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Abstract
The reduction of two nonlinear equations of the type Ou+ F(u, zlt)uo = 0 with respect

to all rank three subalgebras of a subdirect sum of the extended Euclidean algebras
AE(1) and AE(3) is carried out. Some new invariant exact solutions of these equations
are obtained.

1 Introduction

Fushchych and Serova [1] have described equations of the type
Ou + F(uﬂf)uo =0

which are invariant under subdirect sums of the extended Euclidean algebras AE(1) =
< Py,D1 > and AE(3) =< P1, P>, P3 > B (AO(3) @ < Dy >). Such, in particular, are
the equations

e - T 4 du— =0, (1.1)

where A is an arbitrary nonzero real constant. It is known [1] that the maximal invariance
algebra of equation (1.1) in Lie sense is the algebra F{;) generated the by vector fields

0 0 0
P a a =™ 7 > a aqy_ s
0 Oxg 0x, b =@ oxy baxa
D=x +x +x 0 +x i—ua
N 08 o 18 1 28 o 38:63 8u’

where a,b = 1,2,3 . The maximal invariance algebra of equation (1.2) is the algebra Fo)
generated by the vector fields Py, Py, Jop  (a,b=1,2,3) and field
0., 0 0
0z 38:63 ou’
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Some exact solutions of equation (1.1) were found in [2] (for a two-dimensional case where
A =2) and in [1,3] (for three- and four-dimensional cases). Some particular solutions of
equation (1.2) are obtained in [1, 3].

In present paper, complete lists of subalgebras of the algebras F{;) and F{,) with respect
to conjugation have been found and new exact solutions of the investigated equations are
constructed by solutions of ordinary differential equations obtained as a result of reduction
on rank three subalgebras (as regards the concepts and results used here, see [4,5] as
well).

Equations (1.1) and (1.2) being invariant, the transformation (zg,z1,x2,z3,u) —
(xo, —1, 22, x3,u) under their reducing subalgebras of algebras F{;) can be regarded with
respect to conjugation determining by group G(;) generated by inner automorphisms of
the algebra Fi;) (i =1, 2) and the discrete automorphism Py — Py, Py — —P;, Py —
Py, P3— P3, Jio— —Ji2, Jiz— —Ji13, Jog — Jo3, D — D.

Applying a general method suggested in [6] and complemented by a number of propo-
sitions in [7], we carry out the required classification of all subalgebras of the algebra F(;.
The complete list of required subalgebras is given in Sec.2.

Let w,w’ be a system of functionally independent invariants of rank three subalgebra
L of the algebra F{;). Then the ansatz

’

W = p(w) (1.3)

reduces equation (1.1) or (1.2) to a differential equation involving only w, ¢, ¢, @. Such
reduction is called symmetry reduction. It is presented in Sec.3 and 4. For each of rank
three subalgebras, we point out the corresponding ansatz (1.3) solved for u, the invariant
w as well as the reduced equation which is obtained by means of this ansatz. In the cases
where a reduced equation can be solved we point out the corresponding invariant solutions
of equations (1.1) and (1.2).

We denote the real Lie algebra with generators Xi,...,Xs by < Xi,...,Xs >, se-
quence of algebras U1 b K,...,UpnP K by K :Uy,...,Upn.

2 Classification of subalgebras of the invariance algebra

We restrict ourselves to consideration of the case of subalgebras of the algebra F' = F{y)
as for as classification of subalgebras of the algebra F(y) does not differ from classifica-
tion of subalgebras of the algebra F{;). Obtained subalgebras can be interpreted just as
subalgebras of the algebra Fo) if we use properly the representation of their generators.

Among subalgebras of the algebra F' possessing the same invariants, there exists the
subalgebra contaning other subalgebras. We call it /-maximal. To carry out the symmetry
reduction of equations (1.1), it is sufficient to classify I-maximal subalgebras of the algebra
F up to conjugacy under GG, where G = G(y).

