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Abstract

In this paper we study homogenization of quasi-linear partial differential equations
of the form —div (a(z,z/ep, Dup)) = fn on Q with Dirichlet boundary conditions.
Here the sequence (g5,) tends to 0 as h — oo and the map a (x,y, &) is periodic in y,
monotone in ¢ and satisfies suitable continuity conditions. We prove that u, — u
weakly in Wy* (Q) as h — oo, where u is the solution of a homogenized problem
of the form —div (b(x, Du)) = f on Q. We also derive an explicit expression for the
homogenized operator b and prove some corrector results, i.e. we find (P,) such that
Dup — Py (Du) — 0 in LP (Q,R™).

1 Introduction

In mathematical models of microscopically non-homogeneous media, various local charac-
teristics are usually described by functions of the form a (z/ej) where €, > 0 is a small
parameter. The function a (z) can be periodic or belong to some other specific class. To
compute the properties of a micro non-homogeneous medium is an extremely difficult task,
since the coefficients are rapidly oscillating functions. One way to attack the problem is to
apply asymptotic analysis to the problems of microlevel non-homogeneous media, which
immediately leads to the concept of homogenization. When the parameter ¢ is very
small, the heterogeneous medium will act as a homogeneous medium. To characterize
this homogeneous medium is one of the main tasks in the homogenization theory. For
more information concerning the homogenization theory, the reader is referred to [2, 10]
and [13].

In this paper we consider the homogenization problem for monotone operators and the
local behavior of the solutions. Monotone operators are very important in the study of
nonlinear partial differential equations. The problem we study here can be used to model
different nonlinear stationary conservation laws, e.g. stationary temperature distribution.
For a more detailed discussion concerning different applications, see [16].

We will study the limit behavior of the sequence of solutions (up) of the Dirichlet
boundary value problem

_div <a (x E,Duh>> —f, on Q
e

un € Wy (9)
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Correctors for Some Nonlinear Monotone Operators 9

where f, — f in W=19(Q) as ¢, — 0. Moreover, the map a(z,y,¢) is defined on
Q x R™ x R™ and is assumed to be periodic in y, continuous in £ and monotone in £&. We
also need some continuity restriction in the first variable of a (z,y,£). We will consider
two different cases, namely when a (z,y, §) is of the form

N
a (:1:7 Y, 5) = Z Xy (SU) a; (y7 é-) )
i=1

and when a (x,y, §) satisfies that

la(x1,y,§) — a2y, )| <w (Jor —z2]) (1 + €))7,

where w : R — R is continuous, increasing and w (0) = 0. In both cases we will prove that
up, — u weakly in WP (Q) and that u is the solution of the homogenized problem

—div (b(xz,Du)) = f on £,
{ ueWy?(Q).

We will prove that the operator b has the same structure properties as a and is given by
b(2.6) = [ anp6+ D5 W) do,
Y

where v$% is the solution of the cell-problem

—div (a (:E, y, & + Dvs® (y))) =0 on Y,
vt € WEP (V).

(1)

Here Y is a periodic cell and Wé’p (Y) is the subset of W' (Y) such that u has mean
value 0 and u is Y-periodic. The corresponding weak formulation of the cell problem is

/Y <a (m,y,f + Du&® (y)) ,Dw> dy =0 forevery w € Wé’p (Y),

v&T € WEP (V).

(2)

The homogenization problem described above with p = 2 was studied in [15]. Others have
investigated the case where we have no dependence in z, that is, when a is of the form
a(x,y,€) = a(y,&). Here we mention [9] and [6] where the problems corresponding to
single valued and multi valued operators were studied. Moreover, the almost periodic case
was treated in [4].

The weak convergence of uy, to u in WP () implies that u; —u — 0 in LP (Q), but
in general, we only have that Dup — Du — 0 weakly in LP (Q,R"). However, we will
prove that it is possible to express Duy, in terms of Du up to a remainder which converges
strongly in LP (€2, R™). This is done by constructing a family of correctors Py (z,&,t),
defined by

Py (z,6,t) = P <%7§,t> — £+ Dot <£) . (3)

€h
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Let (Mp,) be a family of linear operators converging to the identity map on L? (2, R"™)
such that Mjf is a step function for every f € LP (2, R"™). Moreover, let v, be a step
function approximating the identity map on 2. We will show that

Duy, — Py (x, MpDu,v,) — 0 in LP(Q,R").
The problem of finding correctors has been studied by many authors, see e.g. [7] where

single valued monotone operators of the form —div (a (%, Duh>> were considered and [3]

where the corresponding almost periodic case was considered.

