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Abstract

Representations of the ¢g-deformed Euclidean algebra U, (iso3), which at ¢ — 1 gives the
universal enveloping algebra U (iso3) of the Lie algebra isos of the Euclidean Lie group
I150(3), are studied. Explicit formulas for operators of irreducible *-representations
defined by two parameters p € R and s € %Z are given. At ¢ — 1, these representations
exhaust all irreducible infinite-dimensional *-representations of U (isoz). The spectrum
of the operator T}, ;(I3) corresponding to a g-analogue of the infinitesimal operator of
shifts along the third axis is given. Contrary to the case of the classical Euclidean
algebra isog, this spectrum is discrete and has one point of accumulation.

1. Introduction

The aim of this paper is to study irreducible representations of the g-deformed FEuclidean
algebra U, (iso3) defined on the base of the algebra U, (so3) given in [1] (see also [2]). The
classical Lie algebras soz and sly are isomorphic. The algebra U,(sos) from [1] differs
from the quantum algebra Ug(sly) defined by Drinfeld [3] and Jimbo [4]. Namely, U, (sls)
is defined by means of the Cartan subalgebra and root subspaces of the Lie algebra sls.
The g-deformed algebra Uy(sos) is a g-deformation of the defining relations [Ji, Jo] = Js3,
[Jo, J3] = J1, [J3, J1] = Ja.

Adding to Ug(so3) the generator I3 corresponding to infinitesimal shifts along the third
axis and postulating commutation relations of I3 with other generators, we obtain the
g-deformed algebra U,(iso3). This algebra is a g-deformation of the Lie algebra isos of
the Euclidean group 1.SO(3) which is the semidirect product of the rotation group SO(3)
and the translation group of a 3-dimensional Euclidean space. There are difficulties with
definition of the Hopf algebra structure in this algebra. We do not consider this problem
here and only note that our algebra U,(iso3) can be embedded into the quantum algebra
U,(iug) (the g-deformation of the Lie algebra of the inhomogeneous unitary group). The
last quantum algebra is equipped with the structure of a Hopf algebra.

We construct infinite-dimensional irreducible representations of the algebra U, (isos).
They are given by two numbers p € R and s € %Z. Unfortunately, we cannot state that
they exhaust all irreducible -representations of Uy (iso3). But at ¢ — 1, they give all irre-
ducible x-representations of the Lie algebra iso3. Thus, we can state that we constructed
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g-deformations of all irreducible *-representations of isoz. Remark that irreducible *-
representations of Ug(isoz) of class 1 with respect to the subalgebra Uy(soz) (that is, in
the spaces of these representations, there exist vectors invariant with respect to this sub-
algebra) were constructed in [5].

We find the spectrum and spectral measure of the representation operator correspond-
ing to the generator I3 of Uy (isog). This operator is bounded and has a discrete spectrum.
It is interesting that in the classical case (i. e., when ¢ = 1) this operator is bounded
and has a continuous spectrum. We could find this spectrum and the spectral measure by
means of involving into consideration the theory of g-orthogonal polynomials [6, 7]. The
operators T}, s(I3) are representable by Jacobi matrices. Thus, we can employ the theory
of such operators [8] and this leads to the theory of g-orthogonal polynomials.

Everywhere below we assume that the deformation parameter g lies in the finite interval
0<qg<l.

2. The ¢-deformed algebra U,(so3) and its representations

The algebra U,(so3) is a g-deformation of the universal enveloping algebra of the Lie
algebra so(3) of the rotation group SO(3). It is generated by three elements Io;, I35 and
I3 satisfying the relations

Io1, Isg] 14 = @/ *Inn Tsg — ¢~/ * Isp Iy = Iy, (1)
[I32, I31] g1/a = Io1, [L31, I21] g1/ = Iso. (2)

Unfortunately, a Hopf algebra structure is not known on Uy (so3). Nevertheless, it is shown
[9] that we can consider tensor products of irreducible finite dimensional representations
which are g-deformations of irreducible representations of the Lie algebra sog.

