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Abstract

In this paper we discuss a theoretical model for the interfacial profiles of progressive
non-linear waves which result from introducing a triangular obstacle, of finite height,
attached to the bottom below the flow of a stratified, ideal, two layer fluid, bounded
from above by a rigid boundary. The derived equations are solved by using a nonlinear
perturbation method. The dependence of the interfacial profile on the triangular
obstacle size, as well as its dependence on some flow parameters, such as the ratios of
depths and densities of the two fluids, have been studied.

1 Introduction

The determination of flow patterns over obstacles is a problem of a great interest, that
attracted many scientists over the past decades. Lamb [6] was the first to give the essential
features of the flow of an ideal fluid in an open channel in the presence of an obstruction
in the channel. In 1955, Long [7] and then later on McIntyre [8] in 1972, considered the
case of a steady and uniform stratification over obstacles of finite height, while Mei and
LeMehaute [9] in 1966 studied the case of long waves in shallow water over an uneven
bottom. The effect of the irregularities of the bottom, on gravity waves, has been studied
by Kakutani [4] in 1971 via a reductive perturbation method. Recently, Kevorkian and
Yu [5], in 1989, studied the behaviour of shallow water waves excited by a small amplitude
bottom disturbance in the presence of a uniform incoming flow. In this paper we study
a theoretical model for the interfacial profiles of progressive non-linear waves result from
introducing a triangular obstacle, attached to the bottom below the flow of a stratified,
ideal, two layer fluid, bounded from above by a rigid boundary. Our primary motivation
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for the present investigation is calculate the shape of the interfacial waves, and to discuss
the influence of both geometrical and flow parameters on the profiles. In section 2, we
extended the mathematical technique applied by Helal & Molines [3], 1981, in determining
the nonlinear free-surface and interfacial waves in a tank with flat horizontal bottom.
Nonlinear perturbation technique is used, leading, in sections 3 and 4, to expression for
interfacial wave, was derived in the form of expansions in powers of €2, where ¢ is a small
parameter that provides a measure of weakness of dispersion. Boutros, et al [1], in 1991,
applied the same technique to study the internal waves over a ramp.

Finally, in section 5 we have discussed the effect of the density ratio, R, the thickness
ratio, H, and the triangle height, L.

2 Formulation of the problem

Two-dimensional irrotational motion of a stably stratified two-layer fluid with a rigid
upper boundary and a bottom surface in the form of a triangle with two inclination angles
« and (3. A cartesian coordinate system is defined with the origin at the bottom surface.

We assume that the motion is two-dimensional, and the fluid is inviscid, incompressible,
and that the flow field due to the wave motion remains irrotational and consequently we
can introduce velocity potentials of upper and lower layers are denoted by ®*(), = 1,2,
respectively. Moreover, let H/, p(i); 1 = 1,2 denote the thickness and densities of the upper
and lower fluids, respectively, 7% is the time, Y* = W*(X*) is the bed of the channel and
Y* = f*(X*,7%) is the interfacial disturbance from uniform condition. The component of
gravity, vertically downwards, is g. The equations of motion are thus the Euler equations
together with the continuity equation. All variables are non-dimensionalized by using the
characteristic length H3 and time (g/H%)~"/2, and accordingly

U=U"/lgH3]"?  and ® =& O/ (Hy[gH3]"/?).

Moreover, assuming that the fluids are in the undisturbed uniform state up/down stream
at infinity, we impose the following boundary conditions with respect to X*

oW =vUr,  (i=12 as X*— foo.
An essential step which makes our problem easier in handling is to define an appropriate
stretching of the horizontal coordinate while leaving the vertical coordinate unchanged due

to the fact that the horizontal dimensions are much greater than the vertical dimensions,
thus we define

r=eX, y=Y, t=er, (1)
where ¢ is a small parameter. Thus the basic equations for this system can be written as

52‘1)5511)"“1)%):0’ f<y<1l4+H, —oco<z<o0o, (2)

202 102 =0, W<y<f, —oo<z<oo, (3)
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with conditions
(i) Boundary conditions:

o) =cf, + 200, (i=1,2)
1
R {acp,ﬁ” +5 (@) + (V)2 + f — 1} = at y=f (4)

{ECD,@ _1_% [62((1);2))2 n (q)?(f))ﬂ yfo 1}

2 252
@é ) = 20w, at y=W(x) (5)
o) =0, at y=1+H, (6)
ed) =1, (i=1,2) as z — o0 (7)

(ii) Initial condition:
at ¢ = 0: the initial profile of the interfacial wave, denoted by f(x,0), is shown in Fig.1.