It is known that the algebra AO(3) =< Jio, 13, Jog > has with respect to inner
automorphisms only three subalgebras: 0, < Jia2 >, AO(3). The algebra AO(3) is a simple
algebra. Applying the Lie-Goursat classification method for subalgebras of algebraic sums
of Lie algebras [6, 7], we come to the conclusion that up to O(3)-conjugacy subalgebras of
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the algebra AO(3) @ < D > are exhausted by the following subalgebras:

0,<D><Jig><Jig+aD> (e« € R,a>0),

< Ji2,D >, A0(3),A0O(3)P < D > . 21)
Let K be one of the subalgebras (2.1) and K be such a subalgebra of the algebra F
that its projection onto AO(3)@ < D > coincides with K. If the projection of K onto
< D > is nonzero, then K annuls only a zero subspace in the space U =< Py, P1, P», P3 >.
Since K is a completely reducible algebra of linear transformations of this space, then in
view of Theorem 1.5.3  [7], the algebra K is a splitting one, i.e., it is conjugated with
an algebra of the form V-p K, where V' C U. Let 7n(K) be the projection of K onto
AO(3). If 7(K) =< Jig >, then in view of Theorem II1.4.1  [7] the algebra K contains
its projection onto < Py, Py >, and if 7(K) = AO(3), then AO(3) € K and K contains
its projection onto < Py, Py, P3 >.
In view of Witt’s mapping theorem [8] and the Lie-Goursat classification method,
nonzero subspaces of the space U are exhausted with respect to O(3)-conjugation by the
subspaces:

<Py><aPy+ P > < Py,PL><aPy+ P,P, >

(2.2)
< Py, P, P> < aPy+ P, P, P3 >, < Py, P, P>, P3 >,

where o € R and a > 0. Using the automorphism corresponding to the element exp (6D),
we can assume that o € {0,1}.
It is proved in the work [9] that the algebra AE(3) =< Py, P2, P3 > B AO(3) has with
respect to inner automorphisms such and only such nonzero subalgebras:
<P > <P, P> <P, P, Py >;
< Jio>:0,< P3><P,P,> < P, Py, P3 >;
< Jig+aP;>.0,< P, P, > (Oé 75 0);
< Jiz, 13, J23 >: 0, < P1, Py, P3 > .
For description of subalgebras of the algebra < Py > @ AE(3), it should be used the
Lie-Goursat classification method and remarks made previosly.
According to what has been said, it is not difficult to receive that the algebra F' has

with respect to G-conjugation only such I-maximal subalgebras:
A. Subalgebras having zero projections onto AO(3):

<Py><aPy+ P> < Py,PL > <GP+ P,P >,
where a > 0,6 > 0;
<D>0<Py><aPy+PL><Py,PL><pBPy+ P, P >,

where a > 0,6 > 0.
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B. Subalgebras having zero projections onto < D > and nonzero projections onto

AO(3):
<Jip >0, < Py > <aPy+ P> < Py, Ps >, < P, Py >,
< Py,P,P, > < 8Py+ P3, P, P, >, where a > 0,8 > 0;
<Jig+ Py>:0,<aPy+ P3 > (a>0);
< Jig+aPy+ P3> (a>0);
< J12,J13,J23 >: 0, < Py >, < P1, Py, P3 >, < Py, P, P, P3 > .
C. Subalgebras having nonzero projections onto AO(3) and < D >:
<Jig+ 6D >0, < Py > < aPy+ P >,< Py, P3 >, where a > 0,3 > 0;
< Ji2,D>:0,< Py >, < aPy+ Py >,< Py,P3 >, < P, Py >,
< Py, P, Py >, < aPy+ P3, P, P, >, (a > 0);
AOB) <D >:0,< Py>,< P1,Py,P3>,< Py,P, Py, P3 > .

3 Reduction of equation (1.1) to ordinary differential
equations

If u = u(xy, x2, x3) is the solution of equation (1) or (2), then w is a solution of the Laplace
equation Au = 0. In this connection, let us restrict ourselves to subalgebras of the algebra
F that don’t contain F.