2 Preliminaries and notation

Let Q be a open bounded subset of R", |E| denote the Lebesgue measure in R™ and (-, -)
denote the Euclidean scalar product on R™. Moreover, if X is a Banach space, we let X*
denote its dual space and (- | -) denote the canonical pairing over X* x X.

Let {Q; CQ:i=1,...,N} be afamily of disjoint open sets such that |Q\ U, ;| =0
and |0€Q;| = 0. Let (g5) be a decreasing sequence of real numbers such that €, — 0 as
h — oo. Furthermore, Y = (0,1)" is the unit cube in R"™ and we put Y/ = ¢, (j +Y),
where j € Z™, i.e. the translated image of €,Y by the vector ;5. We also define the
following index sets:

Jh:{jeZ":?iCQ}, J,"L:{jeZ":?{LCQi},
B ={jez :Vina £0, V\0 £0}.
Moreover, we define QF = UjeJ,i?iL and F' = UjeB,ﬁth'
In a corresponding way let {Qf CcQ:iel k} denote a family of disjoint open sets with

diameter less than + such that |Q\ Uier, Qﬂ = 0 and |9QF| = 0. We also define the
following index sets:

Tk = {jGZ”' {chf},
Br={jez:Vinal£0, Vi\0k £0}.

kh 7 k.h j
Let Q" = UjeJi’th and F;"" = UjeB;'L,kY}'Z.
Corresponding to f € LP (Q, R") we define the function M f : R™ — R" by

(Mpf)( Z XyJ fhv

J€Jn
where §J = |Y]| fYJ fdz and xg is the characteristic function of the set E (in order to
define fh for all j € Z™, we treat f as f = 0 outside ). It is well known that
Mpf — f in LP(Q,R"), (4)

see [14, p. 129]. We also define the step function 7, : 2 — Q by

.T) = Z Xy}f (.CU) lev (5)

J€Jn
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where a:iL € Y}f . Finally, C' will denote a positive constant that may differ from one place
to an other.

Let a : 2 x R" x R™ — R” be a function such that a (z,-, &) is Lebesgue measurable
and Y-periodic for x €  and & € R™. Let p be a real constant 1 < p < oo and let ¢
be its dual exponent, % + % = 1. We also assume that a satisfies the following continuity
and monotonicity conditions: There exists two constants c1, co > 0, and two constants «
and 3, with 0 < a < min (1,p — 1) and max (p,2) < 8 < oo such that

ja (2, y,€1) —a(,y.&)| < et (L+ 6]+ [&)" ™7 & - &, (6)

(a(z,y,&) —a(z,y,&),& — &) > ca(L+ &)+ &) 7 1a - &7, (7)
for x € Q, a.e. y € R™ and every £ € R™. Moreover, we assume that

a(z,y,0) =0, (8)

for z € Q, a.e. y € R™. Let (f3,) be a sequence in W14 (Q) that converges to f.

Remark 1. We will use these continuity and monotonicity conditions to show theorems
and properties. However, we concentrate on showing the non-trivial cases, for instance
when 3 # p, and omit the simple ones, in this case when 8 = p.

The solution v$® of the cell-problem (1) can be extended by periodicity to an element
in W' (R™), still denoted by v&*, and

loc

/n <a (x,y,f + Dv&® (y)) ,D¢ (y)> dy =0 forevery ¢ C;°(R"). (9)

3 Some useful lemmas

The following lemma, see e.g. [12], is fundamental to the homogenization theory.

Lemma 1 (Compensated compactness). Let 1 < p < oco. Moreover, let (vy) be
a sequence in L9 (Q,R™) which converges weakly to v, (—divuvy) converges to —divov in
W=L9Q) and let (up,) be a sequence which converges weakly to u in WP (Q). Then

[ tonDuy e~ [ (o.Duyo
Q Q
for every ¢ € C3° (Q) .

We will also use the following estimates, which are proved in [5].