f(=,0)
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Fig.1. The inital waveform over a triangular obstacle with x,, = 13, z. = 30, L = 0.25, a = 0.01923,
[ =—0.01471

where the density ratio R = p(!) /p(?) (less than unity) and the thickness ratio H are two
characteristic parameters of the system, and W (x) has the form

W(x) = ax + b, (8)
where
(0,0) z<0
) (,0) 0<z<a,
(a, b) N (_ﬁ)ﬂxe) Tm < T < Ze
(0,0) T > Te

Since we consider weakly nonlinear waves, we expand the dependent variables as power
series in the same parameter € around the undisturbed uniform state, following Helal and
Molines [3], we get

oo .
o0 = 3" 21G (z,y,1),  i=1,2
n=0

f=> " falz,y,t),  with fo=1.

n=0
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The scale parameter €, which is assumed to be small, provides a measure of weakness
of dispersion.
The boundary conditions on the interface, equations (4), are expanded as a Taylor
expansion of the type
0 2 A\ n
[V]y=yo+82A = Z (E A) [%} .
Yo

n=0

9)

n!

When (1), (8), using the expansion (9), are inserted into equations (2)-(7) and powers of
€ are sorted out, we get an ordered set of equations to be solved.

3 Orders of approximations

3.1 The first-order approximation
Equations of the first-order approximation, finally gives, for ¢ = 1,2
G\ = BO(z,1),

where B(")(z,t) are unknown functions to be determined.

3.2 The second-order approximation

From the equations obtained from the second-order approximation, we conclude that
BW =0 (i=1,2) as z— +oo

and

f2($7t) = 1—-R

[rB" - B”].

3.3 The third- and fourth-order appoximations

Equations of the third- and fourth-order approximation, finally gives, for ¢ = 1,2
i 1 . ) .
Gy = =5y? B +yC (@.1) + DO (x,1), (10)

where C)(z,t) and D) (z,t) are arbitrary functions satisfy the following boundary con-
ditions:

CW=0 (i=1,2) as z— Foo, (11)
CP(z,t) = (WB;Q)) at y=W(x), (12)
DYV =0 (i=1,2) as z— +oc. (13)

Substituting equation (10) in the equations that are obtained from the third- and
fourth-order approximation, we obtain

(H+1)BY) —cW =, (14)
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and for i = 1,2
i i 1 1 2
B~ 4 —— (rBY ~ BY) =0. (15)

From equations (12), (14), and (15) we get

0,BM = B?,

(16)
0,B® = RBY,
where O, Oy are the differential operators defined by
0? 0?
0,=-H(1-R)=— +R—
! 1= RBgn T Rop an
0? 0? ow 9
Oy=—(1-R)(1-W)os + == + (1 — R) o —.
2= (=R -Wgn+ e + 0 - R G 5

From equations (16)-(17) we can get, after getting rid of B(!) and substituting for W (z),
the following differential equation for the unknown function B®(z,t)

~H(1—R)(1—b—az)BY,, +[H+ R(1 —b— ax)|B?

TTTT zxtt
(18)
—RaB%) + 3Ha(1 — R)BR), =0
and for fy(x,t) we can get the following relation
1 1

1L 1 1 2
falz,t) = {R {—535:& +c + o+ 5 (BY) }

[E) (2) @ 17,0922
+ 5B — €7 = D ——(B ) .

zxt 9 T

3.4 The fifth- and sixth-order approximations

Equations of the fifth- and sixth-order approximation lead to, for i = 1,2

A 4 3 2 . .
6 = LB, — 00 (e t) = LD ) +yED (@,6) + FO (1), (19)

where E(®)(z,t) and F(®)(z,t) are arbitrary functions, satisfy the folowing conditions:

EWV =0 (i=1,2), as z— +c0 (20)

3 2
E®(2,1) = (—KB@ + o) +WD§E>> , (21)

| rxrxr
3! N

EFW =0 (i=1,2) as 2 — too. (22)

Introducing equations (10)-(19) in the boundary conditions, we have the followind rela-

tions:
3 2
HE) pay HED"o0) g4 1)p0 4 5O — g (23)
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and for i = 1,2
1 g _lcm_Dw+Ew 1 (B - RBY) B
1
+ (8% ~ rBLY) <>—§BLL+C%”+D§) (24)

1 1 2 1
-R <__B9(cx)tt =+ Ct(t) + Dt(t)) + Bg(CQ)Ba(ct) - RBa(vl)Bg(ct)} =0.

Thus the problem is now reduced to solving equations (14) and (15) for B(®) and C'¥) and
next equations (20), (21) and (24) for D™ and E®), where i = 1,2.

