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Abstract

In the homogenization of monotone parabolic partial differential equations with oscil-
lations in both the space and time variables the gradients converges only weakly in LP.
In the present paper we construct a family of correctors, such that, up to a remainder
which converges to zero strongly in LP, we obtain strong convergence of the gradients
in LP.

1 Introduction

In [8] the asymptotic behaviour (as e — 0) of the solutions u to a sequence of initial-
boundary value problems of the form

Ou,
ot
ue(z,0) = ug(x),

ue(z,t) = 01in 002x]0,T7,

~ div(a(, EiM,DuE» — fin 0x]0,T],
(1.1)

is studied. Here Q is an open bounded set in RN, T is a positive real number, 2 < p < 0o

and p > 0. Under the assumption that a(%, E%, Du) is e— and e*-periodic in the first and

second variable, respectively, it is proved that
ue — u weakly in LP(0, T;Wé’p(Q)),
a(Z, L, Du.) — b(Du) weakly in LP' (0, T; L” (Q; RN)),

€ el
where 1/p + 1/p’ = 1 and where u denotes the unique solution to

ou , .
5 div(b(Du)) = f in Qx]0, T,
u(x,0) = ug(z),

u(z,t) = 01in 002x]0,T7,

(1.2)
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where the limit map b in (1.2) only depends on the sequence (a(-/e, /e, £)) and on p and
where b is different for 0 < p < 2, p =2 and p > 2, respectively. This result implies that

Duc(z,t) = Du(z,t) + re(z,t),

where the remainder r, converges to zero only weakly in LP(0, T; LP(€; RY)). The purpose
of the present paper is to construct a family of correctors (p.) = (pe(z,t,&)) such that

P, &) — & weakly in LP(0, T; LP(Q; RY))
for every ¢ € RN and
Duc(z,t) = pe(z,t, (McDu)(z,t)) + re(x, t),

where the remainder 7. converges to zero strongly in LP(0, T; LP(£2; RY)) and where (M,) is
a sequence of linear operators on LP(0, T; LP(£; RN)) which converges strongly to the iden-
tity map on LP(0, T; LP(€; RY)). The results presented in this article are rather technical
and involves numerous estimates on small e-cubes. But the implications from Theorem 2.1
are important. In particular for computational modeling of (1.1) and (1.2) since it implies
strong convergence of the gradients in the energy norm. In a simplified way we can say
that the improvement of the convergence lies in the fact that the local behaviour on the
e-cubes are added to the homogenized solution. Heuristically this amounts to adding the
second term in an asymptotic expansion, see [1]. The corrector problem was first studied
in [1] for linear elliptic and parabolic problems. For a careful study of linear parabolic
problems we refer to [3]. See also [2] and [6]. The extension to the monotone elliptic case
is performed in [4]. The present work is very much inspired by the methods developed
in [4]. The paper is organized as follows: Section 2 contains some preliminaries and in
Section 3 we present the main theorem (Theorem 3.1). In Section 4 we collect some useful
estimates for the correctors and in Section 5 we give the proof of Theorem 3.1.

2 Preliminaries
Throughout this paper we will denote by Q a bounded open set in RN and we will let
V = W, ?(Q), with norm ||ul/}, = [, |DulP dz and V' = W=17(Q).

We consider the evolution triple

VCLAQ)CV,

with dense embeddings. Further, for positive real-valued T and for 2 < p < 0o, we define
YV = LP(0,T;V) and V' = L¥(0,T; V'), where 1/p + 1/p/ = 1 and the corresponding
evolution triple

VY C 120, T[xQ) €V

also with dense embeddings where the duality pairing (-, )y between V and V' is given by

T
(f,u)y = /0 (f(t),u(t))y dt, forueV, feV.
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Given ug € L2(Q), the space W) is defined as
Wo={veV:v eV and v(0) = up € L*(Q)}.

