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Abstract

This paper deals with the limit behaviour of the solutions of quasi-linear equations of
the form —div (a(x,2z/ep, Dup)) = fr, on Q with Dirichlet boundary conditions. The
sequence (gp,) tends to 0 and the map a(z,y, &) is periodic in y, monotone in £ and
satisfies suitable continuity conditions. It is proved that u, — u weakly in Hé 2 (),
where u is the solution of a homogenized problem —div(b(z,Du)) = f on Q. We
also prove some corrector results, i.e. we find (Pp,) such that Duy — Pp(Du) — 0 in
L?(Q, R").

1 Introduction

In mathematical models of microscopically non-homogeneous media various local charac-
teristics are usually described by functions of the form a (z/ej) where €, > 0 is a small
parameter. The function a(x) can be periodic or belong to some other specific class. To
compute the properties of a micro non-homogeneous medium is an extremely difficult
task since the coefficients are rapidly oscillating functions. Therefore, it is necessary to
apply asymptotic analysis to the problems of micro non-homogeneous media, which imme-
diately leads to the concept of homogenization. When the parameter € is very small the
medium will act as a homogeneous medium. To characterize this homogeneous medium
is one of the main tasks in the homogenization theory. For more information concerning
the homogenization theory the reader is referred to [1], [8] and [10]. In this paper we
consider the homogenization problem for monotone operators and the local behavior of
the solutions. Monotone operators are very important in the study of nonlinear partial
differential equations. The problem we study here can be used to model different non-
linear stationary conservation laws, e.g. stationary temperature distribution. For a more
detailed discussion concerning different applications see [13].

We will study the limit behavior of the sequence of solutions (up) to the Dirichlet
boundary value problem

_div <a <x,3,Duh>> —f, on
Eh

un € Hy?(Q),
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where f;, — f in H-%2(Q) and &, — 0. Moreover, the map a(z,y,&) is defined on
Q) x R™ x R™ and is assumed to be periodic in y, uniformly Lipschitz continuous in £ and
uniformly monotone in £&. We also need some continuity restriction on a(-,y,§). We will
consider two different cases, namely when a(z,y,§) is of the form

N
CL(:E, Y, 6) = Z XQ; (:U)az(yv S)a
i=1

or when a(x,y, ) satisfies that

la(z1,y,€) — a2, y,&)[* < w(|z1 — 22) €,

where w : R — R is continuous, increasing and w(0) = 0. In both cases we will prove that
up, — u weakly in H%2(Q) and that u is the solution of the homogenized problem

—div(b(z,Du)) = f on €,
{ u e Hy* ().

We will prove that the operator b has the same structure properties as a and is given by
bo.6) = [ a(w+ Dot () do,
Y

where v$% is the solution of the cell-problem

—div (a (x, y, &+ Dvg’m(y))) =0 on Y,

Lo (1)
& € Hi (Y),

where Y is a cell of periodicity and HE’Q(Y) is the subset of H%?(Y") such that u has mean
value 0 and u is Y-periodic. The homogenization problem for monotone operators of this
type has been studied by several authors but with no dependence in x, i.e. a is on the form
a(z,y,&) = a(y,§). Here we mention [7] where the problem was studied in the Sobolev
space H'P, 1 < p < oo, with appropriate continuity and monotonicity conditions. In [4]
the corresponding multi-valued case was considered. Moreover, the almost periodic case
was treated in [3].

The weak convergence of uy, to u in H%?(f2) implies that u, —u — 0 in L*(Q) but in
general we only have that Duj, — Du — 0 weakly in L?(2, R"). However, we will prove
that it is possible to express Duy, in terms of Du, up to a rest which converges strongly
in L?(€2, R™). This is done by constructing a family of correctors Pj,(z,&,t), defined by

Py(w,6,t) = P (ﬁ,f,t) =+ Dv®t (£> . 2)
Eh Eh

Let (Mp,) be a family of linear operators converging to the identity map on L?(Q, R")
such that My f is a step function for every f € L?(Q, R"). Moreover, let v, be a step
function approximating the identity map on 2. We will show that

Duy, — Ph(x, MhDu,’yh) — 0 in L2(Q7 Rn)

Results concerning correctors for an even more general case than studied in [7] can be
found in [5]. The almost periodic case has been studied in [2].
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2 Preliminaries and notations

