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Conditional Symmetry and Exact Solutions of

a Nonlinear Galilei-Invariant Spinor Equation
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Kherson Industrial Institute, Kherson, Ukraina

Abstract
Reduction of a nonlinear system of differential equations for spinor field is studied.
The ansatzes obtained are shown to correspond to operators of conditional symmetry
of these equations.

Let us consider the nonlinear system of differential equations (DE) for a spinor field
{=i(30 +7)0 + 17ada + (90 = 72) + Fr(PY, D0 + 7a) )+

} (1)
F (0, (00 + 70)00) (0 + 1) o = 0,

where ¢ = ¢(t, ) is four-component complex function, 7o, .. .,v4 — Dirac matrix (4 x 4),
Oy = a,aa = 3(3?(17a =1,3; fifs € Co(R?,CY);m = const. It is known that this system
is invariant under the Galilei group. For finding exact solutions of system (1) the ansatz

Y(t,T) = expify + Oa7a (70 + 14)p(w), (2)
is used [1]. Here 0y, ...,03,w are real scalar functions, which are chosen so that the

substitution (2) into system (1) would lead to a system of ordinary DE for the function
©(w) [2]. This substitution leads to the following system of nonlinear DE for the functions
0,.(t,z), w(t, z):

rot 0 = F(w), div 6 = Fy(w),
0100 + 20,040, + 4mb,0, = F5(w), 0400 + 4mb, = F514(w), (3)
Ow + 20,0,00 = Fy(w), Ogw = Fytq(w).

Here and further, summation is meant over recurring indices, F}—Fo are arbitrary smooth
real functions, a = 1,2, 3.

We find the solutions which are determined up to equivalence under the Galilei group.
Due to arbitrariness of ¢(w), the substitution 6,,w and 6, 4+ h,(w), h(w) into (2) gives the
same ansatz for ¢ (¢, z). That is why we consider such solutions as equivalent.
Theorem. The general solution of the system of ordinary DE (3), which is determined
up to equivalence introduced above, is defined by one of the following formulae.

1. m=0
1) w=2x1+ Wl(t),
0y = C3<Q:’2 — QWQ(t)) + 04(.%'3 — 2W3(t>) + Cst,
01 = _%Wl(t)7 . (4)
0o = —a(Csxg + Cyxz) + Wa(t) + Crao,
03 = 04(03563 + C4$2) + Wg(t) + Coxa,
o= (0103 + CQC4)(C§ + 02)71,
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2) w=x + Wo(t),

6y = Cst,

01 = —3Wo(t),

0y = U(Z,t) + U(Z*,t) + Chxo,

03 = i(U(z,t) — U(z*,t)) + Caza,

z = xo + T3,

3) w=t,

0o = zpge(t), b= 1,3,

0o = apchp(t)xe + 0P + W (t)xq,
here the function ® = ®(t,x) is defined by the following expressions
a) for g1 = g2 = g3, 0a0.® =0,

b) for g2 =0, g3#0

_ 1 1 _ 1 _
P =gy? [ﬁxlxs + rowox3 + 4T3 + 57“31‘;2:, ~ 593 Ygrriod + 5(93 Yo — 7“3)33%} +

U(z,t)+U((z",1),

_1 .
2= (g} + 93)"2(g1a3 — g3z1) + T2,
c) forg1 #0, g3=0

4 [1 1 _ 1, _
d = 9; 1 [27“11'% - =0 1927“21‘% + roxixo + r3x1X2 + 1401 + *(gl 1927’2 — T1)$§:| +
U(z,t)+U(z",1),

2 2

1 .
z = (9% +9§) 2(g123 — g3w1) + iz,
d) for g3 + g5 # 0,93 =0

1 1 _
¢ = 593 11 (2937173 — g123)g372(2937225 — gox3) + 593 Y(rawd + 2ry23)+

Ly

393 (7 + 93) " (r1g1 + 1292 — r393) (921 — 1z2)® + U(2, 1) + U (2%, 1),

_ _9.1
z=[(g1 +93) 7 (95 + 95) — 9193 (g% + 93) 2|2 (21 — gr2)+
ilg193(g7 + 93) g1 — g172) + g3x2 — gox3);
In the formula a)-d)

1. 1,
ry=— <91W + g2h3 — hags + 291) , o= — (92W + g3h1 — g1hs + 292> ;

1.
ry = — <93W + g1hy — gahy + 293) ;o= Wo(t).

