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Abstract

The Moser type reductions of modified Boussinessq and super-Korteweg-de Vries equa-
tions upon the finite-dimensional invariant subspaces of solutions are considered. For
the Hamiltonian and Liouville integrable finite-dimensional dynamical systems con-
cerned with the invariant subspaces, the Lax representations via the dual moment
maps into some deformed loop algebras and the finite hierarchies of conservation laws
are obtained. A supergeneralization of the Neumann dynamical system is presented.

1 Introduction

This paper is concerned with finite-dimensional invariant subspaces of solutions to 2m-
periodic nonlinear dynamical systems on infinite-dimensional functional manifolds being
Lax integrable on them. The above-mentioned finite-dimensional reduction is realized ef-
fectively via the well-known Moser’s procedure [1] using the gradient-holonomic algorithm
[2] and the moment map technique, developed recently in [3, 4] .

A modified Boussinesq hydrodynamic equation on M [11] on a functional space M C
C>®(R/27Z; R?):

du/dt = 1/3vs,
dv/dt = us, + 6uuy,

} = Klu,v]. (1)

generates a smooth vector field K : M — T (M) on M considered as an infinite-dimensional
manifold, being a completely integrable Hamiltonian system having a Lax-type represen-
tation

dijdt = [I, (1¥/%),], (2)
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where

= 83+2(u0+8u)—iv, i:=v—1, (3)

is a skew-symmetric differential operator in some Sobolev space WS’ (R/27Z; C), the sign

”+” denotes taking the positive part of an expression in the bracket.
The next dynamical system being interested for us is the Korteweg-de Vries super-

Hamiltonian system [8, 12] on an infinite-dimensional 27-periodic supermanifold M ¢
C®(R/2rZ; R'):

dufdt = —uzy + 6uu, — 1266, |
d&/dt = —4&3, + 6u&, + 3u € } = K['Un ﬂ (4)

The vector field K : M — T (M l|1) generates on M a completely integrable dynamical
system with the following Lax type representation:

(—Dg +w)f(z,0) =0, (5)

where w = (u—\)0+¢ € MU', (z,0) € R are supervariables,Dy := 8/90+600/0z is the
covariant superderivative, A € C is a spectral parameter and f € Wég)(Rm/ 2nZ; C1) is
the corresponding eigenfunction. Dynamical system (4), as will be shown below, reduces
upon some invariant finite-dimensional submanifold to a new generalized Neumann type
oscillatory super-Hamiltonian system on the sphere SV for any N € Z, being integrable
via Liouville in quadratures.

2 The Moser type finite-dimensional reduction of a Boussi-
nesq hydrodynamic system and its Lie-algebraic integra-
bility

2.1 The Boussinesq hydrodynamic system (1) has an infinite hierarchy of conservation

laws being written in the compact form as follows:

2

v = ; dx res /3, jely, (6)

where the operation ”res” means the usual residue one on the space of pseudo-differential
operators. From (5), one can find right away the simplest nontrivial conservation laws:

2m 2m 27
v = dr u, v = drv, 3= dx uv. (7)
0 0 0

To proceed further with an effective method devised in [4, 5] for the Moser-type nonlocal
finite-dimensional reduction of the dynamical system (1) upon an invariant submanifold
being alternative to previously developed in [6] , we need to consider a space of eigenfunc-

tions {f; € Wc(,g)(R/%rZ :C): j=0,N,} of the skew-symmetric Lax operator (3):

3 3 7
Ifi=Xfi = fise+ iufj,a: + Zumfj - vaj =\ fj, (8)
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where \; € 1R, j = 0, N, are some wholly imaging Blokh eigenvalues. The corresponding
conjugated periodic eigenfunctions { f; € Wég)(R/QWZ; C) : j =0, N)} satisty the adjoint
to (8) equation as follows:

Ufio= =1f)" = Nf; 9)

owing to the skew-symmetry of operator (8).

It is well known that eigenvalues \; € D(M), j = 0, Ny, are smooth nonlocal invariant
functionals on M. Hence, we can build, due to a Lax procedure, the following finite-
dimensional invariant submanifold My C M:

My = {(u, v)" € M : gradCy[u,v] = 0}, (10)

for any integer N € Z, where, by definition, the real-valued Lagrangian Ly € D(M) is
taken in such a form:

Ny N
Ly = =Ny + ) agy+ Y bk, (11)
=0 =0

the integers N,, Ny € Z, being fixed but arbitrary, a; € R, j = W, b, € iR, k =
0, Ny, being some parameters. As was proven in [5], the manifold My C M is in general
a symplectic one, on which the vector fields d/dx and d/dt are Hamiltonian completely
Liouville integrable dynamical systems.