Let ©2 be a open bounded subset of R", |E| denotes the Lebesgue measure in R™ and (-, -)
is the Euclidean scalar product on R™. Let {Q; C Q:i=1,..., N} be a family of disjoint
open sets such that |Q\ UN, Q;| = 0 and [99;| = 0. Let (5) be a decreasing sequence
of real numbers such that ¢, — 0 as h — oo. Y = (0,1)" is the unit cube in R™ and
Y/ =en(j +Y), where j € Z", i.e. the translated image of €,Y by the vector ;5. We
also define the following index sets:

Jh:{jeZ”:VflcQ},J,"L:{jeZ”:?ﬁch},
Bh—{jeZ” Vi £ 0, Y\ ;é(ZJ}

Moreover, we define QF = UjeJ,ﬁ?iL and F' = UjeBthj.
In a corresponding way let {Qf CcQ:iel k} denote a family of disjoint open sets with
1
diameter less than % such that ‘Q\ Uier, Qﬂ = 0 and ‘(%lf‘ = 0. We also define the

following index sets:
Jr={iezm:vi cat},
BiF = {jeZ”-Y]ka#O) Vi # 0}

Let Qf’h = Ujeji,kY and F U B ij.
h
Corresponding to f € L?(Q, ) we defme the function My f : R® — R™ by
th Z XY] gh?
Jj€Jn
; 1

where & = ——
]
h h
define §i for all j € Z™ we treat f as f = 0 outside Q). It is well known that

fdz and xg is the characteristic function of the set E (in order to

th - f in LQ(QaRn)v (3)

see [11], page 129. We also define the step function v : Q@ — Q by
Jj€Jn

where w?l € Y,f . Moreover, C will be a constant that may differ from one place to an other.
Let a: Q@ x R™ x R™ — R™ be a function such that a(z, -, ) is Lebesgue measurable and Y-
periodic for x € 2 and £ € R™. We also assume that a satisfies the following monotonicity
and continuity conditions: There exists two constants 0 < a < 3 < oo such that

(a(z,y,&1) — a(x,y, &), & — &) > a & — &%, (5)
|a(m, y7£1 - a(x, ya§2)| < ﬁ |£1 - §2| ) (6)
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for z € , a.e. y € R™ and every £ € R™. Moreover we assume that

a(z,y,0) =0, (7)

for z € Q, a.e. y € R™. Let (f3,) be a sequence in H~%2(Q) which converges to f.

The solution v$® of the cell-problem (1) can be extended by periodicity to an element
in H2(R™), still denoted by v&* and

/n (a (x,y,§ + Dvg’x(y)) ,D¢(y)> dy =0 forevery ¢ € C;(R"). (8)

The following compensated compactness lemma will be used frequently, see [8], page 4.

Lemma 1. Let 1 < p < co. Moreover, let (vy) be a sequence in L1(S, R™) which converges
weakly to v, (—divuy) converges to —dive in W—19(Q) and let (uy,) be a sequence which
converges weakly to u in WHP(Q). Then

[ onDusdz — [ (0. Duods,
Q Q

for every ¢ € C3°(Q).

3 Some homogenization results

Let a(z,y, ) satisfy (5), (6), (7) and one of the following conditions:

(i) a is on the form

a(x,y,§) = ZXQ Jai(y, ). 9)

(ii) there exist a function w : R — R which is continuous, increasing and w(0) = 0 such
that

la(z1,y,€ — alz,y, )" < w(lz1 —2l) €7, (10)

for z € , a.e. y € R and every £ € R™.
Now we consider the weak Dirichlet boundary value problems, one for each h,

/ <a <x, ?,Duh> ,ng) dx = (fn,¢) forevery ¢ € H01’2(Q),
Q h

up, € Hy? ().

(11)

By a standard result in the existence theory for boundary value problems defined by mono-
tone operators these problems have unique solution for each h, see e.g. [14]. Furthermore,
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by choosing ¢ = uy, in (11), taking into account (5), (7) and using the fact that (f3) is
bounded we have that

a/ |Duy|? dz < / (a (w, E,Duh) ,DUh> dz = (fn, un)
Q Q 20

< il vz ol oy < C lunll oy
where C' does not depend on h. The Poincaré inequality then implies that

ol 12y < . (12)
where C' does not depend on h. Therefore there exists a subsequence (h') such that

up — ux  weakly in Hé’Q(Q). (13)

It is now natural to raise the following question: does u, satisfy an equation of the same
type as that satisfied by u;,? The answer to this question is given in the following theorems:

