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Abstract

New algebras of symmetries of the Dirac equation are presented, which are formed by
linear and antilinear first—order differential operators. These symmetries are applied
to decouple the Dirac equation for a charged particle interacting with an external field.

I. Introduction

Symmetries of differential equations have important applications in construction of conser-
vation laws [1], separation of variables [2], reduction of nonlinear problems to more simple
ones [3], etc. All that causes the continuous interest of physicists and mathematicians in
the classical group-theoretical approach [4] and its modern generalizations.

Early in the seventies, W.I. Fushchych proposed the fruitful concept of non-Lie symme-
tries. It happens that even such well-studied subjects as the Maxwell and Dirac equations
admit extended symmetry algebras which cannot be found using the classical Lie approach
[5-7]. The distinguishing feature of these algebras is that they have usual Lie structures
in spite of the fact that their basis elements are not Lie derivatives and belong to classes
of higher-order differential operators or even integro-differential operators.

In recent paper [8] a new invariance algebra D of the Dirac equation was found. Being
the algebra of the higher dimension than other known finite symmetry algebras of this
equation, the algebra D is formed by discrete symmetries like parity or charge conjugation.
This algebra has useful applications in searching for hidden supersymmetries and reduction
of the Dirac equation for a particle interacting with various external fields [8].

In the present paper we continue the analysis of algebraic structures of discrete sym-
metries and study their connections with non-Lie symmetries of the Dirac equation. We
find a finite dimensional symmetry algebra of the Dirac equation, which unites both the
non-Lie [6, 7] and involutive discrete [8] symmetries. We also apply discrete symmetries
to decouple the Dirac equation for a particle interacting with an external field.
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II. Lie and non-Lie symmetries of the Dirac equation

Let us start with the free Dirac equation

Ly =0, L =+"p, —m. (2.1)

0
Here p, =i-—, 1 =0,1,2,3, v* are the Dirac matrices which we choose in the form

oxH

(0 T B 0 -0, — (I 0 (2.2)
o=\ 7 R Ya = o, 0 YA = V07172773 = 0 —I )’ .

oa(a = 1,2,3) are the Pauli matrices, I3 is the 2 x 2 unit matrix.
We say a linear operator @ is a symmetry of equation (2.1) if there exists such an
operator o that

Q. L] = agL. (2.3)
In the classical Lie approach [4] symmetry operators are searched for in the form
Q=ad'p,+0b (2.4)

where a# are functions of z = (xg,1,...),b is a matrix dependent on x. The maximal
invariance algebra of equation (2.1) in the class of operators (2.4) is the Poincaré algebra
whose basis elements are

)

3 Dol (25)

Pu:p/u Jw/ = TPy — TPy +

In other words, any symmetry of the Dirac equation, which has form (2.4), is a linear
combination of generators (2.5) (refer, e.g., to [9]). The related o in (2.3) are equal to
ZETO.

Supposing that coefficients a* in (2.4) are matrices, we find the simplest non-Lie sym-
metry algebra for equation (2.1) which is generated by the following operators [7, 9]

1 1
Y, == —(1—i -

w =g [w; A+ (1= 4) (Wupy = Ybu) (2.6)
Y11=y - (1 —iva) Ypu.

1 1
Operators (2.6) satisfy relations (2.3) for ay,, = - (Yupv — Ywpp) and ax, = —E’M’}/Mpﬂ.

Moreover, operators X, commute with ¥; and form the Lie algebra isomorphic to so(1,3).
We notice that Lie symmetries (2.5) and non-Lie symmetries (2.6) can be united in
frames of the 17-dimensional Lie algebra which includes (2.5) and (2.6) as subalgebras [9].

III. Algebras of discrete symmetries of the Dirac equation

It is well known that the Dirac equation is invariant w.r.t. specific discrete transformations
like parity or charge conjugation. Let us analyze algebraic structures generated by these
symmetries.
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Consider reflections of independent variables x = (g, z1, z2, 23):

00'%' - (—.’130,1'1,1'271'3), 613: - (a;Ov _x17x27x3)7 62m - (f]f(),flfl, —xQ,fES),

(3.1)
031: - <$0,$1,$2,_$3), 61: = (—(1}‘07—.%1,—372,_3:3)-
The corresponding symmetry operators for equation (2.1) have the form
Lo =000, T1=7mnb1, T2=vrbs, Ts=7s0s, Ty=ivd (3.2)

where éu and 6 are operators defined as follows:

Ouip(@) = ¥ (Bp2),  Ov(z) = (~). (3.3)
Let us add the list of symmetries (3.2) by the following antilinear operator
F5 =C = i’ygc (3.4)

where ¢ is the complex conjugation, ci)(x) = ¥*(x).
Operators (3.2), (3.4) generate very interesting algebraic structures. First, they satisfy
the Clifford algebra

el + Iy = 291 (3.5)

where gop = —g11 = —g22 = —933 = gaa = g55 = 1; gy = 0, k # 1. Secondly, this Clifford
algebra can be extended by adding the seventh basis element

T = [ol' Tal'3Ty T = iC, (3.6)

Finally, the enveloping algebra of this seven-dimensional Clifford algebra is isomorphic
to the algebra ¢l(8, R). In other words, there are 64 linearly independent products of the
operators I't(f = 0,1, ...6):

{rm, Tolny  TilDn, f}, k,l,m,=0,1,..6 (3.7)

(I is the unit operator) which form a basis of the Lie algebra isomorphic to g{(8, R). This
isomorphism will be constructed explicitly in Section V.

Thus the discrete symmetries of the Dirac equation generate a very extended Lie alge-
bra. Restricting ourselves to linear symmetries we come to the 16-dimensional Lie algebra
including the identity operator I and the following 15 operators

{T,, Ty},  abe=01,..4 (3.8)

with I', defined in (3.2). Operators (3.8) form a basis of the algebra so(2,4).
We notice that the Dirac equation for a charged particle interacting with an external
field

(7“7‘—# - m) Y =0, Ty = Pu — eA;L(x) (3.9)

still admits some of symmetries (3.7) provided functions A, (x) have definite parities w.r.t.
the related reflections (3.1) or their combinations. Moreover, if the corresponding symme-
try (3.7) is diagonalizable, then equation (3.9) can be reduced to two uncoupled subsystems
[8]. We will demonstrate in Section VI that for some classes of vector-potentials A, the
Dirac equation can be reduced to eight uncoupled equations.
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IV. The maximal present symmetry algebra for the Dirac
equation

Thus there exist two symmetry algebras for the Dirac equation which are defined by
relations (2.6), (3.7) and which are of different origin. Symmetries (2.6) are of the form of
differential operators whereas (3.7) are functional operators of discrete transformations.
Nevertheless, it is possible to find an algebraic structure which unify both of them.

First let us note that it is impossible to include all symmetries (2.6) and (3.8) into a
finite-dimensional Lie algebra. Indeed, commutators of operators (2.6) and (3.2) gener-
ate second-order differential operators whose commutators give fourth-order differential
operators, and so on. However the subset of symmetries (3.7) which commute with 4,
ie.,

T.Iy, Ta, TulWDy, k144 (4.1)

can be united with operators (2.6) in framework of a 120-dimensional (!) Lie algebra with
the following basis

Quauap = Cly, Qsusu = Claly,  Qsusp = 9uuClal X0,
Quap = GupCT S, Quusy = —4Qsus0s  Quuyw = Y0y,

Qsvap = —74Quuavs  Qsas1 = iCay  Qsapw = Ero Vi V0ubuXno, (4.2)
Qurpo = G B 0u0u,  Qoryw = EpovrGuugor 170,00,

Quvmn = Zpv,  Qs4mm = 4.

Here Qxi,mn are tensors which are antisymmetric w.r.t. permutations of the first pair
of indices and symmetric w.r.t. permutations of the second pair of indices and whose
diagonal elements are equal, i.e., Qrn i = Qkn,mm for any I and m. The Greek indices
runs over the values 0,1, 2,3 and no summation over repeated indices is assumed.

Let us notice that algebra (4.2) can be extended by the following 136 elements

Quure = CTubros  Quuas = CTubyrg, v\ 0 # i,
Qsuro = CTalW0ne,  Qspas = CTal 0000, v\ 0 # 1,
Quuar = Y 10u00,0,  Quuvsxn = Vu10u0,0,,3Ta%1,
Quvas = Y bros  Qsapw = T4y

where

O =14 — (1= i7a) (7P +7"p0) 0.0, n#v,

A~

W
1 , , o
O =1+ pon (1 — i) (’Y”pu +v"p, + vApx) 0,00\, pH#Vv,pFNvFEA

(no sum over repeated indices).
These elements are new symmetries of equation (2.1), which cannot be expressed via
commutators of symmetries (2.6), (4.1).
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Operators (4.2), (4.3) form a basis of the 256-dimensional real invariance algebra of the
Dirac equation, defined over the field of real numbers. This algebra is characterized by
the following commutation relations