Let us remark that according to (1), the element I3; is determined by Is; and Iso.
Thus, the algebra Uj(so3) can be defined by I»; and I3z, but now, instead of the quadratic
relations (1) and (2), we must take the cubic relations [10]

IonI3y — ("2 + ¢V oI I3 + 135151 = —Ioy,
131130 — (¢ + ¢ V) o1 I3oToy + I3213,

—1I3
which can be written down in the form

([I21, I32] g1/a, I32] 174 = —Io1,  [[I32, I21]1/a, I21] 174 = —I3o.

The formulas I3, = —Is; and I3, = —I32 determine the x-algebra structure on Ugy(so3).
The formulas I3; = —Ip; and I3, = I3p determine on Uy(so3) the x-structure defining the
g-deformed algebra Ug(soz,1).

We need below only those irreducible representations of Uy, (sos3) which are g-deforma-
tions of irreducible representations of the Lie algebra sos. These representations are given
by nonnegative integers or half-integers {. The representation 77, labeled by a number [,
acts on the linear space V; with the orthonormal basis

lm), m=—-l,—-1+1,...,1, (3)
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and is given in terms of g-numbers [a] = (¢*/% — ¢=%/2)/(¢"/? — ¢~'/?) by the formulas

Ti(Io1)|m) = im]|m), (4)
Ti(Is2)|[m) = d(m)([l—m][l+m+1])"2[m+1)—d(m—1)([[—m+1]i+m])/*|m—1),(5)
Ti(Isn)|m) = ig"/*{q™d(m)([l — m][l +m + 1))/*|m + 1)

6
g md(m — 1)([L = m + 1]+ m)Y?m — 1)}, ©)

where i = v/—1 and

_(mlm 1) N2 L 2
1) =~ (i)~ (@ rema )

Let us note that the operators Tj(I21) and Tj(I32) are anti-Hermitian. The operator
Ti(I31) is not anti-Hermitian. Relations (1) and (2) do not allow us to make both operators
Ti(I32) and Tj(I31) anti-Hermitian since the element I3; is not invariant under the -
operation.

Note that T;, | = 0, %, 1,..., do not exhaust all irreducible representations of Uy(so3).
The classification of irreducible *-representations of U,(so3) is given in [11].

3. The ¢-deformed algebra U,(iso3)

In order to construct the g-deformed algebra U, (isoz), we add to the generating elements
I>1 and I3y of the algebra U, (so3) the element I3 which satisfies the relations

(I3, I21] = 13191 — I2113 = 0, (7)
1503 — (¢ + YA I3 Isp + 312, = — 13, (8)
Igfgg — (q1/2 + q71/2)13132[3 + I32]§ =0. (9)

The associative algebra generated by the elements I; ;_1, ¢ = 2,3, and I3 obeying relations
(1), (2) and (7)—(9) is denoted by U,(iso(3,C)). Introducing the involution (antilinear
antiautomorphism)

I:i—l =—lii1, I3=-I3 (10)
into U, (iso(3, C)), we obtain the algebra Uy (iso3). The involution
Iy =—In, Ip=1In, I3=-I; (11)

determines the algebra Uy (iso1).

If ¢ — 1, then the algebra Uy (iso3) tends to the universal enveloping algebra of the Lie
algebra of the Euclidean group I50(3) (the group of motions of a 3-dimensional Euclidean
space).

The element I3 is a g-analogue of the infinitesimal operator for shifts along to the third
axis. We may determine the elements in U,(iso3) which are g-analogues of infinitesimal
operators for shifts along the first and second axes. They are given by

Iy = ¢4 3913 — g~ Y4 I3 139, I = ¢/ 3 I — ¢ VALL = ¢ o Iy — VA L I,
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However, the elements I and I, are not invariant under the x-operation.