Theorem 1. Let a satisfy (5), (6), (7) and (9). Moreover, let (up) be the solutions
of (11). Then

up — u  weakly in Hé’Q(Q),
a <a:, ;, Duh> — b(x, Du) weakly in L*(Q; R™), (14)
h

where u is the unique solution of the homogenized problem

/ (b(x, Du), Dg)dz = (f.6) for every &€ HI(Q),
Q

(15)
ue Hy?(Q).
The operator b: Q x R™ — R™ is defined a.e. as
N N
i=1 i=1
where x; € Q; and v&% is the unique solution of the cell problem
[ (o (e + Do) . Do) dy =0 for every &€ HE(Y)
Y (16)

vSt e HE(Y).

Proof. The proof follows by using the ideas in [6] where the case N = 1 is treated for the
details the reader is referred to [12]. O

Theorem 2. Let a satisfy (5), (6), (7) and (10). Moreover, let (up) be the solutions
of (11). Then

up, — u  weakly in Hé’z(Q),
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a (x, ;, Duh> — b(z, Du) weakly in L*(Q; R"),
h
where u is the unique solution of
[ 0. D), D) da = (. 6) for every 6 € HYX(@),
Q

ue Hy* ().
The operator b: Q x R — R"™ is defined as

bo6) = [ a6+ Do () dy,

where v&7% is the unique solution of the cell-problem
[ (o (2.6 + Do) Do) dy =0 for cvery &€ HE (),
Y (17)
vt € HE(Y).

Before we prove this theorem we make some definitions and prove some lemmas that
will be useful in the proof. Define the function

“(@,9,6) ==Y xar(@)alzf,y, ),

i€y,

where :z:ﬁC € Qf . Consider the boundary value problems
/ (ak <x, ;,Duﬁ> ,qu) dx = (fn,¢) for every ¢ € H&’2(Q),
Q h

uk € Hy*(Q).

(18)

The conditions for Theorem 1 are satisfied and the theorem implies that there exists a u*

such that
k k : 1,2
up — uy weakly in  Hy“(Q2) as h — oo,

and u* is the unique solution of

/Q (¢" (v, Dut) . D) da = (£,0) for every ¢ € Hy*(%), (19)

uk e Hy?(Q),

where

me /(“y,erDv“ ) ZXm (fvf,f),

1€y 1€l

where v&7 is the solution of
/Y (a (xf, y, &+ Dot (y)) ,ng) dy =0 forevery ¢ € HEQ(Y),

v e HE(Y).
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Proof of Theorem 2. First we prove that u, — u weakly in H01’2(Q). If g€ H12(Q),
then

lim (g, up —u) = hm lim (g,up —u) = hm lim <g,uh —uf 4+ uf — b 4 Ul - u>

h—o00 k—o0 h—o0 k—o00 h—o00

< hm hm Hu fukH + lim lim< ukfuk>
o0 hs ||g||H 1.2(Q) h h Hé’Q(Q) 00 hooo g, up, *

-l [l9] -2y [|ef = ull 12 g -

It is enough to prove that all three terms on the right hand side are zero. We do this in
three steps.
Step 1. Let us prove that

=0 (20)

lim lim Huh - u’fL’

k—00 h—00 Hy% ()

By definition

/ (ak <a:, ?J)uﬁ) ,D¢> dr = (fn,¢) forevery ¢¢€ Hé’Q(Q)’
0 h

/ <a <x, ;,Duh> ,D(b) dx = (fn,¢) for every ¢ € H3’2(Q).
Q h

This implies that we for ¢ = u;j — uy, have

/ (ak <£L‘, x,DuZ) — (x, x,Duh) ,Dui — Duh> dx
Q €h Eh
= / (a (x, E,Duh) S <x, E,Duh> ,Duﬁ — Duh) dzx.
Q €h €h

According to the monotonicity of a, (5), the Schwarz inequality and the Holder inequality
we obtain that

. 2
a/ )Duh—Duh’ dz
Q

< (/ a (x, E,Duh> — (x, E,Duh>
Q €h €h

2 1 T T
< — alx, =, Duy ) —d* (z,=~, Duy
2
L2(Q;R™) a“ Jo €n Eh

Thus, in view of the continuity condition (10) on a, we get

2 1 /1 ) c (1
< — — < — _
P 2V <k> /Q |Dup|” dx < 2V <k‘> , (21)

2 3 9 i
dzx (/ )Duﬁ — Duh’ d:):)
Q

2
dx.

ie.