Here v’ denotes the time derivative of v, which is to be taken in distributional sense.
Moreover, we define

U =120, T; LP(RN)) and ¢’ = L (0, T; LY (©; RY)).

with the duality pairing
T
(u,v)yy = / /(u,v) dzdt, foru € U and v €U,
0 Q

where (-, -) denotes the scalar product in RN. By |- | we understand the usual Euclidean
norm in RN and by m(-) we understand the Lebesgue measure. Moreover, by (¢) we un-
derstand a sequence of positive real numbers tending to 0T,

Let Y =]0, 1[N be the unit cube in RN and let Y x Ty =]0, 1[N x]0, 1 be the unit cube
in RN xR,

Definition 2.1. We say that a function u : RN x ]0, T[ — R is Y-periodic if u(z +e;,t) =

u(x,t) for every x € RN, t €0, T and for every i = 1,..., N, where (e;) is the canonical
basis of RN. Further, we say that a function v : RN x Ry — R is Y x Ty-periodic if
u(z + e;,t) = u(z,t) = u(z,t + 1) for every z € RN, t € R and for every i =1,..., N.

We consider the following spaces of periodic functions:

Viy ={ue W110’€ (RN) : w is Y-periodic and has mean value zero over Y},

and

Vivsx = {u €Ll (Ry;Vyy):uis Ty — periodic}.

loc

Definition 2.2. Given 0 < a < 1, 2 < p < oo and three positive real constants ¢y, ¢; and
cz we define the class Sy y x7, = Sty x1, (0, €1, c2, @) of maps

a:RYN xRy x RN - RN,
such that
i) a(-,-,€) is Y x 7o-periodic for every ¢ € RN,
i)  la(y,7,0)| < co a.e in RN x Ry,

(
(
(iii)  a(-,-, &) is Lebesgue measurable for every & € RN,
(

Vi) I(a(y 7 &) —alym )] < 1+ 6]+ )P 0E — &1, ae. in RN x Ry for all
617‘52 € RNv

v)  (aly,7.&) —aly,7,6),& — &) = ©l& — &fF, ae. in RN x Ry for all £,& €
RN, & # &.
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We recall some results for maps a € Sy y x1,:

Proposition 2.1. Suppose that a € Syyx1,. Then, for every f € V' and for every e > 0,
(1.1) possesses a unique solution u. € Wo N L>(0,T; L*()).

Proof. See e.g. [10].

Proposition 2.2. Let us put ac(-,-,§) = a(;, oz, &). Suppose that a € Syyx1,.- Then, for
every f € V', the solutions ue to (1.1) satisfy

ue — u weakly in W,

ac(z,t, Duc) — b(Du) weakly in U’,
where u is the unique solution to the following parabolic problem:

{ o — div(b(Du)) = f in Qx]0, T

u € Wp. (2'1)

Moreover, for a fized vector & € RN:

b(ﬁ):/ /Ya(y,T,Dv(y,T)jL{) dydr, (2.2)

where v depends on & and p. For 0 < p < 2, v = v(y,T) is the unique solution to the
parameter-dependent elliptic problem.:

—div(a(y, 7, Do(y,7) + £)) = 0,
v(-,7) € Vyy, 7> 0.

For p=2, v=v(y,7) is the unique solution, to the parabolic problem:

{q/_quwﬂlwwﬂd+®)—ﬂ (2.4)
v € Vs yxTy- |

For pn > 2, finally v = v(y) is the unique solution to the elliptic problem:

—div(a(y, Dv(y) + €)) =0,
{ NS Vﬁ,yy, ! (2'5)

where

aw@w—/awm@mr (2.6)

Proof. We refer to [8].

Remark 1. By the estimates (4.19) and (4.21) in the proof of Theorem 3.1 in [9] it follows
that the homogenized map b satisfies the estimates

(&) — b(&2)] < C(A+|&] +1&LDP &4 — &

(b(&1) — b(&2), &1 — &2) > café1 — &of?
for every &1, & € RN where v = a/(p — a).
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We close this section by stating some different Meyers type estimates which will be
needed in the proof of the main corrector result, Theorem 3.1.

Proposition 2.3. Suppose that a € Sy yx7,. Let u be the solution to the problem

—div(a(z, Du) = 0,
{ u € WhHr(Q),

Then there exists a constant n > 0 such that u € WHP1(Q) for every open set Q CC Q.
Moreover

Hu||W1,p+n(Q) < CHuHWl,p(Q)-
Proof. We refer to Theorem 1 in [7].