3.1. <aPy+ P, Py, P3,Jo3 > (a>0) :u=¢w), w=mxy — ax,

(1—a®)@ + App = 0. (3.1)
If « =1, then ¢ = C. Let a # 1. Equation (3.1) is equivalent to
dp A
= Cs.
/9024-01 2(042—1)w+ 2
_ 2 _ Aaw . . .
For C; = a* > 0 we have ¢ = atam{Q(a2 =) + C5 p. The corresponding solution of

equation (1.1) has the form

Aa(zg — axy)
—2(0?271)1 +C2}.

2
For01:0wehavecp:2§\i)7$

a (1 + Cexp {;‘alw})
we find that ¢ = S

1—C’exp{ A w}

u:atan{

2(1 — a?)
AMzo —axy) +C°

, and therefore u = For C; = —a?> <0

. The corresponding solution of equation (1.1)

a?—1
will be written in the form

a (1 +Cexp{a2)‘_ 1(560 —Ole)}>
1—C’exp{ A 1($0—04$1)} |

u =

CVQ—
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3.2. <04P0+P1,P3,D> (OéZO)U: mgdw),w: ﬁ,
(1= a®)w? = 1)@ +4(1 — a®)we + 2(1 — a?)p — Ap? — Iwpp = 0. (3.2)

We integrate equation (3.2) and obtain
A
w[(1 = a?)w? —1]¢ + [(1 — aP)w? + 1)p — §w2<p2 = (. (3.3)

For C; = 0 equation (3.3) is the Bernoulli equation. Depending on values of «, we receive
such its solutions:

6w
b rucll
1
Y= Sw , for = 3> 0;
2 _ 52 w+p 1-a?
/\ﬁ{Qﬁw—l—(w —ﬁ){ln‘w_ﬁ‘—l—C}}
4 1
© Y , for 2:—ﬂ2<0

) AG {_5“) + (W + 6% {arctan“é + C] } -«

Corresponding solutions of equation (1.1) are:

61’2($0 — .1:1)2
U= ,
A3 + C(xg — x1)3

for a = 1;

8xa(xo — axy)

v= )
AB {2ﬁaz2(:vo —ax1) + (2% — B%(zo — arp)?) <ln’£§ f g;g ; ggii ‘ + C)}
1
for o =5%2>0,
Az (zo — axy)
v= )
AB {—ﬁxz(ﬂco —azy) + (23 + B (zo — az1)?) <arctan m + C)}
1
for =7 :—ﬂz < 0.

Let C1 # 0 in equation (3.3). If @ # 1 and ﬁ = (82, then equation (3.3) can be
written in the form

A
2(1—a?)’

A solution of equation (3.4) is looked for in the form ¢ = W The function v is

w(w? = B¢+ (W + B%)p — pw’e* = C1, p = (3.4)

defined by the equation
dip dw

02— B2+ puly —(WZ— B2y (3.5)
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Depending on values of 32 — uC1, we receive the following solutions of equation (3.5):

 |w—BI7 + Colw+ 8|7

- ~, for % —puCi=+*>0;
lw - B|7 — Calw + B|7

(G

-1
¢=2ﬁ[ln]$i_§|+02} , for (% —uCy =0;

zp:'ytan{;ﬁln ng

Corresponding solutions of equation (3.4) have the form:

+ C'Q}, for 32 — uCy = —2 < 0.

-1
+ﬂ2} , for B%—uCy=~2>0;

@:cl{ w =817 + Colw + B
w— 8|7 — Calw + B]7

w+ 3 ! -
’4—02) +52} , for g% — uCy = 0;

gozC’l{Qﬁw(ln pp—

_ o |wt B
gp—Cl{'ywtan{Qﬁln g

Corresponding solutions of equation (1.1) are:

-1
‘+02}+ﬁ2} , for g% — uCy = —~% < 0.