HDu’fL —Duh‘

HDUZ —Duh‘
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where we in the last inequality used the fact that there exists a constant C' independent of
h such that ||Duh||%2(Q,Rn) < C. Since ||D-H%2(Q,Rn) is an equivalent norm on Hé’Q(Q) (21)
implies that

k
up — ’U,h’ —
H h HY(Q)

as k — oo uniformly in A. This means that we can change the order in the limit process
in (20) and (20) follows by taking (21) into account. O
Step 2. We observe that

lim lim <g,u§ - uf> =0,

k—o00 h—o0

as a direct consequence of Theorem 1. O
Step 3. Let us prove that

= 0. (22)

.l

I (
el H2(Q)

By definition we have that

/Q (bk (vaU5> 7D¢> dx = (f,¢) forevery ¢ € H&Q(Q)7

/Q (b(x, Du), D¢) dx = (f,¢) for every ¢ € Hy*(Q).
Thus
/Q <bk (:U,Duf) - bk(m,Du),Dqﬁ) dxr = /Q (b(a:, Du) — bk(x,Du),D¢) dx,

for every ¢ € HS’Q(Q). Choose ¢ = u¥ — u and take the strict monotonicity of b*, see
Remark 1 in the next section, into account on the left hand side and apply the Schwarz
inequality and Holder inequality on the right hand side to obtain

oa/Q)Duf—Du‘Qdmg </Q‘b(m,Du)—bk(x,Du)‘zdx)% </Q’Duff—Du)‘2dx>%.

Hence, by Theorem 3

</Q D~ Du)(2 daz)% < é (w (%) C/Q | Duf? dm)% . (23)

The right hand side tends to 0 as & — oo. We obtain (3) by noting that ||D-H%2(Q;Rn) is

an equivalent norm on H& 2(Q). O
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Next we prove that a (x, ;,DWL) — b(z, Du) weakly in L?(€2; R"). In fact if g €
h
(L2(2; R™))*, then

lim <g,a (w, E,Duh> — b(:ﬁ,Du)> = hm lim <g,a ((E, E,Duh> — b(a:,Du)>
h—o0 Eh k—o00 h—o00 €En
= lim lim <g,a <a:, E,Duh> — <a?, E,Du’fl>>
k—00 h—00 Eh €hn
+ lim lim <g,ak (x,i,DulfJ — bk (a;,Dulj)>
k—o00 h—o0 Eh
+ lim lim <g, v¥(x, Dul) — b(x,Du)>
k—o00 h—o0
a <:1:, E,Duh> —aF (x, E,Du/ﬁ)
€h Eh

+ hm lim <g,ak (x,i,DquJ — bk (:U,Dulj)>>
k—o00 h—oo Eh

k (x, Duf) - b(a:,Du)‘

< lim Lm lgll(z2(g;rm))-

L2(;R™)

*‘é@ﬂi}”gﬂ(L2(Q;Rn)* L2

It is sufficient to prove that all three terms on the right hand side are zero. We do this in
three steps.
Step 1. Let us show that

a < Duh> ak (x, E,Duz)
En

By using elementary estimates we find that
/ a” <5L‘, ﬁ,Duﬁ) a < Duh>
Q €h €h

= / ak (w, i, Du],fb) — ak< Duh> ak (a:, i, Duh> — a(w, i, Duh)

Q Eh Eh €h

2
< 2/ a <a;, i,DuE) —a" <x, E,Duh) dx
Q Eh Eh
. 2

+2/ ak (x, —,Duh> —a ( Duh>

Q €h Eh

dx.
Hence, by applying the continuity conditions (6) and (10), we obtain that

x T
/ ak (x, —,Duﬁ) —a <m, —,Duh>
Q €h €h

2 k 2 1 2
<23 Duyp — Duy| do+2w | — |Dup|” dx.
Q k) Ja

lim lim
k—o00 h—o0

0. (24)
L2(;R™)

2
dx

2
dx

2
dzx
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According to (21) and the fact that (Duy) is bounded in L?(2; R") there exists a con-
stant C independent of h such that
2 1
dr < Cw |+ ).
o< coy)

/ a” <x, ﬁ,Duﬁ) —a <a:, E,Duh>
Q €hn Eh
— 0, (25)

