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Abstract

The cubic Hénon-Heiles system contains parameters, for most values of which, the
system is not integrable. In such parameter regimes, the general solution is expressible
in formal expansions about arbitrary movable branch points, the so-called psi-series
expansions. In this paper, the convergence of known, as well as new, psi-series solutions
on real time intervals is proved, thereby establishing that the formal solutions are
actual solutions.

1. Introduction

The generalized Hénon-Heiles Hamiltonian is

L. . _ C
H = 5 (x2 + 9% 4 Az + By2) + Dg?ym2 — Eym, (1.1)
where @ = Ccll—f, Y= Z—? and A, B, C' and D are nonzero parameters. It corresponds to

the original form given by Hénon and Heiles [1] in their studies of astronomical problems
when A= B =C = D =1 and m = 3. Here, we consider the cubic form (m = 3) of (1.1),
with the corresponding equations of motion

T+ Ax +2Dxy =0,

1.2
ij + By + D2? — Cy? = 0. (1.2)

Several studies have been made regarding the integrability properties and singularity struc-

tures of various versions of (1.2); for example, Chang, Tabor and Weiss [2] have analy-

sed (1.2) with A = B = 1, whereas Chang, Greene, Tabor and Weiss [3] have considered

the same system for general m. In keeping with their notation, we rescale the variables,
x Y D

Ea y— 5, )‘: 67 (13)

Tr —
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to express (1.2) as

T+ Az + 2 zy =0,
. 2y 9 (1.4)
y+ By + Az —y° =0.

The leading-order behaviours of solutions about an arbitrary singularity, as well as their
resonance structures (in the sense of the ARS algorithm, Ablowitz, Ramani and Segur [4,
5]), have been derived (see [2, 3]; Chang, Tabor, Weiss and Corliss [6]; Bountis, Segur and
Vivaldi [7]; Weiss [8]; Tabor [9, p. 337]).

We summarize the results briefly, in order to fix notation and to single out the present
objectives. Setting 7 = t — tg, where ¢y is an arbitrary constant (the location of the
singularity), and

x ~at?, y ~ br?, T —0, (1.5)
two types of leading-order singular behaviours are found:

() a=p=-2

1.6

(i) B=-2, Re(a)>p. (16)
Carrying the analysis further by writing

x ~ ar® + prothr y ~ br® 4 gt (1.7)

and determining those values of k, for which p or ¢ is undetermined, one finds the corre-
sponding resonances. It turns out that

(i) a=p=-2, k.-=-1,6,n7,

+ 1—24(%+1);

1
2

DN | Ut

where r, 7=
Lo (1.8)
(i) Re(a) > -2, [f=-2, a,a= 3 + 5\/1 — 48\, k. =-1,6,0,r,T,

where 7,7 = F1 — 48\,

In case (ii), @ and & are two possible leading orders, with corresponding resonances r
and 7. This case occurs only for A > —1, since Re(a) > —2.
The nature of the resonances for each value of A is summarized as follows:

Case(i)

A< 33 : r and 7 are complex
24 _ 5

A__ﬁ r=r=g

24 _

—§</\<—§ r>0, 7>0, r#r7
1

)\:—5 7'—5, =0

1 _

—§<)\<O o r>0, <0

A>0 : r and 7T are complex



Psi-Series Solutions of the Cubic Hénon-Heiles System and Their Convergence 141

Case (ii)
1 _
—§</\<0 cr<0, >0
O<)\<1 cr<0, 7>0
s 7 , T
1
)\:E r=r=20
1 _ . .
A > 8 : r and 7 are pure imaginary

Those cases where a negative resonance is present (in addition to —1) likely correspond
to singular, rather than general, solutions (see, e.g., [9, p. 339]). The significance of
repeated resonances (case (i), A = —%, and case (i), A = %) is, at present, unknown.
The case A = —3 is somewhat anomalous [9, p. 340] and we shall comment upon it later.
In those cases where there exist four distinct resonances, the usual —1 and three others
with nonnegative real parts, general solutions may be written down in series expansions
about the arbitrary singularity ¢g. These may be Laurent series, if the system passes the
Painlevé test [5] or, otherwise, psi-series (Hille [10, p. 249]).

It has been found [2] that the system is integrable when A = —1 and A = B, when
A= —%, and when A = —1—16 and B = 16A. In the latter case, although the system is
integrable, it passes only the “weak” Painlevé test in that it admits a rational movable
branch point. Outside of these three cases, the system possesses solutions with movable
branch points (logarithmic, irrational or complex), and a psi-series expansion is required to
represent the general solution about an arbitrary branch point. Such expansions constitute
formal general solutions containing four arbitrary constants, the remaining coefficients
being well defined by a self-consistent recursion relation.