-1

i 0l

_ 54+ C _ 7

w= 0y {7332 <|962 5$0+045961\1 + Calza + Bo 045961’1 + B2(z0 —Oz1:1)>} ’
|z2 — Bxo + afBr1|? — Colwy + Bro — afir:|?

for %2 — uCy =~% > 0;

x9 + Bro — afr
x9 — Bxo + afxy

1 -1
u=Cy {Qﬁ@ [111 + 02] + 3% (w0 — 04351)} )

for 5% — uCr = 0;

x9 + Bro — afTy

-1
u=C] {'yxgtan{’yln —1—02}—1—62(360—04951)} ,

28 |29 — Bxo + afixy
for 52 — uCy = —~* < 0.
If « #0 and 1 —1a2 = —/32, then it is possible to represent equation (3.3) in the form
WP+ )+ (P~ Yo — p?e? = O, = oD (36)
2(1 — a?)
A solution of equation (3.6) is looked for in the form ¢ = W The function ¢ is

defined by the equation
dyp B dw
Y4B+ uCr —(w?+52)

(3.7)
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If 32 4+ uCy = 42 > 0, then a general solution of equation (3.7) is:

~ w
= vytan{ —— arctan — + C' },
Y=y { 3 3 2

and the corresponding solution of equation (3.6) is

8 w -
o =-C [’Yw tan {ﬁ arctan B + Cz} + 52} .

If 3% + uCy = 0, then
B

= — —— d =
¥ arctan%—i—Cg anc ¢ Cl[

-1
ﬁw ,82
arctan % 5 + Oy '

Provided 32 + uCi = —~2, then
Cs exp { arctan +1

3]
4}

Cs exp {Qg arctan (‘5} +1

and ¢ = C1 { Yw

Y=r

Cs exp {Qﬂfy arctan %’} -1 Cs exp { arctan

For the obtained values ¢ we derive the following solutions of equation (1.1)

-1
g L2 2
u=-—C { T tan{arctan+0}—|— Ty — Qx } ,
19722 3 o — by 2 ¢+ B8%(wo 1)

for 3% + uCy = +> > 0;

B
)
Bxo — affry +C

-1
u=C1 { —[32(500—04331)} for 32 + pCy = 0;
arctan

-1

Cs exp {Qg arctan ﬁxofzozﬁxl} +1
C 2y tan ——22 L _ 1

for 52 4+ uCy = —~* > 0.

— (w0 —ax1) p

u=C1 {772

3.3. <aPy+ P, J12,D > (@ >0):u m‘ﬁ(“)"":m’

4w[(1 = o®)w — 1)@ + [10(1 — o®)w — 4] + 2(1 — a?)p — Ap? — 2wy = 0.

The reduced equation is equivalent to one:
4w[(1 — aPw — 1] 4+ 2(1 — a®)wy — dwp? = C,

where (] is an arbitrary constant.

(3.8)
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Let C7 = 0. Equation (3.8) is transformed into a separable differential equation. In
this case we obtain that

u = Ao — 3) fora=1
MNz? + 23) + C(z0 — 23)°’ ’
and for o # 1
2(1 — a?
o (1o

Mz — axs) + C\/(l —a?)(2? + 23) — (zo — ax3)2'

2 2 2
3.4, AOB)@® < D> u= ghp(w),w= DB,
0

dw(w — 1)@ + (10w — 6)p — 2w + 2¢ — Ap? = 0.
By integrating this equation, we arrive at the Riccati equation:

dw(w — 1) + 2(w — 1) — Awe? = C}. (3.9)
The substitution p(w) = %w(t), t = /w reduces equation (3.9) to

di ot
M2+ A71oy) 242 1)

The general solution of equation (3.9) has the form

=2 — 22
p=otan { 1’C2f+1’},forC1—Aa,a>0,

( ’\F—i_l’—i—C'g)_l,forCl—O,

w—1

a IV 1A+ Con/Iyw — 1@ )
\F\/Tpa 02\/T1‘>\a for C; = —Xa“,a > 0.

The corresponding solution of equation (1.1) has the form

by 1/x2+x2+x2—x0
u(r) = #tan —aln’Cg ! 2 5 ‘ , for C1 = Xa?,a > 0;
\ai+ 23+ 23 4 23+ 23+ 23 + 2

-1

1 22 4+ 23 + 23 + 39

w(z) = ‘V L vy Lo Gr=0
\at+ a3+ 23 Vat+ 2+ 23 — 2

a \/I\/x%w%+w§+xol*“+02\/lx/x%+x%+w§xo!*a
2 2 2
\/5'31 + 23+ a3 \/|1/x%+x§ + 23 + zo|re —C’g\/\/]a:%—i-x%%—x% — z0|re

for C1 = =X\a®, a>0.

u(x) =
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4 Reduction of equation (1.2) to ordinary differential
equations

4.1. <aPy+P,P;,D> (a>0):u=¢p(w)—In{zy—az1},w= ﬁ,
(1 —aHw? — D@+ 2(1 — a?)wp — Mwexp(p)p — Aexp(p) + 1 —a? = 0.