By the properties of w it follows that
L2(Q;R™)

T x
a (x, —, Duh> S (9:, —, Duﬁ)
Ep Ep

as k — oo uniformly in h. This implies that we may change the order in the limit process
in (24) and we obtain (24) by taking (25) into account. O
Step 2. We observe that

lim lim <g,ak (x, E,Duﬁ) — bk (x,Du’:)> =0,
k—o00 h—oo Eh
as a direct consequence of Theorem 1. O
Step 3. Let us show that

kli)ngo ku (w, Duf) —b(z, Du)‘ . 0. (26)
We have that
/ ‘bk (:U,Duf) - b($,Du))2 dx
Q

2
= / ‘bk (x,Duf) — b*(z, Du) + b*(z, Du) — b(az,Du)‘ dx
Q
2 2
< 2/ ‘bk (a:,Duf) — bk (x, Du)‘ dx + 2/ ‘bk(a:,Du) - b(z,Du)‘ dzx.
Q Q

By applying the continuity conditions in Remark 1 and Theorem 3 we see that

/Q)bk (g;’]_)uf> - b(:U,Du)‘2 dz < 25; /Q ‘Duf - Du‘2 dr +2Cw <]1> /Q |Dul? dz.
O

Now (26) follows by taking (23) into account.

4 Properties of the homogenized operator

In this section we prove some properties of the homogenized operator. In particular
these properties implies the existence and uniqueness of the solution of the homogenized
problem.

Theorem 3. Let b be the homogenized operator defined in Theorem 2. Then

(a) b(-, &) satisfies the continuity condition

|b(21,€) — b(z2,&)* < w(|z1 — 22])C €[,

ame=a(3) ((2))
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(b) b(zx,-) is strictly monotone, more precisely

(b(x,&1) — b(x,&), 61 — &) > a| & — &|*,  for every &1,6 € R™.

(c) b(x,-) is Lipschitz continuous, more precisely

2
’b($a£1) - b($7£2)| < E | 61 - €2| ) fOT’ every 51762 € R".

(d) b(z,0) =0 for x € Q.

Proof. (a) By the definition of b we have

2

e, =02 OF = | [0 (.64 Do) dy = [ (a0t ay

< ([ o ) s )
2
dy>
dy)
2
dy> ;

where we in the last inequality used that (a + b)? < 2(a® + b?) for a,b > 0. By the Jensen
inequality we get

+/ ‘a (x27y7£+ Dvg’xl) —a (5627%5 +DU£7$2>
Y

< 2 (/ ‘(l (mlayag—’_ Dvs’11) —a <$2)y7£+D’U&$1)
Y

+2 </ )CL (mQ’yag—{_D’Uﬁ’ml) —a <~I2ay7€ + DU&JQ)
Y

|b(z1,€) — bla2, )P <2 [y |a (21,9, & + Dv&™Y) — a (z2,y, & + Dv&®1) ’2 dy

2
+2/ ‘a (xg, Yy, €+ Dvg’zl) —a (acg,y,§+ Dvé’”) dy.
Y

From the continuity conditions (10) and (6) it follows that

|b(21,€) — b(x2, &)[
(27)

2 , )
Y Y

We will now study the two terms in (27) separately.
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First term: According to (5), (16), (6) we have

o [ o+ Do) = Do)y
< /y <a (a:,y7§1 + Dv&’m> —a (:c,y7§2 + Dv52’x> &1+ DoST — €y — Dv&’x> dy
= [ (a(m a4 Do) —a (o + Do) 6= 2) dy

S / ’a (x’yvfl + Dvﬁl’ﬂE) - (x’yv@ + va%x)
Y

&1 — & dy

<5 [ Jea+ Do — - Do) 161~ dy
Y

o[ fomer-a-mnf ) ([ - a)

This can be written as

2
[ Ja+ Dottt o - o)y < (2) 16 - el (29)

(0%

Second term: By definition we have that

/ (a (:Bl, y, &+ Do&®1 (y)> ,DQS) dy =0 forevery ¢¢€ Hé’z(Q),
Y

/Y <a (xg,y,§+ Dus®2 (y)) ,qu) dy =0 forevery ¢¢€ HE’Q(Q).