[Qktmns Qrrtr ] =
—2[mm (Grr Qur nnt + G Qe st — It Qi mimt — Gk Qet? mm?) +
Onn (1 Qur s + G Qiek? mm? — It QUi ymomy — Ik Quet? mam?) +
St (G Qur e + 91 Quekr me — Gkt Qur mm? — i Qiet? ) + (4.4)
O (G Qur -t + 910 Qi mmmt — Gt QU mm? — i Qiet? )|+
Gmnmngf Gk Qur g + 9w Qurr gf — I Quir gf — ik Qrirgf) —
1

2 (5mm’5nn’ + 5mn’5nm’) (gkk/Qll’,ss + gll’kak’,ss - gkl’Qlk’,ss - glk’le’,ss)

where m # m/, n # 1/, gmnmwgs is the totally symmetric unit tensor whose nonzero
components correspond to noncoinciding values of all indices, and no sum over s, g, f.
For m = n ve have

[Qktnns Qurtr ] = =2 (9ekr Qur iy + 91 Qe mrmy — Gt Quie? ammt — Gie Quet? mimy ) -(4.5)

Taking into account both the invariance algebra of the two-component Klein-Gordon
equation and equivalence of this equation to the Dirac one, it is possible to shaw that
relations (4.2), (4.4) present the maximally extended finite symmetry algebra for equation
(2.1).

Thus we found the most extended symmetry algebra for the Dirac equation, which in-
cludes non-Lie symmetries (2.6), discrete symmetries (4.1) and their combinations. Sym-
metries (4.2) form its 120-dimensional subalgebra and also satisfy relations (4.4), (4.5) for
the restricted set of values of indices defined in (4.3). Another its interesting subalgebra
is 56-dimensional one formed by the linear (i.e., without complex conjugation) operators
which are presented as follows:

{Q,ul/,/\aa Q,LLV,547 Q54,,ullv Q54,54} y MY, )\7 0= Oa 1a 27 3. (46)

V. Commutative discrete symmetries

In order to describe all possible reductions of the Dirac for a charged particle interacting
with an external field we shall prove that operators (3.7). It is easy to see that the
four-component complex wave function of (3.9)

U = column(Wy, Uy, U3, ¥,), U, =0 430 £ =1,234 (5.1)
is equivalent to the eight—component real function
¥ = column (wgﬂ, v ol @ o o vV \Iff)) . (5.2)

In representation (5.2) the Dirac matrices (2.2) are extended to the 8 x 8 real matrices

(0L (0 G (5o
Yo Y0 = I4 0 y Ya Ya = 6(1 0 y V4 Y4 = 0 I4 )
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where I, is the 4 x 4 unit matrix,

_ (0 L . (0 —ioy (L o
Ul_(IQ 0)7 02_<i02 0 ) 05—(0 —12>' (5-3)

All symmetries (3.2), (3.4), (3.6) are then expressed via the 8 x 8 real matrices as follows
Iy =Ty =330, Ta—Ta=0, Ts —T,=73, T's—Ts=7 (5.4)

where

- [ 0 - - [ 0 =
V5 = ( 73 0 ) y Y6 = ( 7 0 .
The set of 64 matrices

{;%TL’ im;%% ’?k’?m’?nv f}? k,l,m,: 07176 (55)

forms a basis in the space of real matrices of dimension 8 x 8, i.e., the basis of the algebra
gl(8, R). Relations (3.2), (3.4), (3.6), (5.4) establish the isomorphism of this algebra with
the algebra of discrete symmetries of the Dirac equation (3.7). Using relations (5.4) we
can represent these symmetries as operators with real matrix coeflicients

{fm, Toulny Thlln f}, k,l,m,=0,1,..6. (5.6)

Diagonalizing various of operators (5.6) we can reduce the corresponding Dirac equation
(3.9) to uncoupled subsystems [8]. We note that only symmetric matrices are diagonaliz-
able over the field of real numbers. Set (5.6) includes the 36 symmetric operators:

{faa fafaa f‘afﬁfaa f‘1f‘2f‘37 IA’ }7 a=1,2,3, Oé,ﬁ =0,4,5,6. (57)

To describe all possible reductions of equation (3.9) is then equivalent to find all sets of
commuting operators (5.7). Unfortunately, these operators do not form a Lie algebra and,
thus, it is not possible to use standard algebraic methods for classifying these reductions.
To overcome this difficulty we multiply any element of (5.7) by 1 = I'sT'g and obtain a
basis of algebra the sp(4, R) C ¢l(8, R):

A~

{iTq, iCalq, iTaTsl,, il1Tols, i}. (5.8)

Indeed, formula (5.8) defines 36 linearly independent real matrices whose products with
the skew symmetric matrix i, 12 = —1, are hermitian.