If we integrate equation (4.1), we obtain
(1 —a®)w? = 1) — dwexp(p) + (1 — a®)w = Cy.

The substitution ¢ = In® transforms equation (4.2) into the Bernoulli equation
(1 = a®)w? = D) — Awp? 4+ (1 — a?)w — C1 ) = 0.

If « = 1,C; # 0, the general solution of equation (4.3) has the form

Ct
 ACw — A+ C2Chexp(—Chw)’
Then
p=1In a

ACiw — X\ + C2C5 exp(—Chw)’

and therefore

(4.1)

(4.2)

Ct
u = In Cr .
ACrxg — )\(3?0 — .731) + 01202(.%'0 — :Cl) exp {—xo 1_ %1}
For a = 1,C7 = 0, we find that ¢ = o 2 el and therefore the corresponding solution
2(33‘0 — $1)

of equation (1.2) has the form u = In MZE+ Clag — 21)2

Ifa#1 and 2= = 3% > 0, equation (4.3) has such a solution depending on C;3:

1 _{Aﬁlwﬁ\ + =8l o — g

¢ l2(CiB+1) T 2CiB—1)

1 A8 w+f —1
s e m+w-pm T cow-p)} for cap -1
;:)\f{(wﬁ) (w+B)In +g‘+02(w+5)},f0r01521.

Corresponding solutions of equation (1.2) have the form

v 1 {Aﬂ!xz + Brg — Paxi| | ABlzs — Bro + Bax |
- 2(C18+1) 2(C18-1)

Csylxg — Bxo + Baml\ ]xg + Bxg — ﬂom:1| } for C18 # +1;

—C18
o as A
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T2 + Bro — affxy
T9 — Bxo + afxy

U= —111{%(3:2 + Bro — Baxwy) + %(372 — Bxo + Paxi)In

Co(we — Pxo + aﬁazl)}, for C18 = 1;

x2 + Bro — afxy
x9 — Bao + afry

U= —ln{—/\zl—ﬁ(xg — Bxo + Paxy) + %(1‘2 + Bxo — faxy)In

Co (w3 + Bro — affz) |, for C18 = —1.

If « #1 and T —1a2 = —3? < 0, equation (4.3) has the solution

1 A (Clw—1
w:MjLCQ\/mexp{—ﬂClarctang}.

The corresponding solution of equation (1.2) is
A\3?(Crzg — z0 + axy)
1+ B2C?

u:—ln{

o Pl an {30 woun 22

4.2. <aPy+ P, P, P3,Jo3> (a>0):u=pWw), w=x)— ar,
(1—a®)p + Apexp(p) = 0. (4.4)
If « =1, then o = C. If a # 1, then the expression

dy w
= C
/ Aexp(p)+C1  a?—1 e

is a general solution of equation (4.4). Hence it appears that

1—a?
@—IH{M} for Cl =0
and

_ 0|} for C1 #0
ren ].—)\CQGXP{CQliJl} ezl

«

The functions

C1Cyexp {Eg%(l’o - 06951)}

1— )\Cgexp{ Ci 1(3:0 — Om:1)}

012

| 1—a?
=1In
“ Mzo — az + C)

}anduzln

are corresponding solutions of equation (1.2).
2, .2
4.3. < aPy+ P3,Ji2,D > (> 0):u = p(w) — In{zg — azx3},w = %,
0 — ar3
4w((1 = o®)w — 1)@+ (6(1 — aP)w — 4)p — A2wp + 1) exp(p) + 1 — a® = 0.
2, .2 .2
44. AOB)D <D > u=p(w)—Inzyw= %,
0

dw(w—1)@+6(w—1)p — AM2wp + 1) exp(p) + 1 = 0.
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