This implies that

/Y <a (xl,y,f + Dvg’“) —a <a:1, y, &+ va’“) ,D(b) dy

= /Y (a (:UQ,y,f—l— DUE’xQ) —a <x1,y,£ + DU&M) 7D¢> dy,

for every ¢ € HEZ(Q). In particular for ¢ = Dv&% — Dv&%2 we have

/<a@h%§+D$m)—a@m%§+Dﬁm»§+Dﬁm—(§+Dﬁ“»dy
Y

= / (a (1’2721754- DU£7x2) —a (.1'171/75 + DU§=x2> ’D,Uf,azl _ Dv§7$2> dy
Y

By applying (5) on the left hand side and the Schwarz and Hélder inequalities on the right
hand side it follows that
2 \2
dy)

o (/ ’Dvgaxl _ D/Ugva
Y

< </ ‘a (xQ,y,f + Dvg””) —a (ﬂcl,y,er Dvﬁ’”)
Y

D=

2
dy>
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The continuity condition (10) and (29) imply that

) 1
2

fe! </ ’Dvg’”1 — Dv*®2 dy)
Y

< <w(|x1 —acg)/y‘f—i-Dvg’”

(29)

“dy)” <t - 21l

The result follows by taking (27), (28) and (29) into account.
(b) Let £ € R™, j = 1,2 and define for a.e. y € R",

T . y
wff (y) = (&, y) + epv™ <a> ‘

By the periodicity of v%® we have that

wi " = (¢,y) weakly in  H'(Q), .

Dwff’x—>§j weakly in - L*(Q, R"), o

a(x,l,Dwajw(yOHb(x,fj) weakly in - L*(Q, R"). 32
en

The monotonicity condition (5) on a implies that

for every ¢ € C3°(€2) such that ¢ > 0. We apply lim hinf on both sides of this inequality
—00

and obtain

/wmaww@@xa—@ww@>a/mrfﬁwm@,
Q Q

for every ¢ € C5°(€2), where we on the left hand side have used (31), (32), (8) and Lemma 1
and on the right hand side we have used (31) and the fact that for a weakly convergent
sequence (z,) converging to z we have that ||z|| < lim inf ||z,||. This implies that

n—oo

(bi(&1) — bi(&2), & — &) > a| & — &

Since &1, &2 were chosen arbitrary (b) is proved.
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(c) Fix &1,& € R™. According to (6), Jensen 's inequality and (5) we have that

bz 1) = bla, &) = ' [ a(ene+ D)y [ a e+ Dv&’x(y)>dy'2
< ([ Jo(m0er + 2o7w) 0 (r.8o + Do) )
< ([ sler+ Do) - & - Dot @)
< [ o+ Do) — = Do)y

<2 [ (@ (et W) 0 (0.6 + D).

(51 + val’x(y)> - (52 - va”(y))) dy.

Moreover, from the cell problem (16) it follows that

/Y <a (m,y,ﬁk + Dvgk’z(y)> ,Dvg“z(y)> de=0 for k,1=1,2,

and we conclude

b, &1) — b(z, &)

<

2%

2
(b2, ) ~ b, ©). 6 — &) < - (e &) — bl &) 61 — &

which implies (c).
(d) Since a(z,y,0) = 0 we have that the solution of the cell-problem (16) corresponding
to & = 0 is v®* = 0. This implies that

b(x,0) = / a(z,y,0)dy = 0. O
Y

Remark 1. By similar arguments it follows that (b), (c¢) and (d) holds, up to boundaries,
for the homogenized operator b in Theorem 1.

5 Some corrector results

We have proved in both Theorem 1 and Theorem 2 that we for the corresponding solutions
have that u, —u converges to 0 weakly in Hé 2(Q) By the Rellich imbedding theorem we
have that uj, — u converges to 0 in L?(£2). In general we do not have strong convergence
of Duy, — Du to 0 in L?(2, R"). However, we will prove that it is possible to express Duy,
in terms of Du, up to a rest which converges to 0 in L?(Q, R").