2.2 Below we will be interested in the special case where N, = 2, Ny € Z, are arbitrary.
This gives, for some convenient choice of constants in (11), the following finite-dimensional
submanifold

Ny Ny
My = {(u,v)T eM: v=3i) (fifix—fiafi) u=Y f;‘fj} ) (12)
j=0 Jj=0

where, obviously, the integer N = 2NN, + 2, as easily follows from (11). Let us consider
now the natural jet-coordinates upon the submanifold My locally imbedded in C2¥2+2 ag
follows:

My = { (Fir 153 95 = Fiawr 95 = Frai 05 = fiwar 0 = fFap)” € CPAT2:

. (13)
Ui =Xify 1} = =Xifj 5 =08},

The manifold My (12) carries a symplectic structure w(?) which can be retrieved from the
following expression: w® = da® where

dLyu,v] = (grad Ly[u,v], (du,dv)” ) + daW[u,v]/dz. (14)

To find exactly the symplectic structure w(® on the manifold My in coordinates (13)

exactly, we need to determine the expression for Ly[u,v] as a local functional upon the
extended infinite-dimensional manifold M := M ® (Wég’))N A2 as follows:

Ly — Ly = : dx EN[u,v;fj,f;]. (15)
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The condition grad Ly[u,v; f;, fi] = 0 defines in the manifold M the next invariant
finite-dimensional submanifold My C M:

N
MN = {(U,U;fj,fji j:O’N)\)T € M: U:?’ZZf],xf]*_f;,mf]v
7=0

AL i 3 3 (16)
w=>Y"fiff, fisae — it qufia t Z(Ufj)x —Aifi =0,
=0

* ? * 3 N 3 . .

Lemma 1 The extended finite-dimensional jet-submanifold My (16) is an invariant sym-
plectic one with the following noncanonical symplectic structure:

Ny

5@ =3 [df} A dpj — dg; A dg; + dp; A df+
= (17)
ijA%+ﬁmA%—ﬁwAWﬂ

< The proof is stemming from the following simple calculations due to the general theory
of [5]:

dLy[u,vs fj, fi]=
(grad Lylu,v; fi, f7], (du, dv; dfy,dff = j=0,NX)") + da®Mu,v; f;, f5]/dz,

where

N
a(l) = Z [fjikdfj,%c - f;mdf]}x + f;2wdfj + Z(ufj*df] B uf]df;)] (18)
=0

Since the symplectic structure @@ := da)), we can easily find from (18) that the expres-

sion (17) takes place exactly upon the submanifold My C M. >

The corresponding Hamiltonian functions for vector fields d/dx and d/dt on both the
extended submanifold M y and submanifold My can be easily found by use of the following
defining expressions:

<gT’CleN[U,U;fj,f;], (U:Jcavﬁfj,z»f;m ] :OaN)\)T> = _dﬁ(m)/dl‘a (19)
(gradTalu,v; fi, f1], (ueovis S fie s = 0,N0)7) = —di" /da.
upon the submanifold My C M, and
grad Ly|u,v], (ug,vz)" ) = —dh® /dz,
( [u, 0], ( )" ) / (20)

( grad Ly[u,v], (ug,v)™ ) = —dh®) /dz
upon the submanifold My C M. From (19), one can find, for example, that

Ny . Ny
x * * * ¢ *
h( ) _ Z(Pjgj —Pjg; + )‘jfjfj) + ZU (Z fj fi— U) . (21)
=0

J=0
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If we reduce the symplectic structure (17) upon the submanifold My C My putting
Ny Ny

w= > fjfj, v=23i}) (f;-kgj — fjg;), we will get the symplectic structure w® on the
j=0 j=0

submanifold My in jet-coordinates as follows:

Ny .
S =3 {df; A dp; — dg’ A dg; + dpt A df; + %d (Z f;i‘fk) (f7dfj - fjdf;‘)] } (22)
P k=0

Thus, we can formulate the following theorem:

Theorem 1 The vector field d/dx on the submanifold My C M is a Hamiltonian one
with respect to the noncanonical symplectic structure (22) and the Hamiltonian function