Taking into account that algebra sp(4, R) is of rank 3, we conclude that its commuting
functionally independent elements form doublets or triplets only. The same is true for set
(5.7), moreover, all its commuting subsets are given by the following formulae

{fayfﬂfa}v {fafa7fﬁfb}7 {fafafbyfafﬁfc}u {f‘uf‘uf‘a)flfoS}v (59)
{T,, T.Ta T0I%}, {T6,Tola. Tulp}, {ToTala, Dolsly, [T} (5.10)

Wherea7/87o-:07475767 M7V7A:074757 a7b7c:172737a#ﬂ7ﬁ#070#a7u#y7
vEMNNFE B, aF b bFc, c#a.
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It is not difficult to calculate that there are 105 doublets of commuting operators (5.9)
and 48 triplets (5.10). To reduce these numbers we use the equivalence transformation

generated by U = 7 (14 '5T) (such an operator commutes with arbitrary vector—

potential) and also delete the sets which include I's (they are valid only for trivial zero
vector-potentials). As a result we obtain 51 doublets [8]

(T4, T}, {To,T,Ta} {T.0yT.lu}, {TsTy, Telal,

e~ (5.11)
{FMFJG, F1F2P3}, {Ful“ul“a, FMIFV/FG}, a>b
and 27 triplets:
(T, T, D0, Taly}, AN#Aup, p#v, v£X a#b (5.12)

VI. Reduction of the Dirac equation

Operators (5.7) and sets of operators (5.11), (5.12) can be used to reduce the Dirac equa-
tion (3.9), provided parities of A, are such that these operators are symmetries. Here we
present an example of such a reduction.

Let parities of the vector-potential A = (Ag, A1, Az, Az) be described by the following
relations

A((990$) = 09014(1’), A(Hgl') = 02A($), A(eegl‘) = —09314(1’),

where 6, 0y, 62, and 03 are reflections defined by relations (3.1). Then equation (3.9) admits
three commuting symmetries

To = Cyobo, Tula = yuyebs, T3z = Cr3003, (6.1)

where C, 0,00, 05 and 3 are operators defined in (3.3), (3.4).

Operators (6.1) form one of 27 triplets given by formula (5.12).

The commuting symmetries (6.1) can be simultaneously diagonalized. Indeed, using
the operator

1
4

W= i (1 - 72é2) (1 - 7074Cé1é3) (1 — 7173é91) (1—7%C)

W = (1 + 'YOC) (1 + 71’}’3@@1) (1 + ’)/0")/4Cé1é3) (1 + 72@2) )

we obtain
WILoW ™ = ~gyze, WTalyW ™t = —ique, WTsIsW ! =¢ (6.2)

where c is the complex conjugation operator.
The transformed Dirac operator L' = W LW ! has to commute with operators (6.2):

(L', el = [L,70vs] = [L',ima] = 0. (6.3)

It follows from (2.2), (6.3) that L’ is a direct sum of four orthogonal operators with
real coefficients. Thus the related equation

Ly =0, & =W (6.4)
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is decoupled to eight subsystems for real and imaginary parts of ¢/’. Indeed, by direct
calculation we obtain

L' = 174 <é0é38 - CeééoA()) — Y073 <Céoé38 — €éé0A1+
0xg O0xq

Cégi + 6é0é1A3> + Céoéli + eégAQ
Ors 0z

(6.5)

and equation (6.4) does decouple.
Explicit reductions which correspond to other sets of symmetries (5.12) can be found
in analogy with (6.1)-(6.5).

VII. Discussion

We have shown that the discrete symmetries of the Dirac equation generate very rich
algebraic structures, namely, the algebra ¢l(8, R) (in the case of linear and antilinear
symmetries (3.7)) and so(3,3) (in the case of linear symmetries (3.8)). The important
for applications subalgebra sp(4, R) is generated by operators (5.8). Finally, algebra (3.7)
includes the subalgebra so(1,2) formed by operators {I'5,I's,I'sI'¢}. The invariance of
the Dirac equation w.r.t. this subalgebra was discovered by Pauli, Gursey, Pursey and
Plebanski [10].

We have also demonstrated that the discrete symmetries discussed in paper [8] can be
unified with the non-Lie symmetries (2.6) [7] in frames of algebra (4.2), (4.3) which is the
maximal finite Lie algebra of symmetries of the Dirac equation, known until now.

The distinguishing feature of symmetries (4.2), (4.3) is that all of them are involutive.
This makes it possible to use them for reducing equation (3.9) (and of the Dirac-Pauli
equation). A class of such reductions to uncoupled subsystems was found and discussed
in paper [8]. Here this class is extended by including reductions to eight uncoupled sub-
systems.

One more perspective in the use of symmetries (4.2), (4.3) is connected with searching
for hidden supersymmetries of equation (3.9) [8]. We plan to present an extension of the
present results elsewhere.
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