The algebra Uy(iso3) can be obtained by means of the contraction from the algebra
Uq(so4). The last algebra is a generalization of the algebra U,(sos) and is generated by
the elements I; ;_1, 1 = 1,2, 3, satisfying the defining relations

(143, I21] = Luzlo1 — I1143 = 0,

I Livvi — @2+ Y Ly il + Liv1il7i = —Tivag,

Ii2+1,iIi,z‘—1 —(¢*? + q_1/2)fi+1,ifz‘,i—1fi+1,i + Ii,i—1Ii2+1,7; =—I;; 1,

where i = 2, 3. Replacing 143 by RI3 in the last two relations taken for ¢ = 3 and tending
R to infinity, we obtain the defining relations for the algebra U, (isos).

4. Representations of U,(isos)

We describe those irreducible infinite-dimensional *-representations of Uy (iso3) which are
g-deformation of irreducible infinite-dimensional *-representations of the Lie algebra isos
(they are infinitesimal forms of irreducible unitary representations of the group 1.50(3)).
The last representations T/I),s of iso3 are given by two numbers p € R and s € %Z. They
act in the Hilbert space Vs with the orthonormal basis

[LLm), 1=]|s|,|s|+1,|s|+2,..., m=—-l,—1+1,...,L

In fact, this basis is the set of bases |l,m), m = —I,—l 4+ 1,...,l, of irreducible rep-
resentations of the subalgebra so(3) and the restriction of T} ; onto the subalgebra soz
decomposes into the sum of the irreducible representations 7} of this subalgebra, for which
IL=s|,|s| +1,...,00.

The corresponding irreducible representations of Uy (isoz) are denoted by T}, s, where p
and s take the same values. The representation T}, ; acts in the space V; described above
and is given in the basis {|/,m)} by (4) and (5) for the operators T}, ;(I21) and T}, s(I32)
and by the formula

TP75<I3) ’l? m> = ip

[s][m] [+ s][l — s][ + m][l — m]\ /2
mE+ g™ ( (2120 — 1][20 + 1] ) [l = 1,m)
[+s+1[—s+1I+m~+1[—m+1]\"?
+p( [+ 1]2[21 + 1][21 + 3] ) l+1,m),
where numbers in the square brackets are g-numbers.

It is proved by direct (but awkward) calculation that the operators T}, s(I21), Tp,s(I32)
and T}, s(I3) satisfy the defining relations of the algebra U, (iso3). We omit this calculation.

(12)

Theorem 1 The representations T), s, p # 0, are x-representations for Uy (isoz). They are
wrreductble and pairwise nonequivalent.

Proof. It is checked by direct calculation that the operators T}, s(I21), T}, s(I32) and
T, s(I3) satisfy the conditions defining *-representations of Uy (iso3). Irreducibility of T}, s,
p # 0, is proved by the standard method. Pairwise nonequivalence of these representations
follows from the fact that the operator 7}, ;(/3) has different spectra for different values of
the pair (p,s). The spectrum of T}, ;({3) will be found in the next section.
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5. Spectrum of the operator 7, ,(I3)

Let us find the spectrum of the operator L, = iT),s(I3), i = v/—1. The carrier space
Vs of the representation 7T}, s can be represented as the direct sum Vi = " &V, m =
0,1,2,..., where

Van= Y. ®Cl|l,m).

l=max {s,m}

The subspaces Vi, are invariant with respect to the operator L,. We shall find spectra
of L, on each of these subspaces. The spectrum of L, on Vj is obtained by uniting these
spectra.

Further we consider the vectors (—i)~!|l,m) instead of the vectors |I,/m). In this case,
the third summand in (12) must be multiplied by —i and the second one by i.

If |z, m) is an eigenvector of the operator L,: L,|z, m) = x|x,m), then

|z, m) = iPl,k(x)]l,m), k = max (|m], |s|). (13)
1=k

Formula (12) is symmetric with respect to permutation of s and m and to change of signs
at m and s. Therefore, we may assume, without loss of generality, that s and m are
positive and that s > m.