Remark 2. Considered as a function constant in ¢ > 0, the function u above also satisfies
the estimate

HUHLmn(o,T;WLwn(Q)) < Cllull oo, rwre())-
Proposition 2.4. Suppose that a € Sy y <7, and in addition satisfies
|a(z,t,€) — a(x,5,6)] < w(t —s)(1+[E[P7) (2.7)

for all t,s €]0,T], all € € RN and a.e. x € Q, where w is the modulus of continuity. Let
u(-,t), t €]0,T], be the solution to the parameter dependent elliptic problem

—div(a(z,t, Du)) =0,
{ u('vt) € Wl’p(Q%

Then there exists a constant n > 0 such that, for every t €]0,T][, u(-,t) € Wirtn(Q) for
every open set  CC . Moreover

Hu(7 t) HWl,p+n(Q) < CHU(, t) HWLP(Q)' (28)
Further, let 6 CC]0,T[. The gradient Du of the function u above also satisfies the estimate
HDU||Lp+n(5;Lp+n(Q;RN)) < Cl|Dull s 0,110 (RN))- (2.9)

Proof. The estimate (2.8) is a consequence of Theorem 1 in [7], if we take (2.7) into
account. By using the coercivity of a and the Holder inequality we get

JIDuCt 4 = Dt ) 0
< co // (a(z,t + €, Du(z,t + €)) — a(x, t, Du(x,t)), Du(x,t + €) — Du(z,t)) dedt
6 JQ
)7

< e / la(-t + € Du(-,t + ) — a-,t, Du(- D)2

<( [ 1D+ €) = Du 1)y 1)
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By (2.7) we obtain, using the Minkowski inequality and the boundedness of (2,

([ IDut+ €)= Du, )t

gméwwu+mwwww+¢mmwwwa,dwm

@
SCz(/(SIW(e)I((m(Q))p'JrIImaX{DU(-,tJre) -y O} 7)) D7

For € small enough w(e) <1 and (2.8) implies that

sup [ mas{Du(- £+ €), Dul-, D)} 3,y < C.

where C' is independent of e. Therefore

/HDu 4 ) — Du(, D, dt<C/|w (e)] dt,

which tends to zero as € — 0, by the dominated convergence theorem. The estimate (2.9)
now readily follows by the continuity of Du with respect to t. |

Proposition 2.5. Suppose that a € Syyx1,. Let u € LP(0,T; WLP(Q))NL>®(0,T; L*(R2))
be the solution to the problem

v —div(a(z,t, Du) = 0.

Let Q be defined as above and let & CC|0,T[. The gradient Du of the function u above
also satisfies the estimate

HDUHLq(a;Lq(Q;RN)) < CHDUHLP(O,T;LP(Q;RN))-
for any q €]1, 00].

Proof. We refer to Lemma 2.2 and Remark 7.4 of [5].

3 The main result

In this section we state the main corrector result which we indicated in the previous
sections. We start out by defining a sequence (M.) of approximations of the identity
map on Y. For i € ZN and j € Z we consider the translated images Y = ¢(i + V) and
T3 = €"(j + To). Take ¢ € U. We define the function

M. :RN xR — RN

by

(M) ZZXYZ XTJ t)——————— Y1><Tg€ /TJ /Z oy, ) dydr, (3.1)

i€l jE€Je
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where
I={iezZN:Y/eQland J.={j € Z: T, €]0,T[}
and x4 denotes the characteristic function of the measurable set A. It is well-known that
Mcp — ¢ strongly in U. (3.2)
By the Jensen’s inequality we also have

[Mepllu < [llle (3.3)

for all p € U.
Let us also define the Y x Ty-periodic function

p:RY xR xRN — RN,
which depends on u, by
p(x,t,8) =&+ Do(z, t), (3.4)

where v is the solution to the auxiliary local problem (2.3), (2.4) or (2.5) for 0 < p < 2,
w=2and p > 2, respectively. It follows that the function

pC:RNxRxRNHRN
defined by
r t
pe(x7t7§) :§+D'U(;,€—M), (35)

is €Y -periodic in z and €*Ty-periodic in ¢. This means that

/TO /Yp(x,tjg) dxdt = ¢

and that
pely€) — & weakly in U. (3.6)

Thus, the homogenized map b can be expressed as
e = | 0 | olatopte ) dear (3.7)
Moreover, we have
[ [ (@let.pt.0).plat.) o
To JY
= /T /Y(a(q:,t,p(x,t,f)),ﬁ) dxdt = (b(£),§). (3.8)