Ny
W =3 "(ptg; — pig; + N1 1), (23)
j=0
d
that is i—w® = —dh\® on the submanifold My . The same is also true for the vector

dx
field d/dt with a Hamiltonian function h®) € D(My) easily being found from the following

determining evolution equations for the eigenfunctions fj, [T € Wég)(R/QWZ; C), j =
0, Ny:

dfi/dt = (1) f; = i(fjaatufy), dff/dt = —i((32) 1 f;)" = —i(f]patuf])-(24)

As a natural consequence of the above proven results, we can state the following assertion
about exact solutions to the hydrodynamic Boussinesq system (1).

Theorem 2 All 2w-periodic orbits of the completely integrable Hamiltonian vector field
d/dxz upon the submanifold My C M with respect to the symplectic structure w®) (22)
and the Hamiltonian function h\®) (23) consist of 2m-periodic solutions (8) and (9), giving
rise to a set of exact 2w-periodic solutions to the hydrodynamic Boussinesq system (1) via
the following formulas:

Ny Ny
w=>Y_ fifj, v=3i> (fjgi— fig})
i=0 i=0

for each Ny € Z, being fixed arbitrarily.

2.3 We proceed now to the description of the vector field d/dz on the submanifold My C
M by means of the Lie-algebraic approach developed recently in [3, 4] and the gradient-
holonomic algorithm described in [2]. Let us consider the monodromy matrix S(x; A) as a
special periodic solution to the following commutator Novikov-Lax equation:

dS(z;A)/dz = [Llu,v; Al, S(;A)] (25)
for all A € C, where the matrix L{u,v; A] has the form:

0 1 0
Liu,v; A\] = 0 0 1. (26)
iv/4—3ugz/4+ X —3u/2 0
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The matrices L and S, as is seen, belong to some Lie subalgebra G of the affine Lie algebra
51(3; C)® C(\, A™1). The corresponding analytical loop subgroup G4 acts on the complex
matrix eigenfunction’s manifold (F, @, R) € M]3{,73 as follows:

1 _
F — Fg = TeS)—co ()\—l-AFg 10‘)) )
T T T 1
Q" — Qg = resr=co <9(/\)Q )\+A) ; (27)
T T T 1
R — Rg = TeS)=00 (g()\)R M) N

where g(\) € G is arbitrary, the "pole”-matrix A := diag{\; € iR : j = 0,Ny}. The
matrix manifold M ]?{,73 carries the symplectic structure Q) modelling structure (17) on
M y, being invariant under the action (27):

Q® = —Sp (dF A dQT) + %d{Sp(FRT)Sp[(dF)RT — F(dRT)]} (28)

together with the following matrix reductions: R := F*P; and Q := F*o, where

1 0 0 0 0 1
Po=|00 0], o:=[0 -1 0 (29)
000 1 0 0

are the projection and intertwining matrices, correspondingly, giving rise to the symplectic
structure (17).

Denote by §+ the Lie algebra of the loop group é+. The group action (27) engenders
a moment map Jy : M ]?{,73 — QNi, which is defined as follows:

Here, by definition,
—dHx(F,Q,R) ==irornQ?,  (dF/dt,dQ/dt,dR/dt)" .= K(F,Q,R)

is a vector field on the matrix manifold M ]?{,73 defined as follows:

1
dF/dt = —TreéS) =0 (MF)(l()\)> )
dQT/dt = TES)\=00 (X(A) T)\—|1—14) s (31)
dR” /dt := res oo (X()\)R )\—l-A) .

From (30) and (31), we can state that the following lemma is true:

Lemma 2 The g~+—acti0n (27) is Hamiltonian, with an equivariant moment map Jy :
M]%,’?) — G defined by

IN(F.QRN) = Q5 F + 3 prSpE) (32)
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< Since from (28) and (31) one obtains

Hx(F,Q,R) = resy—soSp ((QT)\JFlAF + gRTSI;(fo)F) : X(A)) : (33)

the result (32) immediately holds for the G -action (27) on the manifold M .3, having
taken into account that gi >~ G_ with respect to the following symmetric and invariant
scalar product on the Lie subalgebra G := G, & G_:

(a,b) :=resx—ocSp(a - b)

forall a,b € G. >
Reducing the moment map (32) upon the invariant submanifold My € M ]3\’,73 by means

of substitutions R = F*P;, Q = F*o, we obtain that Q2 |vry= w® and

3 * * +
fivi+gulifi =19 Jiti

Ny
1 3
In(fjs 95,053 A) = Z;)m gipi+5ugifi —959 9ifi | - (34)
]:
3
pipj +5uwpifi  —ri9; Pifi
Here the sign ”+” above denotes the standard Hermitian conjugation in the adjoint space
gr.