In this paper, we prove the absolute convergence of such series on real intervals of the
form 0 < 7 < R, R > 0, thus establishing that the formal solutions are actual solutions.
Similar results have been obtained by Melkonian and Zypchen [11] for the Lorenz system
(see, e.g., [9, p. 344] and Sparrow [12]), where only logarithmic psi-series occur. A study
of the convergence problem for a class of second- and third-order ordinary differential
equations has been made by Hemmi and Melkonian [13]. Some of the key ideas within
the proofs may be extracted from a paper by Hille [14] regarding second-order quadratic
systems. Studies of general systems of partial differential equations which admit WTC
(Weiss, Tabor and Carnevale [15]) expansions containing logarithms have been made by
Kichenassamy and Srinivan [16] and Kichenassamy and Littman [17], who have proved
convergence by entirely different methods. Logarithmic psi-series occur for the Cubic
Hénon Heiles system (1.4) when A = —1 and A # B, or when \ = _1_16 and B # 164, and
these may be dealt with by the methods discussed in [11, 13, 16, 17].

Here, we restrict our attention to the non-logarithmic cases. Sections 2 and 3 deal
with the case(i)-leading orders, involving a series with complex exponents (Section 2)
and one with irrational exponents (Section 3). The necessary Lemmas are relegated to
Appendix A. The series which we employ in Sections 2 and 3 are not the same as the
ones given, e.g., in [3], and we confirm the validity (self-consistency) of our version in
Appendix B. Section 4 concerns the case(ii)-leading orders where, once again, we employ
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a new series, the validity of which is confirmed in Appendix C. Concluding remarks are

made in Section 5, including a discussion of the case A = —%.

2. Case(i)-leading orders: a = (3= —

k., = —1,6, g + %\/1 — 24 (% + 1) complex

Here, the resonances r, 7 = % + %,/1 — 24(% + 1) are complex, with A < —5z or A > 0.
The general solution may be taken in the form
o oo o0

SN DI

k=0 =0 m=0
" (2.1)

oo o0 0

_ Z Z § : bkl Tk72+rl+Fm
= m .

k=0 l=0 m=0
The self-consistency of (2.1), as well as the presence of four arbitrary constants, is shown
in Appendix B. It is also shown therein that (2.1) is equivalent to

oo o0

= {akﬂ_k72+rl i awkﬁﬂl} ,
k=0 =0
(2.2)
[e.o] o
y = Z [bmkfzwl 4 blekaJrrl} 7
k=0 =0

and that (2.2) is equivalent to the solution given in [3]. Either (2.1) or (2.2) may be
employed to prove convergence. However, the advantage of starting with (2.1) is that it
is much easier to deal with a single, triply-indexed series such as (2.1) than a sum of two,
doubly-indexed ones such as (2.2), vis-a-vis the confirmation of its validity.

The convergence proof consists of resumming (2.2) into more tractable forms, and
showing that the latter are majorized by series which converge on an interval, by the ratio

test. Thus, let € = £,/24(3 +1) — 1 > 0, note that r — 1,7 — 1 = 3 £ e, and write

[c el ) 3
_ ZZ [amk 2+ (3 i)l 4 g k-2 (§ i)l

k=0 (=0

o (2.3)
Z Z ag + agy) cos(elz) + i(ax — agy) sin(elz)] e%lsz_QH,
k=0 1=0
where z = In(7), 7 > 0. It follows that
= Z fr(2)7772, (2.4)
v=0
where
F(2) = ) [(am + r) cos(elz) + i(ap — g) sin(elz)] e2!? (2.5)

k+l=y
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is a polynomial in 3% of degree v, with coefficients that are bounded functions of z.
Similarly,

y= Z h’y(z)Tv_Qa (2.6)
v=0
where
h,y(z) = Z [(bkl + l_)kl) COS(€ZZ) + i(bkl - Bkl) Sin(elz)] eglz (27)
k+l=~

is a polynomial of the same type as f,(z).

Let u(t) = #(t) = % and v(t) = §(t) = %, then
u=&=>Y g,(2)7" =Y [(v=2)f,+ f;] 77,
v=0 =0
. - (2.8)
v=79= Z ko (2)7773 = Z [(y = 2)hy + hi/] 773,
v=0 v=0
where fj/ = Cg—;, ’7 = %, and g, and k, are also polynomials of the same type as f,
and h,.
Express (1.4) as a system of four first-order equations in x, u,y,v to obtain
T =u,
1= —Ax — 2\zy,
G (2.9)
y=uv,
O = —By — A\ 4+ ¢
Substitution of (2.4), (2.6) and (2.8) into (2.9) gives, for v > 0,
f»/y+(7_2)f7_97:07
v
Gt (1 =3)gy + Afya +2X0 > fropuhy =0,
n=0
, (2.10)
by + (v = 2)hy — ky =0,
v v
K, 4+ (v = 3)ky + Bhy o + A fypfu— Y hyphy =0.
u=0 =0
For v = 0, we find
3 /1 3 6
=+—\/—-+2 = -2 hg = —— ko = —. 2.11
fo TVt 90 fo. 0 R 0=1 (2.11)