Substituting expression (13) for |z, m) into the relation L,|z,m) = x|z, m) and acting
by L, upon |I,m), we easily find that the vector |z, m) is an eigenvector of L, with the
eigenvalue z if P;_j satisfy the recurrence relation

m+2s+1n+1n+s+m+1n+s—m-+1] 1/2P
< [n+ s+ 1]%[2n + 2s + 1][2n + 2s + 3] ) nt1(z)

[n + 2s][n][n + s + m][n + s —m] 1/2
<[n+3]2[2n+23—1][2n—|—23_|_1]> Pn71($) (14)

e,
[n—i—s][n—i—s—f—l]Pn( ) pP"( )

(here n = [ — k) and the initial conditions Py(z) =1, P_1(x) = 0.
Making in (14) the substitution

—n(n+2s n+2slln+ s +m|![2n+2s + 1]\ /2
P, (z) = ¢ "(nt2st)/4 <[[n]![n L[s—m}![s_]i_[m]![28+l]!]> )

where [n]! = [n][n — 1]...[1], we reduce (22) to the recurrence relation
(1 _ qn+2s+1)(1 o qn+s+m+1)(1 + qn+s+1) ,
(1 _ q2n+23+1)(1 _ q2n+25+2) n+1($)
qn+23+m+1<1 _ qn)<1 4 anrs)(l o qn+sfm) , 15
+ (1= g2nies+i)(] — g2nt2s) n—1(7) (15)

n+s+1 m S
q (1_(] )(1_(]) / (5+m+1)/2x /

— P (x)= —P (x).
(1 =gts)(1 = gntsth) n(®) =4 p (@)
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To solve this recurrence relation, we use the following recurrence relation

Anpn1(y) — Copn—1(y) — (An — Cn — 1)pn(y) = ypn(y) (16)

for big g-Jacobi polynomials [6]

g ", abg"tt, y
iq, q),

pn(y)Epn(y;a,b,CIQ)=3wz< aq. o

where 3¢9 is the g-hypergeometric function and

(1 —ag"t)(1 — cg"™)(1 — acg"™™) (1—¢™)(1 —bg")(1 — abc'q™)acqg™ !

An = 5 Cn =
(1 — abg2"t1)(1 — abg2"+2) (1 — abg?)(1 — abg2 ™)
Setting into (16)
—m S x m-r+sSs
a=q¢"" b=¢"" c=—¢", yzzq( Ttz (17)

after some calculation, we reduce (16) to (15). This means that the solution of the recur-
rence relations (14), normed by the condition Py(z) = 1, is the polynomial

Po(z) = NY2p,(y; 1™, 8™, —¢* | q), (18)

where

N, = q-nn2s+1)/2 [n 4+ 2s)![n + s +m]![s — m]![2n + 2s + 1]

[n]![n + s — m]![s + m]![2s + 1]! (19)

Note that the same result is obtained by setting a = b = —¢®, ¢ = ¢*" in (16) and
retaining y from (17).

The big g-Jacobi polynomials in a general case satisfy the orthogonality relation, which
can be given by formulas (7.3.12-14) from [6] (the formula (7.3.13) is corrected):

aq
[ pals b, cl)pn (30, )@y = dun /o - (20)
cq

where
1Y) = (Y/a; @)oY/ ¢ oo/ (Y3 @)oo (bY/ €5 @)oo,

b (aq; @)oo (bg; @)oo (cq; @)oo (abq/c; @) oo
7 ag(1 — q)(¢/a;q)oo(aq/¢5 q) oo (65 4) 0o (abg%; @)oo

and

o (1= abg®™"1)(abg; 9)n(ag; ¢)n(cg; 4)n
" (1 abg)(g; 9)n(abq/c; q)n(ba; q)n

Here (a;q)o0 = [132(1 — aq’), (a;9)n = (a;q)o0/(aq™; ¢)oo- The integral on the left-hand
side of (19) is understood as a g-integral, see [6]:

(—CLC) —nq—n(n+3)/2.

a
0

b b a 00
[ = [ 5Ot = [0 [T 5Ot =a(-0 3 flad)a
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Let us express ((y), hoo, and h,, through the parameters a, b, ¢, and y from (17). Taking
into account that (ag™";q)n = (—a)*q """ tV/2(qa="; q),, we have