In other way, the monodromy matrix S(z; \) reduced via Moser [1] upon the invariant
submanifold My C M takes the following form:

S(@;A) Iy = Sn(fi95:0530) =

3 . . .
pifj + 5ufif; —9;f; fif;
N>\ 1 . 3 i} i} 1 i} .
) =, | P9 touligy —9i9 — qufifi fi9; +
=0
v, 3 « X 1 «
pip; + Sufip; —9;P; fi = qufif;
0 0 0 0 0 0
Ny Ny
U 3 U
0 0 0 e z
DSy P ey 0 0 0+ (35
Jj=0 J 3 7=0 J
1\figi +fig) 00 fig; + 1795 0 0
0 0 0 0 0 0
Ny v Ny v
xX
Ry 0 0 0 +;A_Aj 0 0 0]y
’ Bi, ., i, . 7 i
ijgj + ifjgj fifi 0 §fjfj 0 0
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0 0 0 0 0 0
Ny 1
O\ fi Fx 0 0 w 00
j;)/\—/\j il :
1
3N figi + Niffg; 2Mifif; O 24T gY 00

It is easy to see that the monodromy matrix (35) can not be obtained right away from

the moment map (34) because of the inequality J3 (£}, 95,3 \*) # Sn(fj, g5, p;; A) for all

A € C. This means that the preceding group action (27) must be realized by means of a

group action of some affine Lie group 5G+ isomorphic to the previous affine Lie group Gt.
Therefore, we need to change definition (30) as follows:

5JN(F>Q7R7)‘))(5X()‘)) = HéX(FaQ7R) = HX(FanR)? (36)

Wherej : 5 = 55 is some still unknown deformative isomorphism of affine Lie algebras 5
and 0G, to be determined from the latter equality in (36). If the invariant scalar product
(.,.)s on 0G gives rise to a subalgebra splitting

6G = 6G, @ 0G_

with the analytical subalgebra 5,C’7+ isomorphic to the subalgebra Q~+, we can rewrite defi-
nition (36) as follows:

(0JIN(F,Q,R;\), 0X(N)s = Hsx(F,Q,R) = Hx(F,Q,F), (37)

Corresponding calculations of the moment map §Jy : M ]?{,73 — (5§i should give rise to the
following important identity:

ST (F,Q, Ry N) oy = SN(fj95:0432) (38)

for all A € C. As a result of tedious but simple enough calculations the isomorphism
d : G 5 4G is built in the exact form which was not written here down because of its
routine complexity. Now we have come in a position to formulate the following important
theorem.

Theorem 3 Let I((Sgi) be the set of Casimir functionals on the adjoint space 6G? . Then
for each v € I((ng_) the Hamiltonian flow with respect to the standard Lie-Poisson struc-
ture generates through the element 6Jyn € 56_*; on the matrix manifold M]%T,S a completely
integrable via Liouville dynamical system equivalent to the following Lax type representa-
tion:

d

dt(éJN) [gradv(6JN)+, 0N ]. (39)

<The proof of the above theorem is a simple consequence of the well-known Adler-
Kostant-Symes theorem [7] on the complete integrability of flows on a direct sum splitted
Lie coalgebra 55*, generated by usual coadjoint actions of the corresponding Lie group 6G
on it. p

To use the Theorem 3 in the case under consideration, we only need to describe the set
of Casimir invariants Z (5@;) The following lemma is true.
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Lemma 3 The set

I(6G%) = {uk = MNadet(A — A)RSp(sTy)F : ke z+} : (40)
automatically satisfies the Casimir determining equation

[gradvg(6JN), (6Jn)] =0 (41)
forallk € Z,, X € C, on the manifold M]‘%,,?).