For v > 0, (2.10) is expressible as

P +Af=FE, (2.12)



144 S. Melkonian

where
y—2 -1 0 0
5 -6 -3 2\fy 0
f'y = o ) Av = )
hﬂY 0 0 ¥y—2 -1
k
K 2Afo 0 6 v—3
A
0
(2.13)
v—1
—Afy2=2X> frouhy F,
- p=1 G
F, = = ¥
Y 0 H’Y
Ky
v—1 v—1
—Bhy 5 — A Z Fr—nfu+ Z hoy—uhp

u:l lu,=1

The eigenvalues of A, are v+ 1,7 — 6 and v — (g + z'e), precisely v — k, where k, is a
resonance. The matrices A, are simultaneously diagonalizable by a matrix P independent
of . P is the matrix of eigenvectors,

Ao —Afo Afo Ao
3Afo —4Xf Afo (% + i&) Afo <% — ié—:)
P= 1 1 : (2.14)
3 3 3 (2 + X) 3 (2 + X)
9 12 312 1 L., 312 1 L
) <+X) (5“5) (+X> (5‘“)

and P_IAWP = D, where

y+1 0 0 0
0 ~—6 0 0
Dy = 0 0 - <g+ie> 0 : (2.15)
0 0 0 7—<g—i5>

For v > 6 (in which case all eigenvalues of A, have positive real parts), the solution of
the matrix differential equation (2.12) may be expressed as

Fi(z) = / A= (p)da = / peD- @ p1F (3)dx, (2.16)

where the exponential within the integrals denotes the exponential of a matrix.
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Given an m x n matrix A = (a;;), define its norm as

IA] = max | > ail | - (2.17)
j=1

1<i<m
It follows from (2.16) that

15 < HPHHP_lH/ OO (a) | de, (2.18)

since ||6D'V($_Z)|| = e(1=6@=2) for x < 2. P depends upon A, so that | P||[|P~L| < M()),
a constant (independent of 7). Thus,

I3 (2)ll < M) / OOE| E, () |de. (2.19)

—00
Theorem 2.1. There exists K > 0 such that for all z <0 and v > 1,
(2K)7
Vi+T

Proof. Since f,(z) is a polynomial in X = 2% of degree ~, with coefficients that are
bounded functions of z (linear combinations of cos(elz) and sin(elz)),

15 (2)] < (2.20)

7 P
()] <Y e = Py(X), (2.21)

m
m=0

with aﬂl) > 0 for 0 < m < ~. By Lemma Al of Appendix A (withg¢=1, n, =v, M =1

and p = 1), given N > 1, there exists K; > 0 such that

(K + KX)7
NoEDT

Similarly, there exist positive constants Ko, K3 and Ky corresponding to the polynomials
G, hy and k., repectively. With K = max {K;}, we obtain
_Z_

[£5(2)] < Py(X)

IN

for 1<y<N-1 (2.22)

(K‘FKe%Z)’Y < (2K)”
N S NS

since 0 < e2? < 1. The inequality (2.23) constitutes our inductive hypothesis, and we
shall show that (2.20) holds for v = N, thus establishing that it holds for all N > 1.
By (2.13) and the inductive hypothesis (2.23), we find that

1F ()l < for 1<y<N-1, 2<0, (2.23)

N-—1
G| < [Allfn—2] + 21N D [ v —pllhl
pn=1
< |A,(2K)N‘2 (2K)N (2.24)

N-1
— +2|A
VN —1 ||;\/N—u+l\/u+l

_ [1AIeK) 2

_{ NOREST +2|)\|7r}(2K)N
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by Lemma A2 of Appendix A. Similarly,

|Ky| < {% + (Al + 1)77} (2K)N. (2.25)
Thus,

IFn]| < EQK)Y, (2.26)
where

E < max{|A| + 2\, |B| + (|A| + D)7} (2.27)

Thus, from (2.19) and (2.26), we obtain

vl < e [ T N9 20\ N g

(2.28)
M N
_ { (MEVN + 1} (2K) for N> 6.
N -6 N+1
For all sufficiently large N, % V6N+1 < 1, so beginning with such an N > 6, we obtain
7 (2K)"
2)|| < , 2.29
I < <A (229)
which completes the proof.
By (2.4),
o0
r=Y fyla)r (2.30)
v=0
and by (2.20),
2K)7
-2 < CEY e 2.31
and the series
o0
2K)Y
> Q) -2 (2.32)
= vy+1

converges absolutely by the ratio test for 7 < % Thus, the series (2.30) for x converges
absolutely for 0 < 7 < R, where R is at least % Similarly, the series for #, y and gy
converge absolutely for 0 < 7 < R.
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3. Case(i)-leading orders: a = 3 = —2,

k, = —1,6, g + %\/1 — 24 (% + 1) irrational

In the present case, the resonances r,7 = % + % 1-24 (% + 1) are irrational, positive

and distinct, with —g—g < A < —3. The general solution is given by (2.2) (or (2.1)) as in
the complex-resonance case of Section 2, but the details of the resummation are slightly
different since, in the present case, r < 1 and/or 7 < 1 is possible.