2. m#0

1) w=ax1+4m)"1Cs5t3 + COrt,
0o = 2mCr 4 Cst)w + (C3 — 4mCh)xe + (Cy — 4mCo)x3 — (12m)_1C52t3—

$C5Crt% + Cet,
01 = —(4m)_1C5t — %07,
02 = Cla

03 = Cb;
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2) w=t,
0o = —2mWoxazq + Rowq — Am(Tppxazy + Toxa),
0o = Woxg + 2Tz + T,

where Rq(t), Tup(t), To(t) are real functions which satisfy the system of ordinary DE

Ty + 2T 00 + 2(TE, + T3, + T4,) + 8WoTua = 0.
Tab + 4(T’laT’lb + TQaTQb + T3aT3b) + 4W0Tab = 07 a 7& b,

Ry — 4mT, — 8mWy — 16mT Ty + 4Th, + 2WoR, = 0

(no summation over a), besides Typ = Tpq, T11 + Too + T33 = 0.

In the formula (4) ga(t), ha(t) are arbitrary smooth functions. U is an arbitrary ana-
lytical with respect to z function, Cy,Co,...,Cy are constants.

The substitution of formula (4) into expression (2) gives a collection of ansatzes for
the field ¢ (¢, ) which reduce system (1) to systems of ordinary DE

L 1) ime+i[(Com1 — C1 —iC5)(v0 + 71) — 10372 + iCayslp = R;
2) i +i(Comy — C1 —iC5)(v0 +va)p = R
3) —i(v0 +7a)® + i[(2ha + iga)Va — (BW +iWo) (70 + g94)lp = R;
2. 1) iy + [(Csw + C +m(C% — 4C? — 402) + 201C5 + 2C5C4) X

(Y0 +74) — C372 — Cayz + m(y0 — Ya)lp = R;
2) —i(yo +72)¢ + [=3iWo(vo + v4) + (2R To — 4mT,To) x
(0 +74) + RaYa +m(v0 — 1)l = R,
R = [f1(@p, 2(70 +74)0) + f2(B0, 870 + 14)9) (Y0 + 7a)]p-

In general, the systems (5) cannot be integrated in quadratures. However, in some
cases systems 1.2), 1.3) can be linearized and, consequently, their general solutions can be
constructed. In particular, if

f1=1iHy, fo = Ho+iH;3 in the case 1.2)
Fy=0, fo=Hy,hy =9, =W =Wy =0 in the case 1.3),
where H; = H;(@(y0 + 74)p) are smooth enough real functions, then

@(70 +74)e = x(70 + 71)X, (6)

where x is a constant four-component spinor.
The substitution of (6) into 1.2), 1.3) gives linear systems, whose solutions have the
form

¢ = exp{[11(C171 — C2 —iC5)(v0 +7a) — 1 H1(x(0 + v4)x)+

7
Y1(v0 + v4) (ih2(X (0 +74)x) — (X(0 +7a) X)) (21 + W (#)) } X, g

@ = exp{iH — 2(x(70 + 74)X)" }x- (8)
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Substitution of (7) and 1.2) from (4), (8) and 1.3(a) from (4) in (2) gives the following
classes of solutions for the equation (1)

»(t,T) = exp{iC’gt — %W(t)vl (70 +74) + (U(z,t) + U(z",t) + Caxa) ¥

Y2 (70 +74) + (U (2,£) + Craa )3 (70 + 74) } x

(9)
eXP{[(CW1 — Cy —iCs)m (o +74) — Hi(X(ho +74) )1+
(iH(% (0 + 70)X) = Ha(X(v0 + 7)) (Y0 + 7)) (@1 + W () Jx,
¥(t, 7) = exp{iha(X(90 + 1))t + Fap¥a(r0 + 74) }x, (10)

where z = xo + iz3, W(t) € C?(R'),U is an arbitrary analytic function with respect to
z, ® satisfies the three-dimensional Laplace equation 9,0,® = 0, x is a constant four-
component spinor.

It is necessary to emphasize that the ansatzes (2), where 6 are defined by expressions
1.2), 1.3) from (4) and consequently solutions (9), (10) cannot be obtained by the tra-
ditional Lie approach. These ansatzes can be found by using a conditional symmetry of
the non-linear equation (1). For these ansatzes let us write our differential operators for
which Q¢ = 0, a = 1,3 are satisfied.

. » 1. .
1. 2) Ql231—Wal—205+§W71(70+74)—81(U+U)><

Y2(v0 +71) — 101 (U — U")y3(v0 + 7a),
Q2 = 02 — (0.U + 0:+U" + Co)ya(v0 + 14) — (10U — 0. U* + C1)v3(v0 + 74),
Qs = 05 — (0. U — 0+U" )72(v0 +74) + (02, U + 0= U™ )y3(70 + 74);
1. 3) Q1=01—[(0101P+ W)y + (0102P + hg)y2 + (0103P — ha)y3](v0 + Y4),
Q2 = 02 — [(0102® — h3)y1 + (0202® + W)ya + (0203 + h1)¥3] (70 + 74)s
Q3 = 03 — [(0103® — ha)y1 + (0203P — h1)y2 + (9303P + W)~3] (70 + 7a)-

The direct check-up shows that equation (1) is conditionally-invariant under operators

Q1,Q2, Q3.
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