Lemma 2. Let a satisfy (6), (7) and (8). Then the following inequalities hold:
(@) oz <eo (141677, (10)
) [EP < e (14 {a(z,y,8),8), (11)
© [ Je+ Dot
Y
Lemma 3. For every &1,& € R™ we have

/ )51 + Dyéi® &y — Dy
Y

Ydy < co(1+[€P). (12)

B-a—-1 _p_
Bma |& — &= . (13)

p
dy < C (14|67 + (&)
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4 Some homogenization results

Let a (z,y, &) satisfy one of the conditions

1. a is of the form

iL‘ ' Ys E ZXQ az y? ) (14)

2. There exists a functlon w: R — R that is continuous, increasing and w (0) = 0 such
that

la (21, 9,8) — a(x2,y, )" Sw (Jx1 — 22]) (1 + [€])" (15)

for z1, x9 € 2, a.e. y € R and every £ € R™.

Now we consider the weak Dirichlet boundary value problems (one for each choice of h):
/ <a <x, E,Duh> ,D¢> de = (fy | ¢) forevery ¢ € Wol’p (Q),
Q €h (16)
up, € WP ().

By a standard result in the existence theory for boundary value problems defined by

monotone operators, these problems have a unique solution for each h, see e.g. [17].
We let ¢ = wy, in (16) and use Holder’s reversed inequality, (7), (8) and Poincare’s

inequality. This implies that
s

=8 B8
c(/Q (1+|Duh|)pd3:> ’ (/Q|Duh|pdx>p <CQ/Q(1+]Duh])p_ﬁ|Duh|ﬁdx
< /Q <a (33, %Jjuh) ,Duh> dr = (fn | un) (a7

< nllw-ra llunllyre < Cl|Dunll oo rn) -

where C' does not depend on h. Now if HDuth QR < ||, then clearly HuhHWLp(Q) <C
0

by Poincare’s inequality. Hence assume that ||Duh|| Lr(QRm) = |Q2| . But then we have
by (17) that

p—B B
2pﬁ/ |Dup|? dz = <2p1/ 2|Duh|pdx> ’ </ |DUh|pdx>p
Q Q Q
=8 8 1
1 P p P p P p
< </ 2P (1 4 |Duy,| )da:) </ | Duy,| d:c> <C (/ | Dup,| daz) ,
Q Q Q

that is, [|Dunlppqrey < C. According to Poincare’s inequality we thus have that
Huh||W1,p(Q) < C. Summing up, we have that
0

@

Junlyg oy < (13)
Since uy, is bounded in I/VO1 P (Q), there exists a subsequence (h') such that

up — Uy weakly in Wol’p (Q). (19)
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The following theorems will show that wu, satisfy an equation of the same type as those
which are satisfied by wuy,.

Theorem 4. Let a satisfy (6), (7), (8) and (14). Let (up,) be solutions of (16). Then we
have that
up — u  weakly in Wol’p (Q),

x (20)
a (ZL’, 5_’Duh> — b(x,Du) weakly in LT (Q,R"),
h
where u s the unique solution of the homogenized problem
/ (b(x,Du),Dp)dx = (f | ¢) for every ¢ € Wol’p (Q),
@ (21)

ue WP (Q).
The operator b: Q x R™ — R" is defined a.e. as

N N
€)= 3oxa, (@) [ ai (364 Do () dy = 3 xe ) (6),
=1 =1

where z; € Q;, b; (€) = [y ai (y,& + Dv>%i (y)) dy and v*% is the unique solution of the
cell problem

[ (o (e + Do ) Do )y du =0 for cvery 6 € W (¥), -

V&% e WAP(Y).
Remark 2. An equivalent formulation of the equations (21) and (22) above can be given
in the following unified manner

// <a(x,y,Du(m)+Dv(:v,y)),Dﬂ(:E)+D6(z,y)>dmdy:/fﬂd:ﬁ,
QJY Q

(u,v) € WP (Q) x LT (WP (V)

for all (u,v) € Wol’p (Q) x L4 (Q; war (Y)) . This formulation often occurs in the notion
of two-scale limit introduced in e.g. [1].