Let n be the least positive integer such that pu; =r — % >0and po =7 — % > 0. (Any
positive integer satisfying the latter two conditions will also do.) Then the solution z in
(2.2) may be expressed as

00
T=2
k

NE

1 1
{akl7k72+;l+u1l i dkﬂ_k72+;l+#2l} ' (3.1)

=)
—
I

=)

Let w = 7Y/™ and z = In(7), 7 > 0, then
o0 o0
T = Z Z [aklwnkanJrle,ullz + dklwnkf2n+leuglz}
k=0 1=0
(3.2)
oo o0
= Z Z (akzewz + C_lk:le“?lz) Wl = Z Fr(z)wr ™2,
v=0 nk+l=vy v=0
where

FE = Y (awe’ + ayer) (3.3)

nk+l=-

is a polynomial of degree v in the two variables e#* and e#2?. Similarly,

Y= Z h’Y(Z)w’y_gna (3'4)
v=0
where
hz)= 3 (bkle#ﬂz + BkleW’Z) (3.5)
nk+l=y
is a polynomial of the same type as f,(2).
Let
u=i =3 =3 (T -2) fy ok ]
v=0 v=0

(3.6)

[e.9]

v=y= ikv(z)w7_3n = Z [(% - 2) hy + h;] w3,

v=0 v=0
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where, as before, & = %, f§ = Cg—;, etc., and g, and k, are polynomials of the same type

as f, and h,. Substitution of (3.2), (3.4) and (3.6) into the system (2.9) gives, for v = 0,

3 /1 3 6
fO:iX\/X+2’ g0 = —2fo, hOZ_Xa ko = Y (3.7)

(as (2.11)) and, for v > 0,
£ +Af, =F, (3.8)

as (2.12)), where F. is again given by (2.13), but now,
¥

T_9 0 0
n
6 2L-3 2f, 0
n
A’Y_ y 1) (39)
0 0o T_o
n
6
Nfo 0 > T3
A n

and coincides with the A, of (2.13) if n = 1. The eigenvalues of A, in the present case
are % — k., where k. = —1,6,r,7 are the resonances.

The matrix P which diagonalizes all of the A, is the same as (2.14) which, for the
present situation, is expressed as

—Af() —)\fo )\f() )‘fO
3Afo  —4Afo Afo(r —2) Afo(r = 2)
P= 1 1 , 3.10
3 3 3(2+A> 3<2+A> (3.10)

Y41 0 0 0
n
o TL-6 o0 0
n
D, = ., . (3.11)
0 o T_, o
n

0 0 0o T_ &

n

As before, |P|| ||[P~!|| is bounded by a constant M (), the solution of the system (3.8) is
expressible as

f;(z):/ PeDV(x_Z)P_lﬁw(x)dac (3.12)
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for % > 6 (noting that within the range of A presently under consideration, 0 < r, 7 < 6,

so that all eigenvalues of A, are positive for I > 6), and

1)1 < MY / 0| B () o (3.13)
Theorem 3.1. There exists K > 0 such that for all z < 0 and v > 1,
(BK)”

VY +T

Proof. Since f,(z) is a polynomial of degree v in X = e/1* and Y = e/??, Lemma A3 of
Appendix A (with M =1 and p = 1) implies that given N > 1, there exists K1 > 0 such
that

IF ()] < (3.14)

(Kl + Kjet? + K1€M2z)'y
Vvy+1

Similarly, there exist positive constants Ko, K3 and K4 corresponding to the polynomials
G, hy and k., respectively. With K = max {K;}, we obtain
<i<

|f(2)] < for 1<y<N-1 (3.15)

(K + KeM? + Kel2?))