4 Case of progressive wave

It must be remarked that our procedure is valid as long as a > €2, otherwise a two-
parameter analysis has to be carried out. Moreover, we shall invoke the smallness of a
and write perturbation expansions for B, (i =1,2), in the form

B =B + aBY + *B{" + ... (25)

Substituting (25) in (18) and equating coefficients of a9, j =0,1,2,... we get the fol-
lowing system of differential equations

oB® =ABY?,  (j=0,1,2..), B¥ =0, (26)
where O, A are two differential operators defined as
ot o4
O=-H(1- 1-— + |H —
(1= RY(1 = b) g+ [H + R(L= b))
o4 o4 03 3
=—xH(1— —3H(1— —.
vH( = R)ga el mgp — 300 = Rg s + Ry e

Equation (26), for j = 0, has the following general solution, for the case of pure progressive
waves,

, _H(1-b)(1-R)

§=z -, H+(1-bR

From equations (8), (12), and (25) we get
oo
2
c® =3 a" [bBE, + (+B7,,) |, B =0 (27)
n=0
Again substituting equations (25), (27) in equation (15) we get, after equating coefficients
ofa”, n=0,1,2,....

x 2 1
e 1o = 1—_5)3(():(): + AB%%,
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where

H

A= — .
1-b

The elimination of E() in equations (23) and (24) gives, for “a”, the following system
of differential equations
2 2
TR0, Y 5@ _p Q) (1) p(1)

1— R 1— R 13 0,& £0,88°

2R (28)

2
(1) v (2) _ (1) (1) p(1)
- Rl T (1 —b- > Dee = PaBy geee + Q2B ¢ By ge

1-R

where

—H(2H? +6H +3)  ~+2[A(1 —2b) + R(2H + 1))
6 2(1 - R) ’

7

2(1 - R)

7 2 . __7 9y 2
Ql_il_R()\ + 2\ — 3R), Q2 71_R[R(2)\+1) 37

P =

Py = %(1 —3b+2b%) + (20 — 1)\ — R(2H + 1)],

(1)

For the non-trivial solution of Dé
should be satisfied:

and Dg), the following differential equation for B(()l)

1 1) 51
M1 B eee + MeB{L Bl = 0, (29)
where
2 2 2 2
i i Y i
Mi=|1-b- Py — P. Mo=1|1—-0b-— — .
1 ( 1—R> A 2 ( b 1—R>Q1 1—RQ2
Define
I = ByY. (30)

Thus equation (29), by virtue of equation (30), will be transformed to the Boussinesq
equation

Helal & Molines [3] mentioned that the general solution of equation (31) was found by
Byrd and Friedmann [2] to be, in terms of the Jacobi elliptic function sn(u, k), as

3k?
B((J,li) = }/1 ll - ]{32 + 1SH2(6§7]€2)‘| ’

where Y7 is the greatest of the roots of the polynomial resulting from integrating equation
(31) twice and k is the modulus of the Jacobean elliptic function, and

=1 (- 3AY1>”2
2\ k241 ’
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For small values of k the above elliptic function could be calculated in terms of trigono-
metric functions, see Milne-Thomson [11], thus we have

3k? 1 kK k* — 64 8k% + k4
B =v;{1- . 256 — %
0 { K2 r1 ( e )“L s T T
k4 [ e k4 Ktk
~ 198 cos 60& — 0& {( 5 + §> sin 26€ + Esin4(5§} 4 6%¢2 {§ + gCOSQ(gf}] } )

2 8 16
Substituting in equation (26), for B(()i): and B((ft), we get the following fourth-order linear
partial differential equation

cos 46&

(32)

3
DBP) = Z (Apz sin 2nd€ + Ayq6 cos 2nd€)

n=1

2
+ 6€ Z (Ap437 cos2nd€ + Ay 410 8in 2ndé)
n=1

+ 6262 (Agx sin 206 4+ Aq3 cos 20€) + Ay,

where the coefficients Ay, As, ..., A3 are given at the end of the paper, as Appendix 1.

Solving equation (33) for the unknown B§2), following Miller [10], and calculating Bft)

we get
B%,Qt) = B(()?t) + 1183 4 rox?t 4 (r3 + raa? + rsat + rt?) sin 26¢

+ (17 + rgw? + roxt + r1pt?) sin 45€ + rip sin 65¢

(34)
+ (7’12 + ri3T + 114t + 7’15$3 + T16$2t + ’r‘17$t2 + T18t3) COS 255
+ (197 + 120t) COS 46& + (r212 + T22t) COS 6IE,
where the coefficients 11,72, ..., roo are also given at the end of the paper, as Appendix 2.