The following correctors result is the main result of this paper:
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Theorem 3.1. Suppose that a € Syyx1,. For the case 0 < p < 2 we also suppose that a
satisfies (2.7). Moreover, suppose that f € V' and let u. be the solutions to (1.1) and let
u be the solution to (1.2). Then, we have

Due = pe(+,+, McDu) + re, (3.9)
where pe is defined by (3.5) and where

re — 0, strongly in U.
Remark 3. Recall that p. is entirely different for the three cases 0 < p < 2, 4 = 2 and
> 2, respectively.
4 Some estimates for the family of correctors

In this section we present some estimates for the family (p.) of correctors. To a large
extent the proofs will follow by minor modifications of the proofs of similar lemmas by
Dal Maso and Defranceschi in [4]. Therefore we refer to their paper for complete details
and present here only proofs of parts which require more modifications.

Lemma 4.1. For any vector ¢ € RN we have
HPE('a '75)‘|§1P(T0Y€;LP(Y'E;RN)) < C(l + |£|p)m(ye X TO,e)a (4'1)
where the constant C' depends only on N, p, co, c1 and ca.

Lemma 4.2. There exist n > 0 and C' > 0, which depends only on N, p, co, c1 and ca,
such that

Hpe('v '75)H]z—:jr]n(To’e;Lern(y;;RN)) S C(l + lf‘p-l-n)m(y‘e X T0,6)7 (42)

for every € € RN,

Proof. By referring to the Meyers estimates in Propositions 2.3, 2.4 and 2.5 the proof is
analogous as the proof of Corollary 3.3 in [4]. [ |

Lemma 4.3. For every &1, & in RN we have

Hpe('a K El) - pe('v K 52)‘|ip(Toye;LP(Y€;RN))
<CA+ 6P+ ’§2|p)(pflfa)/(pfa)’£1 _ §2|10/(107a)m(yE x To.e), (4.3)
where the constant C depends only on N, p, a, cg, ¢1 and ca.

Lemma 4.4. Let ¢ € U and consider a simple function ¥ given by

m

U(z,t) = crxa, (2)xs, (1),

k=1
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with ¢, € RN \ {0}, Q. CCQ, 6, CC ]O,T[, m(@Qk) = m((%k) =0 and (Qk N Ql) X (5k N
0)) = ¢ for k #1. Then

1imS$1p ||p6('7 "M€90) _pE('7 "\IJ)HU
< C(m(Q x 10, T]) + [lpllr + [[@[leg) ==/ =) |l — /P, (4.4)

where C' depends only on N, p, «, ¢y, ¢1 and co.

Proof. Put Qo = Q\ U Q, do =0, T[\ U™, x and ¢y = 0. Then we have

U(z,t) =Y crxa (@)xs, (0.

k=0

For every € > 0 we denote by €. x d. the union of all closed cubes Yi X Té@ such that
Y! C Q and Toj,6 C 0, T[. For k=0, 1,..., m we define the sets

IF={iel:Y)cQ}, JF={jeJ T, Cél,
and

F={icl Y nQ#¢, Y\ # ¢},
jf:{jEJGZTOi,Eﬁ(Sk?éQS, Té,e\ék?égb}

Further, we define E:7* as the union of all closed cubes Y x TO . with i € I¥ and

€ J*, and we define E: 7k as the union of all closed cubes Y x T} e with ¢ € I¢ [¥ and

je Jf. If we choose € small enough, then, for k # 0, Qf X 6 C Q. X d. according to (3.1).
Thus, the definition of ¥ yields

Hpe(',',MEQO)—pe(-,-,\I’)HZZ/é/Q [pe(z,t, Mep) — pe(x, t, V)[P dadt
Z/ |pe(x,t, M) — pe(, t, ) |P dadt
k=
t, M) — t, cp)|P dadt.
+§% S I8, M9) = )

Let us put

. 1
g = —/ / o(z,t) dzdt.
m(}/;l X T(‘]],e:) Tg,e ei

A repeated application of the Holder’s and the Jensen’s inequalities yields, according to
Lemma 4.3,

Hpe('v ) ME ) - pe('a B \I/)HZ
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Ms

Z Z + 09| + |eg|P) P/ (=) gid _ o P/ (P=) (YT Tge)
jeJkierk

+O> DD i+

k

Pt ey |) P 0 gld — e PIPm (Y X T )

k=0 \jeJk iclk
p—l—a

m . . p_a

<C (Z ( (EL3RY 4 / lo|P dxdt + ck\pm(Eé’Jvk)>) o — ‘I’Hp/ p—a)
0 Ee?
p—l—a

> ( B+ [ Vo o+ o Pm(E) ) T rw-—ckmyw_“{).