£ (2)| < for 1<y<N-1. 3.16
1) < — or 1592 (3.16)
Since 0 < e#i® < 1 for ¢ = 1,2 and for all z < 0, we have
> (BK)”
2)|| < for 1<~y<N-1. 3.17
I5@N < =5 <7< (3.17)

The inequality (3.17) constitutes our inductive hypothesis, and we shall show that (3.14)
holds for v = N, thereby establishing that it holds for all N > 1.
As in Section 2, we find that

IFy|| < EGK)N, (3.18)
where E is bounded as in (2.27). Thus, from (3.13) and (3.18), we obtain

(3.19)

N
{M()\)NE\/N ¥ 1} (3K) o N
o —6 N+1 n
) M\ EVN+I
9 N 6

n

For all sufficiently large N (and any n > 1 < 1, so beginning with such an

N > 6n, we obtain
(BK)N

f < , 3.20
vl < A (320)
which completes the proof.
By (3.2),

T = Z fy(2)w? 2", (3.21)
v=0
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and by (3.14),
BK)

2w’ < w2, 3.22

and the series
wY™ 3.23
Z T — (3.23)

converges absolutely by the ratio test for w < %, ie., for 7 < € Il()n. Thus, the series

(3.21) for x converges absolutely for 0 < 7 < R, where R is at least GR™ K)n' Similarly, the
series for &, y and g converge absolutely for 0 < 7 < R.

4. Case(ii)-leading orders: Re(a) > —2, B =—2

As mentioned in Section 1, if Re(a) > —2 and A > —3, two types of leading-order and
resonance structures are possible, namely7

(a) Leading order « = — —|— \/1 — 48\, resonances k, = —1,6,0,r;
- (4.1)
(b) Leading order & = 5 5\/1 — 48\, resonances k. = —1,6,0,T,
where r,7 = Fy/1 — 48)\. For \ < %, r < 0, so that (a) does not correspond to a general
solution, and will therefore not be considered. (See Conte, Fordy and Pickering [18] for
a discussion of negative resonances and the appropriate series expansions.) In case (b),
r > 0 for —% <A<O0and 0 < A < ﬁ, and 7 is pure imaginary for A > ﬁ. The general
solution takes the form
o0 (o) [e.¢]

_ Z Z Z At Tk+a+(2+a)m+rl

k=0 =0 m=0
(4.2)

oo o o0

— Z Z Z bklmTk 2+(2+a)m+rl

k=0 [=0m

discussion of the validity of which, as well as other relevant issues, is relegated to Ap-
pendix C. If 7 is pure imaginary (\ > 4—18), then the methods employed earlier do not
apply to (4.2) (see Section 5), and we have not determined whether the series converge or
not. For 7 > 0 (A < £), we proceed as in the preceding sections.

Let n be the least positive integer such that 3 = 7 — % >0, let w=7Y" and z =
In(7), 7 > 0, in order to express = in (4.2) as
o0 o0 (o] 1 _
=SS aprkrrmiieatam
k=0 [=0 m=0
(4.3)

pnqg

00 00 ~ 00
Z Z aklmwnk+2nm+l+an7am+ﬁl _ Z f'y(z)w”/—i—an’
1= =

0 m=0

o

=0



Psi-Series Solutions of the Cubic Hénon-Heiles System and Their Convergence 151
where
INOEIEDY ™ (4.4)
nk+2nm+Il=-
is a polynomial of degree 7 in the two variables e®* and ez, Similarly,
[e.e]
=y hy()uw ", (4.5)
v=0
where
he(z)= > et (4.6)
nk+2nm+Il=-
is a polynomial of the same type as f,(z).
Let
[e.e] ~ oo /y B
w=i=Y g =3 [(L4a) £+ g wrren,
7=0 =0
(4.7)
. -3 / —3n
v=g=3 k= 3 (L= 2) byt wr
v=0 v=0
and substitute (4.3), (4.5) and (4.7) into the system (2.9) to obtain, for v = 0,
fo arbitrary, go = afo, ho = 6, ko = —12, (4.8)
and for v > 0, the system
£+ A =F,, (4.9)
where, as before,
fy Ey
. g q G
f“/: h: ) F’Y: Hz ’ FW:H’Y:()’ (410)
k- K,
and here,
v—1
Gy=—Afy-on—2X)_ fyphy,
pn=1
(4.11)

y—4n

y—1
K, = _Bh'nyn - A Z 62azf’yf4n7uf,u + Z h'yfuh,uy
n=0 pu=1
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and
Tva -1 0 0
n
120 Lara—-1 20 0
A, = " y (4.12)
0 0 -—-2 -1
n
0 0 —12 L3
n
As expected, the eigenvalues of A, are | 1 — k., where k, = —1,0, 6, 7 are the resonances.
The diagonalizing matrix for A, is
a
- 1 - 1
150 fo
p_ Mo a =Afo(a+6) 1—-a 7 (4.13)
1 0 3(2a+5) 0
3 0 122a+5) O

with D, = P~'A,P, and |P|||P7}| < M(\ fo), a constant independent of -, but
depending upon A and the arbitrary constant fy. Since —% <A<Oor0 <A< 4—18, we
have 0 < 7 < 5 < 6, so that k, = 6 is again the largest resonance, and all eigenvalues of
A, are positive for 2 > 6. Thus, for 1 > 6, the solution of (4.9) may be expressed as