)

Taking into consideration the value of B( from equation (32), we can get B(() JZ and

thus, using (34) for Bft) we can get Bft)
1 1 2 X 2
Bg,t) DY <B§,t) T aBéﬂg)) .

In order to account for the nonlinear effects the O(e*) equations have to be considered
as well. Thus bearing in mind the linear system of equations (28), the principal and
secondary determinants of this system, we come to the result that

DY =0, (i=1,2).
Hence fi(x,t) may be rewritten in the simplified form

fala 1) = ﬁ {(F-m+20+ MR-2@ )+ %ﬂ) .

H(RH + 1) + A1 - 20)) B, + <2<R —a2) - w> (B (35)

P
+a®(R — a)(B{)? + ba’Ab B, +2a (R A2 i‘x_Ab> B{")B (Q} .
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Hence f(x,t) will take the form
(R—M\)(b—1) + \bx
(1-R)(b-1)

a(R—\)

1
e

Flo ) =14 &2 { ng} bt faat) + O(ES),

where fy(z,t) is given by (35) and B((th) and BSB are given by (32) and (34) respectively.

5 Presentation of results and discussion

The number of terms which has been obtained seems to be a good measure for the purpose
of illustrating the effect of the parameters the density ratio, R, the thickness ratio, H,
and the obstacle height, L. The error, difference between the fourth and second order
approximations, in the interfacial profile for the two approximations is of order 1076. Thus
we limit our calculations up to the second-order approximation, as well as we considered
the following values for the description of the triangular obstacle: x,, = 13 and z. = 30.

We studied the effect of the density ratio, R, on the wave profiles at the interfacial
surface. Three values of R have been considered, namely R = 0.7, 0.8, and 0.9 for fixed
values of H, L, and t. It is clear that as R decreases, there is a kind of violent oscillations in
the obstacle region. This phenomena vanishes gradually as “R” increases. An important
remark must be mentioned is that, for the interfacial wave in the downstream region, the
period of oscillation is much longer for the case when the two fluids are of very nearly
equal density than that of significant different densities. This is due to the fact that the
presence of the upper fluid has the effect of decreasing the velocity of propagation of the
wave which consequently causes the decrease of the potential energy of a given deformation
of the interface as well as the increase of the inertia. This result comes in good agreement
with Lamb [6], who gave a marvelous natural example for such a phenomena, occurring
near the mouths of some of the Norwegian fiord, when there is a layer of fresh water over
salt water.

The interfacial wave profiles, f(x,t), has been studied for different values of the thick-
ness ratio, H, namely H = 0.3, 0.5, and 0.6 while the other parameters R, L, and t are
fixed. It is clear that as H increases, there is an increase in the amplitude of the wave
along the obstacle interval, as well as an increase in the wave length.

We study the effect of changing the triangle height, L. Three values of L have been
considered, namely L = 0.1, 0.2, and 0.25 for fixed values of R, H, and t. For the
interfacial wave, as L increases a kind of violent disturbance in the wave profile appears,
starting by a sudden increase in the profile, ending by a steep decrease at the beginning
of the downstream interval. The behaviour of that solution can be interpreted, following
Kakutani [4], as follows: a given smooth waveform will propagate along the characteristic
curves, gradually steepen its shape due to nonlinear interactions, and then the dispersive
term will begin to play its role to balance this steeping.

Appendix 1

1 2
A=W, <—4 + 6k> + 16k4) Ay = W1(2]{24 — 8]{32) Az =W, <—1gk‘4)

Ay =Wi(4k? — 2KY) A5 =AWk Ag = Wik?
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where
3Y1k%63
2 1
— — H(1-— _
and
A =W, <2 —2K% — 3/&) Ag =W, (2k;2 — lk;‘*) Ay = 3W2k4
32 4 32
1 4 9 1.4 4 1 4
Ay = szk Ay =Wy [ 2k° — ik A = Whk Az = —§W2]€
where
3Y k%62
2 1
= —3H(1 — _
Wa = [ — 3H( R)]( o )
and

Au=HA1-R)(b—-1) Ap=H+1-1b

1 1
17 275 12 18 27( 11 13)

1

—A
6v0 3

1
Az = 4—A12 A9 =
8l

1 1
Aoa = —— (A A Aoy = ——0A
23 27( 4+ Ag) 24 275 13

1 1
A =——A5 Ay =-—

—A
4 6v0 ?