=0

Hence

Hpe('v B MESD) - pe('v Y \I/)HZ
< Clm(@ %10, T + ol + 2Pl — wig/o—

p—l—«
- CZ (( (ECF) /EJ’“ lo|P dadt + |Ck!pm(f*7§’j’k)> o — ckHZ/(p_o‘)> .

(4.5)

Now recall that m(0Q) = m(d8;) = 0 for k # 0. Thus, m(EX*) — 0 as € — 0 for every
k=0,1,...,m and the lemma is proved. |

5 Proof of the main corrector result

In this section we give the proof of the main corrector result, Theorem 3.1, stated in Section
3. Our proof will follow the lines of the proof of the corrector result for the corresponding
elliptic problem, earlier proved by Dal Maso and Defranceschi in [4]. We start out by
proving an estimate on p(-, -, McDu) uniformly with respect to e.

Lemma 5.1. Let p. be defined as in (3.5). Then,
Ipe(-, -, McDu)l; < C, (5.1)
where the positive constant C is independent of €.

Proof. Let us define
1

gid = — / | Du(a,t)dzdt.
m(Y x T3,) vi

and
={ieZV:YnQ#¢ Y\Q# ¢},
Jo={j€Z: T, N0, T[# ¢, T5. \]0,T[# ¢}
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We apply Lemma 4.1, Lemma 4.2 and the inequality (3.3) to obtain
1Pe(+, s MeDu) |1,

= ZZ/ / |pe(,t,017) I”dfcdt+/ / pe(z,t,0)[P dzdt
10, T[\de O\

jeJe i€l
< 33O+ 0 Pym(Y T,
je€Je i€l
p/(p+n)
P+77
Z Z ”pe P HLP‘F”I T] Lp+77 Yz RN))
EJE iel,

x m((2\ Qe) x (10, T[\3e)" P+

p/(p+n)
< Cm(Q x 10, T)) + C|MDullf, + C | D) “m(Vi x T3,
]EJ6 iel,
m((2\ Q) x (J0, T\6.))" *+7
p/(p+n)
< Cm(Q x10,T) + C|Dullf, + C | D> m(Yi x T3,
]EJ6 iel.
x m((2\ Q) x (10, T[\de) " ®+. (5:2)
Now > c7 ek, m(Y? x T()j,e) approaches m(9€ x 9]0, T[) and m((2\ Q) x (]0, T[\d¢))
tends to zero as € — 0. Thus, (5.1) follows by (5.2) and Lemma 5.1 is proved. [

Proof of Theorem 3.1. By the strict monotonicity assumption it follows that

HpE('v y MeDu) - Due”u

. 1/p
=¢ </ /(af(m’t’pe(“’MeD“» — ac(x,t, Duc), pe(w, t, M. Du) — Du,) dxdt> .
0 Q
(5.3)

Consequently, Theorem 3.1 is proved if we can prove that
T
/ /(ae(:v,t,pe(x,t, M.Du)) — ae(x, t, Due), pe(x, t, McDu) — Du,) dedt — 0 (5.4)
Q
as € — 0. The proof of (5.4) will be splitted up into four steps.