- / PeD- @2 p1F (2)da, (4.14)
with
£ < MO fo) [ GO B @) (4.15)
Theorem 4.1. There exists K > 0 such that for all z <0 and v > 1,
S (3K)7
< —. 4.16
Hf’Y(Z)H — \/m ( )
As the proof is practically identical to the one of Theorem 3.1, we omit the details.
By (4.3),
z =Y fylz)wrton (4.17)
=0
and by (4.16),
_ 3K)Y _
2)wrten| < (7uﬂ+a”, 4.18
and the series
wytar 4.19
Z ? = (4.19)

converges absolutely by the ratio test for w < :,%K, ie., for 7 < (3%)” Thus, the series
(4.17) for x and, similarly, the series (4.5) for y and (4.7) for & and y converge absolutely
for 0 < 7 < R, where R is at least ﬁ
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5. Concluding Remarks

Three types of psi-series solutions of the cubic Hénon-Heiles system have been shown to
be absolutely convergent on intervals of the form 0 < 7 < R, R > 0. It is clear that
the series for x, &, y and ¢ converge uniformly on compact subintervals of (0, R), thereby
justifying the termwise differentiation of the series.

The resummations that have been performed in order to proceed with the convergence
proofs amount to the replacement of multiply-indexed series with constant coefficients
by single series with polynomial coefficients. This procedure makes use of the fact that
the resonances appearing as exponents within the psi-series have positive real parts. For
example, to obtain (2.3) and (2.6) from (2.2), it is essential that Re(r) > 0 and Re(7) > 0.
Otherwise, as occurs in (4.2) when 7 is pure imaginary, a resummation would give rise to
series containing f.(z) which are not polynomials, but infinite series.

The situation when \ = —% is very interesting. Here, & = —2 (the leading order for
x), r=>5and 7 = 0. But the leading coefficient for x is :t%w /2 + % = 0, contradicting the

fact that = = O(772). The correct leading-order behaviours have been given in [7] and [9,
p. 340]. In our notation,

2 ~ (=30)27=2(In(7)) "3,

5
y ~ 6777 4 Sr ¥ (In(r))

A full series expansion of the form

o o 1
a2 (In(r)) """ 2,

8
|

o

I

o

T

o

blekfz(ln(T))il,

o
NE

i

01

I
=)

fails, due to an incompatible resonance at (k,1) = (0,2). We are not aware of the correct
series in this case.
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Appendix A

This section contains the Lemmas necessary for the convergence proofs.

Lemma Al. Let X # 0 have constant sign, let ¢ > 1 be an integer, and for v > 1, let

Ty

m=0



154 S. Melkonian

be a sequence of polynomials of degree n., = [%] Given an integer N > q, 0 < M <1 and
p > 0, there exists K with sign(K) = sign(X) and p|K| > 1 such that

(p| K| + KX)7/a
Vr+T

This is Lemma 4.4 of [13], to which we refer the reader for a proof.

[Py(X)| <M for 1<y<N-1

Lemma A2.

v—1
1
lim ——— =
2 T
The result follows easily by the proof of the integral test for convergence of series. For the

details, we refer to Hemmi [19, p. 64].

Lemma A3. Let X,Y > 0 and for v > 1, let P,(X,Y) be a sequence of polynomials of
degree v in X and Y, i.e.,

vy B
Py (X, Y) =5 ) xmy i,

B=0 n=0
Given an integer N > 1,0 < M <1 and p > 0, there exists K > 0 such that
K+ KX+ KY)”
|P7(X7Y)|§M(p T * ) for 1<y<N-1.
VoR!
Proof. Let
L/
™)
c,alvy+1
K = max | “B‘ﬁfy ,
1<y<N-1
0<h<y )( )Mp”‘ﬂ
0<p<p a
then for 1 <y < N — v, 0 < pu < 3, we have

which implies that

P (X, V)< 05T 1) Xy oo
£B=0 p=0

IA
=
—
(]~
[
7N
=@ 2
SN—
7N
T @
N—
~
2
S
3
=
<
=
~
@
é

by the binomial theorem.
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Appendix B

First, we show that the solution (2.1), namely,

(o olNe olNe o)

_ k—2+4rl4+7
DI WIREES
k=0 [=0 m=0
(B1)
o0 o [e.9]
= S b
k=0 [=0 m=0

of the system (1.4), corresponding to the case(i)-leading orders and non-integral reso-
nances, is self-consistent and contains four arbitrary constants.
Substitution of (B1) into (1.4) gives

3 1 3
=+54/24 2 booo = —— B2
Q000 \ + N 000 N (B2)
and for (k,l,m) # (0,0,0), the coefficient recursion relations

(k +rl +7m)(k + rl +7m — 5)agim + 2Xa000bkim

= _Aak—Q,l,m -2 Z apqsbk—p,l—q,m—57
(0,0,0)=<(p,q,8)=(k,l,m)