Theorem 4. Let u and uy be defined as in Theorem 1 and let Py be given by (2). Then

N
Duy, — ZXQi (z)Py(x, My Du,z;) — 0 in  L*(9, R™).
i=1
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Proof. In [5] the case N = 1 was considered. By using these ideas and make the necessary
adjustments the proof follows. For the details the reader is referred to [12]. O

Theorem 5. Let u and uy, be defined as in Theorem 2. Moreover, let Py, be given by (2)
and vy, by (4). Then

Duy, — Py(x, My Du,~y,) — 0 in  L*(Q,R")
Proof. We have that

HDuh — My, Du — DpMrPum <£>
en

< |\|Du, — D ’f‘
- H Uh ™ U] o g gy

L2(Q,R"

Du¥ — M, Du* — DyMnDubal [ 2
+{[Duf = 200 = 3 xor @)D -

: (33)
€Ik L2(,R")

=+ k E My, Duf,x z x
MhDu* + XQ’,%’DU h uf: f <_> — MhDu _ DUMhDu;yh (

c t €h €
i Ik h 2( ’ n)

As in the proof of Theorem 2 we have that

L2(Q,R")

lim lim ||Duy — Duﬁ‘
k—o0 h—o0o

and by Theorem 4 it yields that

. . k ..k X
lim lim ||Duf — MpDuf — " xgp (z) DoMr P (= —0.
k—o00 h—o00 ol i Eh

1k L2(Q,R")

This means that the theorem would be proved if we show that klim hlim acting on the last
— 00 N—00

term in (33) is equal to 0. In order to prove this fact we make the following elementary
estimations:
2

M, DuF + Z Xk (x)Dq)MhD“]fvxf <£> — My, Du — DyMrPn (i)

i€l Eh e LQ(Q,R")
2
=3 / M, Duf + DyMrDubel <£> — My Du — DyMiDun <£> dw
iel, QF €h Eh
< Z/ ('Mhpuf + DoMrDul (3> — MyDu — DyMnDust (i)‘
1. YOk Eh Eh
1k (34)

2
4 ‘DthDu,xf (i) _ DyMnDun (i) D da
Eh Eh

SZQ/%

i€},

+22/Qk

DyMnrDuat (E) _ DyMrDum, (3)
9 9
i€}, i h h

2
dzx

My Duk + DpMhDi et <i> _ My Du — DyMiDut (ﬁ)
Ep €n

2
dx.
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We shall now study the two terms on the right hand side of (34) separately but first we
define,

1

= Du dz.
R

&b

By using (28) and a change of variables we find that we for the first term in (34) have the
following estimate

I8

2

MhDu]: + D,UMhDu’,f,xf <£> _ MhD’LL _ DUMhDU@f <£> dx

€h €h

2
|&* 4 Dyttt Ty ¢ — Duthon I de
* Eh En
2
. gk ok [ X ; ik [T
/ ‘ f{;i + vah,*’xi <_> - gi — DoSho® <— dx
v ’ Eh Eh

jeEBYF TR (35)

BN ik oi|? [y BN ik oi|? v
<Y (8) fas-al W]+ £ (2) Jas-al v]
J;Lk jeBZ‘k

- <§>2/Q
(2,

where we used Jensen s inequality in the last step. Moreover, by using (29) and Jensen s
inequality, we obtain that

/ DyMyDu.a (£> _ DyMnDun (2)
Qk Eh Ep

2
M, Du* — MhDu‘ dz + (é

a

2 2 2
Dulj—Du‘ dx + <é> /kh ‘Dulj —Du‘ dx,
E>

2 2
) /kh’MhDu’thDu) da
Fi’

(67

2

o 2
Z / Do <—) — Dvfnh (i) dx
Jzk YJ €h
el [T 2
+ Z Dv wi [ Z) — DyfhoTh o dx
h
sz

: g%)i—i\ff;f\w;;(éweh)i—itsw\
J JjeBy

=w i |My, Dul? dz + w l—|—n5 6—2 | M}, Du|* dx
k at Jopr " k)l fpea

<w 52/ |Dul? dz + w l+nsh 6—2/ |Dul? dz.
= \k) ot Jor k at [pkn
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By combining (34), (35) and (36) we have that

2
MhDul: + Z XQkDUMhDuf,xf <£> — My Du — DyMnDuyn (ﬁ
1 6 8
el " " L2(Q,R™)
A k 2 ) 2
§2<—> / ‘Du*—Du’ da:+Z/ Du*—Du‘ dx
@ Q : Foh
1€l i
w7+ £ |Duf* dz+ \Dul? d
v k neh ot Q ul- ax hh up ax
i€l i

Moreover, by noting that ‘Fz.k’h‘ — 0 as h — oo and taking (22) into account, we obtain
that

lim lim ||MyDuf + 3 xqp DvMnPutsel <£) — My Du — DpMrPum <3> -0
k—00 h—o0 . i Eh €h

il L2(Q,R")
and the theorem is proved. Il
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