Step 1. We start by showing that

T T
/ /(ae(:ﬁ,t,pe(x,t,MEDu)),pe(:E,t,MﬁDu)) d:ndt—>/ /(b(Du),Du) dzxdt.
0o Jo 0o Jo 5.5)

Let us write

T
/ /(ag(az,t,pe(:p,t, M.Du)),pe(x,t, McDu)) dxdt
Q
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x t x t
= 0% ——9”] dxdt
§j§j/ / L ), p(S, 5 0)) do

jeJe i€l

+/ / (ac(z, £, pe(w,1,0)), pe(x, 1, 0)) ddt
10,T[\6e J\Qe

N“ZZ/ / aly, 7y, 7,007)), oy, 7,607)) dydr

jEJe i€l

T / / (ac(s t,pe(, 1,0)), pe(a, £,0)) dadt
10, T[\de /Q\ Qe

= ZZ/ /Xw XTJ £)(b(0%7), 699 dydr

jeJeiel,

+ / / (ac(a, t, pe(, 1,0)), pe(x, £, 0)) ddt,
]0,T[\de J O\

(5.6)

where the last equality follows from (3.8). According to Remark 1 the map ¢ — b(yp) is

continuous from U into U’ and an application of (3.2), using this fact, yields

b(McDu) — b(Du) strongly in U’

and, thus,

Z Z/ /XYZ XTJ t)(b(8%7), 649 dydr

jedeiel,

T T

:/ /(b(MﬁDu, M.Du) dyd7—>/ /(b(Du, Du) dydr.

0o Jo 0o Ja
By the uniform continuity assumption we have
|/ / (ac(a. . pe(.1,0)), pe(2,1,0)) dadi]
10, T[\de JQ\Qe
< c/ / (1+ pe(e, £, 0)|)? dudt
10, T[\de JQ\Qe

T / / (ac(,,0), pe (e, 1, 0)) dadt]
10, T[\de JQ\Qe

< Om((Q\ Q) x (]O,T[\de))JrC/OT\a /Q\Q Ipe(z, £, 0)|P dadt

1/p 1/
+C m(Y, ><TJ6 / / pe(x,t,0)|P dedt
(Z >_m(Y! x T ) ( s oy, P00

jeJe i€l

By arguing as in Lemma 5.1 we conclude that

|/ / (ae(x,t, pe(x,t,0)), pe(z,t,0)) dedt| — 0.
10,T[\6. Qe

(5.7)
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Thus, by taking (5.6) and (5.8) into account we have shown (5.5).

Step 2. We proceed by showing that

/OT/Q(ae(:c,t,pe(x,t, M,Du)), Dug) dadt — /OT/Q(b(Du),Du) ot

Let p > 0 be arbitrary. For Du € U there exists a simple function

m
V= Z Cl X X655
k=1

which satisfies the assumptions in Lemma 4.4, such that
[Du — Wy < p.
We write

T
/ / (ac(z,t, pe(x, t, McDu)), Due) dzdt
0 Q

T
= / /(ae(x,t,pe(:c,t, U)), Due) dzdt
0 Q

(5.10)

T
+/0 /Q(ae(l”?t,Pe(%t,MeDu)) — (ac(z, t,pe(x, t, V), Due) dadt. (5.11)

It follows, for the first integral on the right hand side, that
T
/ /(ae(:c,t,pe(x,t, U)), Due) dzdt
0 Q

m
= Z/ / (ae(m,t,pe(x,t, Ck))vDug) d$dt,
k=0 0k 7/

(5.12)

where ¢yg = 0 and where 4 and Jg are defined as in the previous section. By Lemma
4.2, the functions p(-,-,cx)) are bounded in LP+7(0,T; LP*"1(Q; RN)). By the structure
conditions this implies that a.(-, -, pe(-, -, cx) is uniformly bounded in L*(0,T; L*(Q; RN))
for some s > p/. From Proposition 2.2 it further follows that the sequence (Du,) is bounded

in U. Therefore there exists a number o > 1 such that
[(ae(s - pe(-, 5 ck)), DUs)HLU(]O,T[xQ) <C

uniformly with respect to €. Hence, up to a subsequence,
(ac(cy -, pe(sy k), Due) — gx weakly in L7 (]0, T[x£2),

as € — 0. By proposition 2.2 we know that

ac(sy pe(s, - cx)) — bleg) weakly in U'.
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This enables us to use the compensated compactness result Theorem 2.1 in [9] and conclude
that

(ae('a 'apﬁ(" '7Cl€))a Duﬁ) - (b(ck)7Du)

in the sense of distributions. Consequently gr = (b(ck), Du) and

/ék /Qk ac(z,t,pe(x,t,cr)), Due) dedt — Z/ /Qk(b(ck)’Du) dadt.