2Aa0000klm + [(k +rl+7m—2)(k+rl+7im—3)+ % brim

= —Bbg—2,1m + Z [—Aapgs@h—p,i—g,m—s + bpgsbk—pi—qm—s];
(0,0,0)=<(p,g,s) < (k,l,m)

where we have employed the notation (0,0,0) < (p, ¢, s) < (k,l,m) to mean that 0 < p < k,
0<q<l,0<s<m,with (p,q,s) # (0,0,0) and (p,q, s) # (k,l,m). Expressed in matrix
form, the left-hand sides become

(k +rl+ Fm)(k +rl4+7rm— 5) 2apo0

[ ktm } - (B4)

2Xagoo (k+rl4+im—2)(k+rl+7m—3)+ % bkim

and the coefficient matrix is singular precisely when k + rl 4+ #m has one of the values
—1,6,r,7, i.e., when

(k,l,m)=(-1,0,0),(6,0,0),(0,1,0),(0,0,1). (B5)

These are the resonances of (Bl), and compatibility must be checked at these values,
confirming both the self-consistency of (B1) and the presence of four arbitrary constants.

The resonance at (k,l,m) = (—1,0,0) is trivially compatible, and corresponds to the
arbitrariness of ty. At (k,l,m) = (0,1,0), we find that

aplo is arbitrary, boio = _Téic;oi) ao10, (B6)
and at (k,l,m) = (0,0,1), that
F(F — 5)

apo1 is arbitrary, bo(n = — apo1- (B7)

2Aagoo
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At (k,l,m) = (6,0,0), the compatibility condition is
Aaooo@a00A + 22%anoo (@200b400 + a100b200) — 3ba00 B — 6(Aaz00a400 — b20obaco) = 0.(B8)

The coefficients which affect (B8) are

3 1 3
200242 byo=-2
apoo h\ + N 000 N
a100 = azoo = as00 = 0, b1oo = b3oo = bsoo = 0,
Caw(@+B), B-a@+d)
200 12(1_}_%) P 200 4)\(1_’_%) ’ (B9)
e 200 (1+32) (A + 2Xbaoo) — Aaooo (Bbaoo + Aa3py — b3g0)
400 10 (4 + 3) ’
b _ AQ000a200 (A + 2)\[)200) -2 (Bbg()() + )\&%00 — b%OO)
400 10 (4 + 3) ’

from which (B8) is confirmed. The system governing agop and bggp is
6 2\ag00 ( 600 > —Aago0 — 2\ (a200b400 + a100b200) (B10)
2Xagoo 12+ § be00 —Bbaoo — 2(Aaz200a400 — b200b400) 7

and reduces to

6agoo + 2Aag00bsoo = —Aaoo — 2A(a200b400 + a100b200), (B11)

showing that aggg is arbitrary, and bggg is defined in terms of aggg-
Next, we demonstrate that (2.1) is equivalent to (2.2). The series which defines = in
(2.1) may be broken up into three parts: m =1, m <[, and m > [. Thus,

o oo -1

oo 0o
T = Z Z akllTk_2+5l + Z Z Z aklmTk—2+5m+(l—m)r

k=0 [=0 k=0 =1 m=0
(B12)
co oo m—1
+ Z Z aklmTk72+5l+(mfl)r7
k=0m=1 [=0

where use has been made of the fact that r +7 = 5. The first sum in (B12) is expressible
as

o0 o [ee] [e.e]
SN a =N > ar =) aer (B13)
k=0 =0 i=0 k-+5l=i i=0

where

aio= Y . (B14)

k+5l=1
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The second sum in (B12) may be manipulated as follows:

o oo -1

Z Z Z aklmTk—2+5m+(l—m)r

k=0 I=1 m=0

o oo 1 o
= Z Z Z ak,“,ﬂk_%‘r’(l_])ﬂr (letting j=1—m)

k=0 I=1 j=1

o0 o0 o0 ) )
= Z Z Z ak7l7l_j7'k_2+5(l_])+” (reversing the order of summation)
k=0 j=1 I=j (B15)

oo oo X

= Z Z ak,l+j7l7'k*2+5l+j7“ (replacing I by | + j)
k=0 j=1 1=0

o oo
i—24+jr
D> 2 ki

i=0 j=1 k+5l=i

0o 00
_ § : § : i—24jr
= aijT J s

i=0 j=1

where
Qi5 = Z Ak, 144,1- (B16)
k+5l=i
Similarly, the third term in (B12) becomes
oo o ) )
> ayT (B17)
i=0 j=1
where
ij= Y Ghmmise (B18)
k+5m=i
Combining (B13), (B15) and (B17), we obtain