Proof. We have shown that uj — . weakly in VVO1 P (Q) for a subsequence (h') since uy,
is bounded in W, (Q). We define

w}iz’ =a <i,D'LLh/> .
En'
Then according to (6), (8), Holder’s inequality, Poincare’s inequality and (18), we find

that
/ |} qdﬂ«":/ a; (i,Duh/>
Q Q; En’
p—l-oa o
p—1 p—1
<C </ (1+ |Duh/|)pdx> </ | Dy |P da:)

< C/ (1 + ’Duh/Dpdl’ < C,
Q;

q
dx < c({/ (1 + [ Dugy )P~ | Dagyy |7 de

7
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that is, ¢}, is bounded in L9 (€;, R") . Hence there is a subsequence (h”) of (k') such that
Vi, — Yl weakly in  L9(€Q;, R").

From our original problem (16) we conclude that

N
Z/ <ai < * ,Duhu) 7qu5> dx = (fpr | ¢) for every ¢ € W&’p (Q),
i=1 %

Eh//
Up! € Wol’p (Q)

In the limit we have

N
Z/Q <wi,D¢> de = (f | ¢) forevery ¢€ Wol’p (Q).
i=1 8%

If we could show that
Y =b; (Du,) forae. z €€, (23)

then it follows by uniqueness of the homogenized problem (21) that u, = u. Let

i () = (o) et (£)

€h

for a.e. x € R™. By the monotonicity of a; we have for a fix £ that

/ <ai ( v , Duyy (ac)) — a; < w ,Dwfﬁi (x)) , Dupn (x) — Dwfﬁi (ac)> ¢ (x)de >0
Qi Epr ER!

for every ¢ € C§° (€;), ¢ > 0. We now note that by (16) it also holds that

/ <az~ ( v , Dupy (ac)) ,Dqﬁ> dx = (fpr | ¢) for every ¢ € Wol’p ().
Q;

Since f;, — f in W54 (Q), this implies that

—div (ai (Ei,Duh“ (m))) = —divy), — —divel in WH(Q). (24)
h//
We also have that
—div | a; - Dwp"(z) ) ) =0 on €. (25)
h//

By the compensated compactness lemma (Lemma 1) we then get in the limit

/_w}ibi(é)vDU*(ﬂﬁ)qu(l‘)deO

(3

for every ¢ € C§° (€%;), ¢ > 0. Hence for our fixed £ € R™ we have that

(YL —b; (&), Duy (z) =€) >0 for ae. z€ Q. (26)
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In particular, if (&,,) is a countable dense set in R"™, then (26) implies that

(YL —b; (&n) , Dus (z) —&m) > 0 for ae. z € Q. (27)
By the continuity of b (see Remark 3) it follows that
<¢i —b; (§),Duy () =€) >0 forae x€; andforevery £€R" (28)

Since b is monotone and continuous (see Remark 3) we have that b is maximal monotone
and hence (23) follows. We have proved the theorem up to a subsequence (up) of (up) .
By uniqueness of the solution to the homogenized equation it follows that this holds for
the whole sequence. [

Theorem 5. Let a satisfy (6), (7), (8) and (15). Let (up,) be solutions of (16). Then we
have that

up, —u weakly in Wy (),
a (m, %, Duh> — b(x,Du) weakly in L7 (Q,R"),
where u is the unique solution of the homogenized problem
| @.Du) Doydz = (£ 19) Jor every 6 € Wi” (@),

ue Wy (Q).
The operator b: 2 x R™ — R" is defined a.e. as
b(w.€) = [ a (o + Dot () do,
Y
where v57% is the unique solution of the cell problem
[ {a (w4 Dot ) Do )y dy =0 for cuery 6 € WE? (v),
Y

(29)
&% e WEP (V).

Before we prove this theorem, we make some definitions that will be useful in the proof.
Define the function

a (2.5.8) = 3 xar @) a(oh,p.€).
icly,

where ¥ € QF. Consider the boundary value problems

/ <ak <a:, E,Duf;) ,D¢> dx = (fn | ¢) forevery ¢ € Wol’p (Q),
Q €h (30)

ul e WyP ().
The conditions for Theorem 4 are satisfied and the theorem implies that there exists a u*
such that

uf — u*  weakly in Wol’p (Q) as h— oo,
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where u* is the unique solution of

/Q<bk (x, Duf) ,D(Z)> dex = (f | ¢) forevery ¢ € WOLP (),
uk e WP (Q).