By using (5.12) this gives

/ / ae(z,t,pe(x,t,V)), Du,) dzdt —>/ / ), Du) dzdt. (5.13)

For the second integral on the right hand side of (5.11) we observe that the growth con-
dition on a. together with the Holder inequality gives

T
[ @ topetot MDu) = (ol £, ), Du) o
0 Q
T
< C/ /(1 + |pel@,t, McDW) P + |pe(a, ¢, W) |P)P=1=)/P
0 Q
X |pe(x, t, McDu) — pe(x, t, ¥)|¥| Duc| dadt
T
el / / (14 |pe(, £, M.DW)|P + pe (ar, 1, W) P) P10 /p)
0 Q
T
x ( / / | Due [P dadt) P |pe(z, t, M Du) — p(x, t, ©)[P dadt)®/P. (5.14)
0 Q

By the Lemmas 5.1 and 4.1 the sequences (pe(-, -, McDu)) and (pe(-,-, ¥)) are bounded in
U. Therefore, by using (5.10), the last inequality in (5.14) and Lemma 4.4 gives

T
lim sup |/ /(ag(az,t,pe(x,t,MﬁDu)) — (ae(z, t, pe(z,t,¥))), Due) dedt| < Cp”.
e—0 0 Q
(5.15)

By taking Remark 1 into account we obtain
T
| / / (b(Du) — b(W), Du) dad|
0o Jo
T
< C/ /(1 + |Dul? + [¢|P)P~0/P| Dy — || Dul dadt.
0 Q
Again using the Holder inequality, and (5.10), yields

| / ' / (b(Du) — b(T), Du) dwdt|

<0/ / (1+ |Dul? + [P dzdt) P~ 1 Wp/ /|Du]pd3:dt)1/p <P,
(5.16)
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Thus (5.9) follows by the arbitrariness of p and Step 2 is accomplished.

Step 3 We show that

/OT/Q(ae(:c,t,Due))ape(x,t,MEDu))dmdt—> /OT/Q(b(DU%DU) dadL.

Let us fix § > 0 and let ¥ be defined as in Step 2. We write
T
/ /(ae(x,t,Due)),pE(x,t, M. Du) dzdt
0 Q
= [ [ aulot. Dt ). pelo o)) dads
k=0 Y Ok /%

T
—I—/ /(ae(x,t,Due),pe(x,t,MeDu) — pe(z, t, V) dzdt.
0 Ja

By similar arguments as in Step 2 we conclude that

- T
kZ:O/ék /Qk(ae(x,t,Due(m,t,Ck)),pe(x,t,ck))dxdt—>/0 /Q(b(Du)’\Ij) ddt.

It also follows, by the Holder inequality, that
T
| / / (aﬁ(mv ta Due)ape(l'a t7 MGDU) - pg(JE, t, \I’)) dl’dt|
0 Jo
T , /
< (/ / lac(z, t, Du)|P dadt) /P
0 Q

T
X (/ / |pe(x,t, McDu) — pe(z, t, ¥)|P dxdt)l/p.
0 Q

Therefore, according to Lemma 4.4,

e—0

T
lim sup ]/ /(ae(:c,t,Due),pe(x,t, M.Du) — pe(x,t,0)) dadt| < Cp'/P=.
0 Q

(5.17) now follows by an analogous argumentation as in the final lines of Step 2.

Step 4 In order to conclude the proof let us show that

/OT/Q(ae(a:,t, Du,)), Du.)) dzdt — /OT/Q(b(DU),Du) dudt.

First we observe that

T
/ / (ac(,t, Duc)), Dug)) dudt = — (ulue) + (f, ue),
0 0

or equivalently

(5.17)

(5.18)

(5.19)

(5.20)

(5.21)

T
| [ @cto.t. Du). D)y dwdt = =5 (a0 e 0e0) o) + (7
0 JQ 2
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Since W) is continuously embedded in C(0, T’; L2(€2)) we can pass to the limit in the right
hand side and, consequently,

T
| 0Du). Dy et = =5 (D) ey = Ol gey) + (10

By collecting the results from the Steps 1-4 (5.21) follows and the proof is complete. W

Remark 4. The results of Theorem 3.1 remain valid even for non-homogeneous or even
more general boundary data. This follows from Theorem 6.1 in [9]. We can also allow
oscillating right hand side and initial data, c.f. Theorem 4.1 and Remark 6.1 in [9].
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