00 00 00 00
xr = ZzaijTi_2+jT + ZZ@ijTi_2+jF. (Blg)

i=0 j=0 i—0 j—1
Similarly,
oo o0 ) ) oo o B ) -
Yy = Z Z bij7l72+ﬂ + Z Z bijT272+JT. (B20)
i=0 j=0 i=0 j=1

Defining @;o = by = 0 for all i > 0, (B19), (B20) coincide with (2.2).
Finally, the solution given in [3] is

T = i i AjiTi72+j(r72) + i i f_ljﬂ'i72+j(f72) (B21)

§=0 i=0 j=1i=0
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(their equation (3.5a), in our notation), with a similar expression for y. To obtain the
form (B21) from (B19), write

0o 00 0o 00
xZE :2 :aisz—2+]r+§ :2 :C_LijTZ_2+JT

i=0 j=0 i=0 j=1
(e.) o o0 (e.)
_ Z Z ayTER=2) Z Z a7 THI-2)
i=0 j=0 i=0 j=1
(B22)
oo oo ) ) o.] o0 ) e
— Z Z ai72j7j7-1—2+](7"—2) + Z Z ai72j’j7-l—2+3(7’_2)
Jj=01=2j j=11i=2j
(o) o0 (o] o0
— Z ZA' i=24j(r=2) | Z ZAjiTi72+j(7‘*72)’
j=01i=0 j=1 i=0
where
o aigy, i i >2j i ) @iy, i 12>2j
Aji _{ 0, otherwise [’ Aji = 0, otherwise [’ (B23)
and similarly for y.
Appendix C
First, we confirm that the solution (4.2), namely,
(o, ¢] (0] o
— Z Z Z At Tk+a+(2+a)m+rl
0 =0 m=0
- (C1)
— Z Z Z bklmTk 2+4( 2+a)m+rl
k=0 [=0 m=0

of the system (1.4), corresponding to the case(ii)-singularities, is self-consistent and con-
tains four arbitrary constants.
Substitution of (C1) into (1.4) gives

apoo  1s arbitrary, booo = 6, (C2)
and for (k,l,m) # (0,0,0), the coefficient recursion relations
[k + (2 + d)m + H] [k + (2 + &)m + f(l — 1)]aklm + 2Aa000bkm
= _Aaka,l,m —2A Z akfp,lfq,mfrbpqm

(0,0,0)<(p,q,m)<(k,l,m)

[k + (2+ a)m + 7l + 1[k + (2 + @)ym + 7l — 6]bgm,

(C3)
kI m
= _Bbku,l,m A Z Z Z Ak —p,l—q,m—r—20pqr
p=0 ¢=0 r=0
+ Z bk—p,l—q,m—rbpqrv

(0,0,0)<(p,q,m) < (k,l,m)



Psi-Series Solutions of the Cubic Hénon-Heiles System and Their Convergence 159

where we have defined the “<” symbol as in Appendix B. Expressed in matrix form, the
left-hand sides become
[k + (2 + @)m + 7k + (2 + a)m + 7(l — 1)] 2\a000 “

Aklm } 7 (04)

0 k+@Q+aym+7l+1k+ (24 a&)m + 7l — 6] bkim

and the coefficient matrix is singular precisely when k + (2 + &)m + 7l has one of the
values —1,6,7, i.e., when

(k,1,m) = (—1,0,0), (6,0,0), (0,1,0). (C5)

These, together with (k,I,m) = (0,0,0), are the resonances of (C1). Compatibility at
(0,0,0) and the arbitrariness of aggo has already been confirmed. The compatibility of
(—1,0,0), reflecting the arbitrariness of t¢, is trivial, as usual. It remains to check the

remaining two.
At (k,1,m) = (0,1,0), we find that

bo1o = 0, aplo 1S arbitrary. (C6)

The compatibility condition at (k,l,m) = (6,0,0) is

5
—Bbyoo + Z b6—p,0,00p00 = 0. (C7)
p=1

The coefficients which affect (C7) are

2

bioo = 0, bsoo = 0, bsoo = 0, baoo = g, bago = %,

from which (C7) is confirmed. The second equation in (C3) then shows that bgoo is
arbitrary, and the first gives aggp in terms of bggp.

Second, we note that a solution different from (C1) has been given in [3], but we find
that the coefficient recursion relations (their equation (3.9)) do not follow from the solution
(their equation (3.6)) without neglecting certain terms, precisely those terms which lead
to anomalies when a resummation is performed in an attempt to prove convergence.

Finally, we remark upon the “derivation” of the form of (C1). The exponent 7l is
required in order to produce an arbitrary coefficient corresponding to the resonance at 7.
This is usual. The exponent am is required in order that all terms in the system (1.4) can
be balanced. But since Re(@) > —2, a@m must be replaced by (2 + @)m in order to avoid
exponents of 7 with arbitrarily large negative real parts, which would render the series
invalid.

(C8)
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