Here

=3 o (@) [ a (a4 Do ) dy = 3 v ()b (ak6)

ily, i€l
and v5 is the solution of
/Y <a (mf,y,{ + Do& (y)) , D¢ (y)> dy=0 forevery ¢e WLP(Y),
w6 € WP (V).
Proof. First we prove that u; — u weakly in Wol’p (). If g € W12(Q) | we have that

lim (¢ | up —uw) = lim lim (g |up —u)
h—oo k—o00 h—o00

= lim hm< \uh—uﬁ+u2—ulj+uf—u>

k—oo h—
< hm hm gl -1.a00 Huh—ulfLH + lim lim <9 | ulfz_uk>
60 hs w=ha () Wol’p(Q) k00 h— *
o T gy |[of =,
k00 RO WoP ()

We need to show that all terms on the right hand side are zero.

Term 1. Let us prove that

. . k
i Jin o =] 1) =0 )

By the definition we have that
k €z k _ Lp
a* |z, yDup |, D¢ ydx = (fy | ¢) forevery ¢e Wy (Q),
Q h

/ <a (ZE, ;,Duh> ,Dd)> dr = (fn | ¢) forevery ¢ € Wol’p Q).
Q h

This implies that we with ¢ = “2 — uy, have

/ <ak <x, ﬁ,Duﬁ) a” < Duh> ,Duﬁ - Duh> dx
Q Eh
= / <a <:c, i, Duh> — <93, £, Duh> ,Duz — Duh> dzx.
Q €h Eh
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By the monotonicity of a (7), Schwarz’ inequality and Holder’s inequality it follows that

& p—B k B

co (1 + ‘Duh) + |Duh|) ‘Duh — Duh‘ dx

Q

k x k k o k

< a* | z,—,Duy | —a” | x,—, Duy |, Duy, — Dup, ) dx

Q €h €h
= / <a <:c, E,Duh> — <3:, £,Duh> ,Dufl — Duh> dr

Q €h Eh

g 1 1
< </ a (:L’, E,Duh) — (m,i,Duh) dac) ’ </ ‘Dufb —Duh’pd$>p .
Q €h €h Q

Now since HDu’fLHZP( < C and ||Duh\|7£p(Q7Rn) < C, we have, according to Holder’s

Q,R")
reversed inequality, that

8
p
C (/ ’Dui — Duh’ dw) ’
Q
» p=8 » B
p P
< </ (1 + ‘Duﬁ’ + \Duh\) dm) </ ’Duﬁ - Duh‘ d:):> (33)
Q Q
k p—p k B
< e (1 + ‘Duh} + |Duh|> ‘Duh - Duh’ dx.
Q
Hence we see that

P
Du’fL—Duh §C(/ a(x,ﬁ,Duh> — <x,£,Duh>
LP(Q,R") Q Eh Eh

Thus in view of the continuity condition (15) it yields that

p—1

¢\ 61
dm) .

p

Duf — D
Un = PUR| Ry

p1 - (34)

oo (D) fovmara) ol ()

where we in the last inequality have used the fact that there exists a constant C inde-
pendent of h such that || Dupl| g rn) < C. Since ||D-|| 5 gny is an equivalent norm on

W, (), we have that

k
up, —uhH — 0
H W, P ()

as k — oo uniformly in h. This means that we can change order in the limit process in (32)
and (32) follows by taking (34) into account.

Term 2. We observe that

lim lim <g ] uz—ulj> =0

k—o00 h—o00
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as a direct consequence of Theorem 4.

Term 3. Let us prove that

uf —u

= 0. (35)

lim
k—o0

HWOLF(Q)
By the definition we have that
/ <b’c (x Duf:) ,D¢> de = (f| ¢) for every ¢ WiP(Q),
Q

/ (b(z, Du), Dp)dx = (f | ¢) for every ¢ e WyP (Q).
Q

Hence
/Q<bk (x,Du’,j) — b* (z, Du) ,D¢> dz = /Q <b(:c,Du) — ¥ (z, Du) ,D¢> dz

for every ¢ € VVO1 P(Q). Now let ¢ = u¥ — u and use the strict monotonicity of b* (see
Remark 3) on the left hand side and use Schwarz’ and Holder’s inequalities on the right
hand side. We get

02/ (1 + ‘Dulj
Q

< /Q <bk (w,Duf) —b* (x, Du) , Du — Du> dx

p—06 & B
+ |Du\> ’Du* - Du’ dz

= / <b (z, Du) — b* (x, Du) , DuF — Du> dz
Q

< (/Q‘b(x,Du)—bk(a:,Du)‘qda:); (/Q(Duf—Du’pdx>’l’.