For the case k = 1, we easily obtain that the following identification holds for all A € C
upon the submanifold My C MJ:%/I,?»:

LT (u,v; \¥)

o= DA 030235 A7) = et = A) - 8T3) Lasy (42)

Hence from (38), (39), and (42), we can obtain the integrable flow generated by the
Casimir functional v € Z(6G%) for all XA € C:

dLN/de [LN, SN] (43)

Expression (43) gives a usual Lax type representation for the Hamiltonian vector field
d/dz on the invariant finite-dimensional submanifold My C M. This representation (43)
completely coincides with that of (25) after its invariant reducing upon the submanifold
My C M.

In addition, we can find also invariant functionally independent functions for the Hamil-
tonian flow d/dx on My, developing the independent Casimir functionals vy, € Z(6%), k =
1,3, in Laurent series as follows:

Ny
v AN det (A — A)7F = 34 (0= ). (44)
=0

The set
{7 eDy): j=0.N =13}

consists of 3(N) + 1) functionally independent conservation laws, involutive with respect
to the symplectic structure (22), for the Hamiltonian vector field d/dx on My. Thereby
the following concluding theorem is true.

Theorem 4 The Lax type dynamical system (43) on the coadjoint space 0G% is equivalent
to the set of eigenfunction equations (8), (9) and generates on the manifold My C M
the completely integrable Hamiltonian vector field d/dx with respect to the noncanonical
symplectic structure (22) and the Hamiltonian function (23).

Using further the algebro-geometric considerations of the 2m-periodic spectral prob-
lem (8) on the real axis R, one can successfully find the corresponding eigenfunctions in
exact form, thereby one can find an exact set of solutions to the initially given hydrody-
namic Boussinesq equation (1) on the nonlocal finite-dimensional invariant submanifold
Mpy C M. The procedure described above gives rise also to the second, both efficient and
nontrivial way for obtaining finite-dimensional reductions of Lax type integrable nonlinear
dynamical systems in question.
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3 Neumann-type oscillatory super-Hamiltonian systems on
the sphere SV and their Lie algebraic superintegrability

3.1 The super-Hamiltonian Korteweg-de Vries dynamical system (4) appears most nat-
urally as an orbit on the coadjoint space G* to the affine super-conformal Lie algebra G
of central extended super-conformal vector fields on the super-circle S as was firstly
shown in [8]. Let us consider the affine spanning G of super-conformal vector fields on the
super-circle St
G:=0® CAMATY,
where A € C and the super-conformal Lie algebra G consists of the following vector fields
on St
0

G — {fa 42 (Dg]-") :f=f0+9f1€A:=Ao@A1}a (45)

where A = Ag&® A4 is a usual scalar Grassmann algebra, Dy = 9/00+00/0x. The central
extension G of the Lie algebra G is given by means of the real meaningful two-cocycle
c¢(F,Q)ong,

2

2T
co(F,Q) = res)\:oo/o dx/dﬁ (fFDg’Q) = reésSy—o ; dz (fgse + afaz), (46)

where by definition, F := f + 0o, Q:=g+05¢€ A The corresponding commutator
of elements (F,c;) and Q, co € G has the form :
[(F,e1), (Q e2)] = ([F,Q], c(F, Q) + co(F, Q) (47)

where c1,¢c2 € R, ¢o(F, Q) :=resy=—eo f027r dz(fg. + %aﬁ) is a trivial 2-cocycle on G added
for convenience. The Lie super-algebra G as a set of Laurent series allows in A € C the
standard direct sum splitting into two subalgebras:

G=G,®G_.
The dual space G* consists of formal series of the following kind:
w(z,0; \) ij x,0) X
JEZ
where w;(z,0) € COO(SHI;ARIH), JjEL.

Linear functionals on G are defined as follows:

((w,c1), (F,e2)) = c1ca + reSx=c0 O%daﬁ(w}“), (48)

where c1,co € R are arbitrary real V@lues.
It is easy to see that the group G_ of super-conformal transformations of the super-
circle S acts on the dual space G* = G, as follows:

Adt(w,c) = (<D~e>3w 0 — (D0) 2[(DA)(D20) — 2DL)DW)), ), (49)
where S 3 (z,0) : %> (Z,0) € S!! is an arbitrary transformation, Dy = 9/00 + 0097

by definition.
The next lemma explains the nature of the Lax representation (5) from the above
considerations.
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Lemma 4 The infinitesimal version of (49) gives rise to a full description of the whole
infinite hierarchy of Lax type superintegrable higher Korteweg-de Vries equations with the
Lax operator given in the form (5).