Asg = —2Asg Az = A5 A

1
Agy = gAMAzs Azs = 3y Ass

Asg = (Y2 A15 + 2414) Aog Asgg =

1

4v9

1 1
Agg = 5(1413 — An) Ays =

1
Ayr = —5(144 + Ag + 0A13) Ay =

A9 =
Agg = —

Ags =

T Ay 292

160

1
AlG—m(QAl_AZL_AG)
L a4, - ay)
16y0° 2 0

(A13 —2A7 — An)

1
4A A
16 5( s+ A1)
1 2
Agg = _;A14A28

1
Asy = —;A15A28 Azz = 7A15 A28
1 1
Aszg = —A15A98 Az = —Asg
2 27y

1
%(61414 + 72 A1) Ass Ay = 2415428

1
Agp = —04g  Ayz= 5’75146

1
—— (442 — A5 + 46 A1) Ay = _ZAH

1 1
5(144 + Ag + 20A13) Agg = —5751413



Progressive Internal Gravity Waves 51

1
Asp = ZAS Asy = 3A3A3s  Asp = 3A33A4  Asz = 6A433(A30A30 + A3z Agg)

Asy = 6A3sAs0Ass  Ass = 6A3g(As0 Ao + AspAss)  Ase = —3A35Ass
As7 = —3Ass(Afy + 2A30A35)  Asg = 2435 Ago Asg

Asg = Agg + 2A31 Az — 2A39As0 + 3A3Azo + Asr  Ago = Azo — A3

Ag1 = Agy + 2433 Azy — Ay — 2A39A35 + 3A33A30 + Asg

Agy = Asz + 2A38Ag0 — 2A35 A0 + Ase

Agz = 2(AsgAse + AzaAao + Az2A39) — Aso — 6A39A35 A0 + As3

Agy = Agg + 2(A31 435 + Az Ayg) — BAz5(Ass Asg + Ady) + Ass

Ags = 2(A30A40 + A3z Asgs) + Asy — 3A35 A4 Ags = Asg + 2438440 + A5y

Agr = Ago + 2A38As5 Agg = 2A38Az9 + Aso

—— (2461426 + As2450) Ao = Aso + 2438 Az

1 1
An = §A38(A5o + 2A35A%) A7y = —(AssAso + 2426 A67)

46(

1
A7z = —(2A66A26 + As7A50) A7y = A +

5 (AsoAag + As1Aar + 2A62A43)

262

1
A5 = Ayg + 2A38 Ayy A7e = Asg + §A38(A48 + 2A38A47)

1 1
A7 = 2—5(A35A48 + 2A67Au7) A7g = 5(14351449 + 2A67A48 + AeAar)
1
Arg = E(A35A46 + AgrAss)  Aso = Au + 252 (As0 A3 + 3461 A17 + As2442)

Agi = Agp + 3A3sA1r Aso = Aug + AssAgo + 3A55A17

Agg = A + Asg Ay + Ag1Ag2 + AgaAgs)

252(

1
Agy = g(A38A43 + A§8A42) + A§8A17

Ags = 3Ap3A17 + AsaAaz + AssAaz) + —<(Ass Aas + A7 Aa1)

463( 6(

1 1
Ags = 5(3A66A17 + As5Asz + As7As2) Agr = 2_5(A66A42 + Ap7Aaz + 3Aes A7)

= 25(14:351442 + 3A467A17)
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Appendix 2

r = _EAIO T = 853 —— A37[276( A7y — Ags) — Arg — Ags)
r3 = 8(53 — A37[276(Asr — Agg) — Asi] ry = 453 — Ag7[v0(Azs — Agg) — Ago]
rs = 853 A37[2’76(A76 - AS?) - 3A84]
1

= L A 476(Ase — Arg) — Ars — Aug — AssA _ Aot
6= G153 37[470(Agg — A7) — A7z — Asgg — AsgAus] 17 o5z Asr A
ryg = L As7A ro = L Aar A
8~ 16(527 37470 9= 16527 3747

1
Ayl (65 Agy — Agz) — Ags A N

"0 = 21663 37[7(65 Aoz 67) 38 A21] 11 152 As74s0
T2 = £z Asr(2v6Arr + A7s — Ags)  T13 = 5 Asr[v0(Ars + Asz) + Are — Ast]

863 463

1 1 1
T4 = W’YAWASS 15 = W'YAWA& T16 = WVA?J?AE;Q

1
"= 5 —5vA37A»4 T8 = 6453 — Ag7[Azg 4 476 (Aqy + Ays)]
1
19 = 3253 A37[A71 + 275(1473 + Age + A38A45)] To0 = W’YAS’?AQ]_

1 1
= ——~A37A33A = ——vA33491 A
21 = sy VAT A8 421 22 = e 55 VA8 21443
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