—S—m —m

w(y) = (yq D sm(=yq 5 0)s/(=ya™ ™ Qm-

With formulas
(=¢""5 oo/ (4™ @)oo = ¢~ [n)![2m]!!/[m]![2n]!,
(=" @)oo/ (=07 ™ @)oo = g~ *[n]![m]!/2[2m]!![2n]!!
and
(=@ Dn = ¢"*[20) (=15 ¢)n/2[n] = """/ 420]11/[n],
where @ = (n — m)(n +m + 1)/4, (g;9)n = ¢"" V41 - ¢)"[n]!, (¢%¢>)n = /(1 -

q)"[2n]!!, [n)!! = [n][n — 2] - - [1] or [2], the expression for he, can be transformed into the
following:
hoo = S g (stmi2)/2 ( 5] )2 2s+1]
2 251 [s —m]![s + m]!

For a = b= q~*, ¢ = ¢°™™, the quantity h is negative.
The expression for h,, coincides with that for N, in (18), as it should be. This can be
easily verified with the help of

("5 @)n = ¢V — g)" [m + n)!/ fm]L. (21)

The facts mentioned above imply that the polynomials P,(z) in (18) satisfy the or-
thogonality relation

qs+m+1

[ PPy ) = s (22)
where
L em SIEN? 25+ 1) (~ya%0)s(Ya 5™ @ sm
W) = 5 () e g

y = xqtm+tD/2 /5 In more explicit form,
o0
Z Pn(zk:)Pm 7nk + Z P zk W/(Tk:) = Omn; (23)

where z, = pgtt(HtmID/2 o — —gmmy py = ¢FHTmL and W(rg) = (1 — @)rrw(ry),
W'(ry) = =W (—q ™ry). Straightforward calculation with (20) and
(=g @) = 2D A2+ 2]/ [+ ]t 2

leads to

s(s+m+1)/2+k(s+1)(1

W(ry) = §C] —q)
[k + s +m]![k + m]![2k + 2s]!!

[k]'[k + s]'[2k + 2m]!! ’

stmil [s}!>2 25 +1]!
) [s—
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and W' (rr) = W(rg)m——m-

Formula (22) demonstrates that the spectrum of the operator L, on the subspace Vj,, is
a discrete set of points —pght(s=m+1)/2 and pghtstm+1/2 1 —=0,1,2,---. Since 0 < ¢ < 1,
the accumulation point of the spectrum is zero. Joining spectra for all subspaces V,,, we
obtain the spectrum of the operator T),(I3) on V.

6. Case ¢ =1

Let |z, m) at ¢ = 1 be an eigenvector of the operator L, with an eigenvalue x, L,|x,m) =
x|z, m) and

|z, m) = ipl,s(:c)]x,rm (24)
l=s

The formula of action of the operator L, upon the basis vectors (—i)~!l,m) at ¢ = 1 is
obtained from (12) by the substitution [r] — r for any c-number r. Then, repeating the
procedure of the preceding section, we find that the functions P, (x) in (23) take the form

Po(z) = <(s —m)!(s +m)Inl(n+ 2s)!(2n + 2s + 1)

1/2 e
2s+ Dl(n+s—m)l(n+s+m)! > Pt (w/ p), (25)

where PT(La’ﬁ ) (z) is an ordinary Jacobi polynomial. With use of the orthogonality relation
for these polynomials (see, e.g., [12]), we obtain

[ Pu@) Pa) )y = (26)

Here y = z/p and

(25 +1)!
(s —m)!(s +m)!

@(y) =27 (1—y)" " (1 +y) ™
We see that the spectrum of the operator L, on the subspace Vj,, is continuous at g = 1
and consists of points in the interval [—p, p].

Remark that big g-Jacobi polynomials have the property

lim pu(a:%,¢”, o) = P (@)/ P ().

In this limit, P,(x) — P,(z) (see formulas (18) and (24)) and w(y) — w(y) (see (21) and
(25)). If, in additions, to use the property

a a
tim [ 50 (6) = [ o),
9—1Jo 0

where f is a continuous function on [0, a], one easily verifies that the orthogonality relation
(21) for the polynomials P,(x) at ¢ — 1 goes to the orthogonality relation (25) for the
polynomials P, (x).
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