a Let ¢ € Diff S, ¢t € R, is any one- parametric super-conformal affine transfor-
mation of the super-circle S'!. TIts action on an element (w,c) € G*, given by (49),
generates a vector field on G* as follows:

dw/dt = %Ad;t(w,c) = [-D} +w, P(w)] (50)
where, by definition, dy;/dt = F € G_isa super-conformal vector field on S generated
by some Casimir functional v € 7 (QA*) reduced properly upon the subspace G, P(w) is
the correspondingly calculated super-differential operator acting in the functional space
Wég)(S”l; C'"). Putting in (50) the element w := (u— A\)0 + & € G* = G, we can easily
find the spectral problem (5) associated with the Lax type representation (50). The latter
proves the lemma. >

3.2 Using the spectral problem (5), we can easily find the following local conservation laws
of the super-Korteweg-de Vries dynamical system (4):

27 27
= [ wde, = [ de (- 4g60),
027r 0 (51)
Yo = dz (ui +2u3 — 16&,82, — 24uts,),
0

and so on. The invariant functionals are in involution with respect to the following Lie-
Poisson structure on the space G*:

{v,uto(w) = (w, [grady—(w), gradp—(w)]) (52)

for any w € G* = G,. At the element w = (u — A0 + & € G*, the bracket (52) gives rise
to the following Poisson brackets on the super-manifold M 5 (u,&)7, found before in
[8, 9]:

{ula), u(w)} = ~30 (o ) + 2u(2)6 (e — 9) + wad(z — ),

{ule), €} = SE@0le — 1) + 5E@)5( — 1), (53)
2
(€@ e} = 5 <u<x> - ;‘;) Sz~ ).

for all z,y € S'. Thus, the dynamical system (4) on the supermanifold M is a super-
Hamiltonian one having the following representation:

du/dt = {’Yla u}a df/dt = {717 f} (54)

The super-Hamiltonian system (54) has also a countable hierarchy of invariant finite-
dimensional submanifolds M ]1\,“ c M for all N € Z,, upon which the vector fields d/dt
and d/dx are canonically super-Hamiltonian Liouville integrable Neumann type oscillatory

systems.
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To proceed to this topic in detail, let us build the following invariant finite-dimensional
super-submanifold:

My' = {8 e M : gradLyfu,€] = 0}, (55)
where, by definition,
N’Y
Ly = —YN,+1+ Za]’y] + Zb Aj, (56)
7=0 7=0

v; € D(M'), j = 0,N, are local conservation laws for (4), \; € D(M'1),j = 0, N,
,are the corresponding nonlocal real conservation laws for (4) being equal to conserved
eigenvalues of the periodic spectral problem (5), a; € R, j =0,N,, by € R, k=0,N,
, are fixed but arbitrary real numbers, Ny, N, € Z . In the case where N, +1 =0, b; =

21
Ik ijdx, j = 0, Ny, the super-manifold (55) takes the form:
0

N

11

= {werent Siio1 San -0 Bom-of o
i=0

where we have put, by definition, f; := ¢; + 0a; € WS)(Sm;Rm), p; = dg;/dx, j =

0, Ny. For the reduction theory [5, 6] to be used effectively one needs to build a extended
. 11

super-submanifold My~ as follows:

MY = { W& g 0) e M oW e W oWl :

—Djfj+ [ub +€lf; = Ni&fj, [j = qj + 0y, j=0,Ny }

It is easy to see that the super-submanifold M](\}/l) c M in jet-coordinates {(gj,pj, ;)7
e R, j =0,N,} is isomorphic to some product of the coadjoint space T*(SM) to the
sphere SM and projective (Ny — 1)-dimensional hypersurface H¥» C Py, (R).

To formulate further the theorem on integrability of the resulting Neumann type oscil-

(58)

latory super-dynamical system on the super-manifold M ]{,ll, we need the following

11

Lemma 5 The super-manifold My = =~ TS @ HN =1 carries the following canon-

ically built super-symplectic structure
N

Ww® =Y (dpj A dgj + day A day) | e gmay it (59)
j=0

with respect to which the vector field d/dx on M}V“ is a super-Hamiltonian one with a
Hamiltonian function h\®) € D(Mjl\,ll), where