Inequality (33) with Du¥ and Du instead of Duﬁ and Duy, respectively, then yields

that
1 p—1 1 p—1
p B—1 B—1
< - p < — .
. C <w <k:) /Q (1 + |Dul) dx) <C <w <l{:)> (36)

The right hand side tends to 0 as k& — oo. We now obtain (35) by noting that
D[ L» (0, rn) is an equivalent norm on Wol’p ().

HDuf fDu‘
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Next we prove that a( T, ,Duh) — b(z,Du) weakly in L?(Q,R™). Now if g €
(L7 (Q,R™))*, then

lim <g | a <x, E,Duh> — b(a;,Du)> = lim lim <g | a (a:, E,Duh> — b(a;,Du)>
h—o0 Eh k—o00 h—oo Eh
T x
= lim 1 = Duy | — " |, —, Du}
jim jim (a0 (o5 D) = (2. 2. 0uk) )
+ lim lim <g | a” (a:, i,Duﬁ) _— (w,Duf)>
k—o00 h—o0 Eh

+ hm lim < | b* (m,Duf) - b(a:,Du)>

k—o00 h—o0
T T
al|x,—,Duy — :n,—,DuZ
€h €h

< lim i .
< lim lm (lgf](zoo,rn))

Li(Q,R")
+ hm lim <g | a” <:c, x,Duﬁ) — bk (:U,Duf)>
k—o00 h—o0o Eh
. k k
+ Jim Lol gsa ey ¥ (. 00) =D o
We now prove that the three terms on the right hand side are zero.
Term 1. Let us show that
lim lim ||a ( Duh) —a ( Duh) =0. (37)
k—o00 h—00 gh Li(Q,R")

By Minkowski’s inequality we have that

/ ak < z Duh> <a:, E,Duh>
Q Eh Eh
< Duh> " (m, 3, Duh>
€h
T q
< Duh) (x, —,Duh> dx.
€h
The second integral on the right hand side is bounded by the continuity condition (15)
since
/ ak (x, ﬁ,Duh) —a <m, E,Duh>
Q En Eh
1 1
<w| - (14 |Dup|)Pde < Cw | =,
k) Jo k

where the last inequality follows since (Duy,) is bounded in LP (2, R™) . For the first integral
on the right hand side we use the continuity restriction (6), Holder’s inequality and (34)

q
dzx

q
dx

q
dzx

(38)
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to derive that
/ a” <:L‘, E,Duﬁ) — (x, E,Duh>
Q €h €h
q k Q(p_l_a) k
< (1 + ‘Duh‘ + |Duh|> ‘Duh — Duy,
0
p—l—a o
k p p—1 k p p—1
< C(/ (1+ ’Duh‘ +]Duh]> da:> </ ’Duh—Duh‘ dx)
Q Q
1 1\ 757
SC(/ ‘Duﬁ—Duh‘pdx> §C<w <E>>
Q

since (Duy,) and (Duj) are bounded in L? (2, R™). Hence by (38) and (39) we have that

q [e3
k T k x 1))~A1t 1
= — = < Z Z).
/Q a (x, Eh,Duh> a <:U, o Duh> der < C (u) (k‘)) + Cw (k‘) (40)

By the properties of w, it follows that

x x
al|lx,—, Duy S ZL‘,—,Dqu
€h €h

as k — oo uniformly in A. This implies that we may change the order in the limit process
in (37) and (37) follows.

q
dx

dx

‘aq

(39)

— 0

La(Q,R")

Term 2. We immediately see that

lim lim <g | ak (w, E,Dui> —a¥ <$, i,Duf>> =0
k—o00 h—o0 Eh Eh

as a direct consequence of Theorem 4.

