7 (_9 ) aXab
;g/d@{(aaexp[ (Db—i- 5 )} o + (b XD cDa 87}2 +
0 0
Tao €XP [c (Db + &N <Xab - )

0 i OXa
Mba €XP (—CD ) (Xab — ax b) +

0 1 0 aXaLb 6Xab 7 %
E/o dr exp (C(TD - Da)) Cba o0} (DGpo — v Do) +
8Xab 8Xab> :| }

We note that an arbitrary parameter A is missing in the final formula for the conserved
quantities. The same is also true for the particle equations of motion [8, 9].
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The expressions for the components of the Lie-Backlund vector fields (2.24)—(2.27)
corresponding to the Poincaré group can be used to obtain the conserved energy E, mo-
mentum P, angular momentum J, and center-of-mass integral of motion K in an arbitrary
form of relativistic dynamics

E = szar DSOCL

5 fanfonlf (54 2] - 22)

a<l b
0 . 0%a
P <_cD ) Pt (Xab 8X b)
d aXab
T exp TD D,) D90bt Yab — 5 ) 4
Bvb

- 8Xab 3Xab ) :| }
1 14
Pot ( ot +c 20 , (3.14)

P’i = Zmaravz _
0 8Xab o / ( g aXab>:|
ZZ/dO {eXp |: <Db + 8t):| |: a’UZ’l Soai(gpat) Xab v 8,va +

a< b
aXab _ 4,0 Xab — Uj 8Xab n
vl bih | Xab — v} 87},{

()
Cc
’ 1 ’ 8Xab -1 8Xab
z —(rD — D, > _ (Dey,; .
(O | O
(pbi(pbtl ( ;tb +c g;’)] }7 (3.15)
Ji = EiijmaF xajvak_

ezngZ/dﬁ {exp[ (Db_,_gt)} Taj [%X;g_

a< b

- OXab
! ! 1 a0 a
(pak(goat) (Xab (%8 90 >:| +

l
exp <0D > Tpi % —p prl Xab — ol OXab
e bj 31}5 bk Pt ab b avl
or 0 6Xab 8Xab
E/o dr exp <C(TD — Da)> [ Lbj or k + vy EN k +

B 8X(lb _ aXab 8Xab
l
(D(fﬁbk@bj‘ﬁbtl)) <Xab - Ub(%ll)) + xkaObjSObtl ( ot te 00 >

+

} . (3.16)

Z mara(_tvai + xm‘) +
a
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1 0 0 / 8Xab
RN EICHCE I -

a<l b
R / 1 a2 @ —— 2
(xaz %%i)(%t) (Xab Vg, 8@% >} +exp< cDa> b avé +
_ i OXa
(Tbi — PoPbi) P (Xab - ij> +
vy,
9 [l 0 OXab OXab
A ~(rD — D, - D -
C/o TGXp(C(T )) ©p oa + (Dep) o0 +
_ i OXa
(D(zpi — Puo0i)Ppy) (Xab — v} ij> +
vy,
_1 {OXa OXa
(25 — Po6i) Py ( e gebﬂ } (3.17)

Substituting the definitions (1.37) or (1.40), (1.42) of instant or isotropic forms of
dynamics into expressions (3.14), (3.17), we can easily find conserved quantities in these
forms of relativistic dynamics. In [9] for the case of the instant form of dynamics these
quantities were derived and written down in a slightly different manner with introduction of
the formal inverse operator D~!. Such expressions are better adapted to the investigation
of expansions in the parameter ¢~!. The result obtained here, namely formulae (3.14)-
(3.17), is useful for the consideration of the coupling constant expansion. The equivalence
of both results can be directly demonstrated by formal calculation of the 7-integrals in

the expressions above.

Conclusion

The main purpose of this work was to examine the symmetry properties of the single-
time nonlocal Lagrangian description that arises from the Fokker-type action integrals
in various forms of relativistic dynamics. Evidently, the preservation of the Poincaré-
invariance under transition from manifestly invariant action to its single-time form was
easy to predict. The essential physical and technical complications in treating relativistic
single-time Lagrangians consist in the fact that they must depend on the derivatives of
arbitrary high order [13, 10]. A suitable tool for dealing with such objects is provided
by the theory of jet spaces and Lie-Bécklund transformations [22-24]. In this respect
the basic result contained in this report is that nonlocal structure (1.27), (1.30) of the
interaction Lagrangians provides us with a useful ansatz for solution of the Poincaré-
invariance condition in any form of relativistic dynamics. As a consequence of this result
we find explicit expressions for the ten conserved quantities: energy, momentum, angular
momentum, and center-of-mass integral of motion.

From the physical point of view the obtained Lagrangians and conserved quantities may
be considered as a starting point for performing various approximations (for example, the
expansions in powers of coupling constant or ¢~!). Such approximations allow us to return
to more convenient predictive description in 6/N-dimensional phase space [10-12]. On the
other hand, we can use a nonlocal Lagrangian structure in the investigation of invariance



370

R. GAIDA and V. TRETYAK

under other groups which are of interest in physics (Galilei, de Sitter or full conformal
groups).
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