Ny

1
WD = 53 (wia] + 1), (60)
j=0

Aji=wjFwr €Ratall j#k=0,N,.
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< The proof of the lemma is stemming from the following main determining relationship
for the differential dLy[u,&]:

dLy[u.€] = (gradLyfu,€], (du,d§)™ ) +dsW[u,€]/dz, (61)
N
where g1 = f (pjdq; — qjdp; + 20jdo) |M1\1. Using the definition w® :=1/2dgW) we
=0 N
immediately obtain (59). Analogously from the defining expression
(grad Lylu,€], (ug,&)7 ) = —dh? [dx, (62)

one properly finds that a function h(*) € D(M ]{,ll) coincides exactly with that of (60). The
lemma is proved. >

Lemma 6 The vector field d/dxz on the extended super-submanifold M]l\lfl 1S a super-

Hamiltonian one with respect to the canonical symplectic structure

N
@@ = 3 (dp; Adgj + daj A day) (63)
=0

and the Hamiltonian function

7(3}) lN)\ N, Ny
R = o Wi ) tu Doa =1 + 26 g5y, (64)

Jj=0 J=0 Jj=0
where
N)\ N)\
2 2
u=> (wjg; —p}), £=-) pjo. (65)
j=0 J=0
Ny Ny Ny
The expressions > qu —1=0, > g¢p; =0, and ) gjo; = 0 are conserved quantities of
j=0 j=0 Jj=0

the vector field d/dx on M}Vll:
dgj/dx = pj, dpj/dr = wjqj +ugqj — oy, doj/dr = Eg; (66)
for all 7 =0, Ny.

Ny Ny Ny

Using conditions (65), constraints > qu —1=0, > gjpj =0and ) gja; = 0, the
j=0 j=0 Jj=0

proper Dirac reduction [2, 10] of the dynamical system (66) upon the invariant super-

submanifold M ]l\,ll - M}\‘,l yields the above stated results of Lemma 4 on the invariant

super-submanifold M}V'l >~ T*(SN) @ HM 1L,
Now we are in a position to formulate the following theorem.

Theorem 5 The vector field d/dx on the invariant super-submanifold M}\,'l 1s a Liou-
ville integrable super-Hamiltonian system equivalent to the flow (66), having a Laz type
representation

dJy/dz = [Ly, Jn], (67)
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where, by definition, Ly := L | A via the Moser mapping,
N

0 1 0
L:(u—)\ 0 —f),
€ 0 0

Myooq (TP P} Py
JN:.Z)\—(A)]‘ q;j 4P —4qjo5 |+

—gja;  —pjoy 0

Ny 5 0 q;C 0 0 -1 0 (68)
> 0 0 2¢)+|0 0 0].

T A—wj 2 J

i=0 7\0 —2¢2 0 0 0 0

The matriz mapping Jy : M}V'l — su*(2|1) is a corresponding moment map generated by
the following natural group action of the affine Lie super-group SU(2|1) on the manifold
M}V‘l, imbedded in the symplectic matriz super-space My g1 X My o)1 via the reduction
Q= Fro,

0 1 0
c=(-1 0 0],
0 0 1

with the canonical symplectic structure
Q® .= —Sp(dF AdQT) (69)
similarly to that constructed in (27):

1
F — Fy:=resy—oo (/\_AFQ()\)> )
T T T 1
QT — Qg :=resr—co <9()\)Q A—A) )
where g(\) € SU(2|1), X € C is the affine parameter and the matriz
A = diag {wj Zwp, e Ry at jH#k= O,N,\}.

< The proof of the theorem above is completely similar to that of chapter 2 in this
paper, on what we will not stay here in detail. Note only that a complete system of
involutive conservation laws is given by the following simple expressions on the matrix
super-space My g

v = sdet (A — A)FATFNs5p gk (71)
k = 1,3. Using an expansion similar to (44), we can find three finite hierarchies of
conserved functions in involution on the supermanifold M ]1\,‘1 =~ 7*(SV)@ HN~1 supplying
the wanted conditions for the Liouville integrability theorem to be used successfully. The
latter proves the theorem.

The results obtained above in chapter 3 for the oscillatory Neumann type super-
Hamiltonian system (66) on 7*(S™)®@ HM~! can be easily generalized to the integrability
theorem for the oscillatory Neumann-Rosokhatius super-Hamiltonian system on the super-
manifold 7% (S™)® HN¥>~! via the well-known Marsden-Weinstein reduction procedure for
some special Lie super-group action on it. These and some other results will be presented
in detail in a sequel paper under preparation.
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