Term 3. Let us show that

lim ku (x,Duf) - b(m,Du)‘ = 0. (41)

k—oo

Li(Q2,R"™)

We note that

/Q‘bk (m,Duf) - b(az,Du)‘qdm

dx

= / ’bk (x, Duf) — ¥ (&, Du) + b (2, Du) — b(x,Du)’q
Q

gC(/Q‘bk (m,Duff)—bk(az,Du)‘qd$+/Q‘bk(:c,Du)—b(:c,Du))qdac>.
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By applying the continuity conditions in Remark 3, Theorem 6 and Holder’s inequality,
we see that

/ ‘bk (m,Duf) - b(az,Du)‘qdm
9)
P T P 1
p— p—
gc(/ (1+’Duf§ +yDu|) da:) </ ‘Du’j—Du‘ da:)
Q Q
1 p e 1
=
+Cw | = /1+|Du|pd:ﬁ§0 /‘Duljj—Du‘ dx +Cw |- ].
k) Ja Q k

Now (41) follows by taking (36) into account. |

5 Properties of the homogenized operator

In this section we prove some properties of the homogenized operator. In particular, these
properties imply the existence and uniqueness of the solution of the homogenized problem.

Theorem 6. Let b be the homogenized operator defined in Theorem 5. Then

(a) b(-,&) satisfies the continuity condition
[b(21,8) = b (2, )|" <@ (lz1 — wal) (1 + €))7,
where W : R — R is a function that is continuous, increasing and & (0) = 0.
(b) b(x,-) is strictly monotone. In particular, we have that
(b(2,6) = b(@,6) .6 — &) 2 a1+ &l + ) o - &
for every &1,& € R”.
(c) b(z,-) is continuous. In particular, we have for v = 5% that
bz, 6) b2, &) < a (L +[a]+ &) 7 6 - &
for every £1,& € R™.
(d) b(x,0) =0 for xz € Q.
Proof.
(a) By the definition of b we have that

q

[b(z1,8) = b(x2, )" = ‘/ya <$17y7§+ Dvﬁ’“) dy — /Y a (xg,y,§+ Dvé,xz) da
< C/Y ‘a (wl,y,é’ + Dvg”“) —a (@,y,é + Dvg"“) ‘qdy

+€ [ fa(anm g Do) —a (2,06 + Do)y,
Y
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where the last inequality follows from Jensen’s inequality. By the continuity conditions (15)
and (6), it then follows that

p
)
p—l—«

"yar) (42)

b (21,€) = b (22,6)|¢ < Cw (|1 — m)/y (1+ |6 + Dot

+C (/ (1+ |¢ + Dot
Y

P =)
X </ ‘DUE"Bl — Dv5*2 dy) ’ .
Y

We now study the two terms above separately. For the first term we have by (12) that

P
+ ’5 + Do>®2

/Y (14 |e+ Dot )"y < 0 1+ 1elP). (43)

For the second term we have by the definition that

/ <a (xl, y, & + Dy (y)) ,D¢> dy =0 forevery ¢€ Wé’p (Q),
Y

/Y <CL ($2, y, & + Dv&®2 (y)) ,D¢> dy=0 forevery ¢¢€ Wé’p Q).

This implies that

[ {a(orme+ Do ) —a (10064 D () . Do) dy

= /Y <a <x2, y, & + Dv>™2 (y)) —-a (901, y,& + Du*™ (@/)) 7D¢> dy

for every ¢ € Wé’p (). In particular, for ¢ = v5%1 — v5%2 we have that

/ <G (xlayag + D,U§7551 (y)) —a (.Z‘hy,g_'- D’UE’xQ (y)) ’va,xl . D’Ug’x2> dy
Y

- / <a ($2,y,§ + Dvg’rg (y)> —a (Ila y,§+ Dvg’mz (y)) ’Dvﬁﬂﬂ _ DUE,932> dy.
Y

We apply (7) on the left hand side and Schwarz’ and Hoélder’s inequalities together
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with (15) and (43) on the right hand side. This yields

02/ (1+ |¢ + Dot
Y

= / <CL <l‘1, Y, €+ va,ml (y)> —a (ﬁla Y, €+ Dv‘f’m? (y)) ’Dvgﬁl _ DU§,£E2> dy
Y

)p_ﬁ ‘D/Ugvxl _ D/U§7x2 A

+ ‘E + Do®*2

dy

= / <a (acg, y, & + Du>®2 (y)) —a (ml, y, & + Dv*"2 (y)) , Dy&™1 — Dv§7x2> dy
%

q

< ( [ fa (w2 + Dot ) = (w16 + Dot <y>)\"dy)

1
x </ ’vaﬂ“ — Dy&®2 pdy) ’
Y

< w (|2 —xQD% C(1+ mp)% </ ‘va,xl — Dy&2
Y

1
p P
dy) .
The reversed Holder inequality then ensures that

p—_
</ (1+‘€+Dv§~’“ )pdy) ’ </ ‘Du@f’“—Du&f’ﬁ2
Y Y

Y

+ ‘é‘ + Dv§7$2

B
p P
dy>

B8
dy,

+ ‘é + Dv5*2

that is,

</ ‘DU£7$1 _ Dv§:x2
Y
a(B—p)

X (/ (1 + ‘£+Dv5’xl )de><61><p1)
Y (44)

@ @ a(B—p)
< Cw |z — 22)PT (1+ [E7)FT (1+ |¢P) B 00T

P = i 31
dy> < Cw(|z1 — 22]) P71 (1 + [€]7) 71

+ ’f + Dy&®2

= Cw (Jz1 — 22|)71 (1 + [€P) 7T

where the last inequality follows from (43). By combining (43) and (44), we can write (42)
as

[b(21,8) = b(22,)|? < Cw (Jz1 — waf) (1 4 [¢]7)

+C (/ (1+ |¢ + Dot
Y

xw (ja1 = x2]) 7T (14 [€[7)7=T

p—l—«

p) dy) p—1

p
+ ’f + Dvt"2

(45)

<C+EP)

~/

w (o1 = @al) +w (la1 = 22)7T) =B (for = @af) (1+[6P),
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where @ : R — R is a function that is continuous, increasing and @ (0) = 0.

b) Let & € R™, j = 1,2 and define for a.e. x € R"
J

wiﬁx = (§.y) + epvSi® <%> .

By the periodicity of v%® we have that

wij’m — (&,y) weakly in whr ), 1o

Dw;" — & weakly in L (Y,R™), o

a <x E,Dwff’x) —b(2,§) weaklyin LP(Y,R"). e
€

Moreover, the monotonicity condition (7) on a implies that

/ <a <x, i, Dwfll’m> —a (x, E, Dw%’x) ,Dwil’x — Dwff’x> o (y)dy
Y €h Eh
&1, p
> ¢y (1 + ‘th ¢ (y) dy
Y

for every ¢ € C§° (2) such that ¢ > 0. The reversed Holder inequality then yields

/ <a (x E,Dwil’m) ~a (a: E,Dw;i”)  Dwj™ — Dwfﬁ“> ¢ (y) dy
Y €h Eh
pP—pP
p P
> ([ (14 |pufs ) ot dn)
Y
X </ ’Dwil’x - Dwff’x
Y

We apply lihm inf on both sides of this inequality and obtain
—00

p—p
) ‘Dwgl’x — Dwfﬁ’x

f 7x
+ ‘lef

5 b
+ ‘thz *

”¢<y>dy>§.

<b<x,51>—b<x,52>,51—52>/Y¢<y>dy:/Y<b<x,51>—b<x,sz>,sl—52><z><y>dy

) owan)

g 7x
+ ‘Dw,f

> ¢ liminf (/ (1 + ‘Dwil,x
h—o0 Y

B
([ oot e o )’
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pP—pP
p p
> Climinf </Y (1+ |pui|” + | Dufe )cb(y)dy) ’
» B
p
<t (f o= D o))

<@

20<A}LH&WH&W¢@M@%#(LKrfW¢@M@

200+KWH@VBM—&WA¢@M%

for every ¢ € C§° (€2) . Here we have used (47), (48) and Lemma 1 on the left hand side,
and on the right hand side we have used (47) and the fact that for a weakly convergent
sequence (x,) converging to x, we have that ||z| < h}{n inf ||z,|| . This implies that

—00

(b2, &) —b(z,6),6 — &) > (1 +]&] + &) 7l - &|°.
Since &1, & were arbitrarily chosen, (b) is proved.

(¢) Fix &,& € R"™. According to Jensen’s inequality, (6), Holder’s inequality, (12)
and (13) we have that

q

b (2,&1) = b(2,&)|! = ‘/Y a (xvyvgl + Dv@’m) dy — /Ya (m,y,§2 + va%x) dy

q
dy

= / ‘a (x’yvfl + DUELI) - (x’y7€2 + va%x)
Y

)(pflfa)q

g/ of (1+ |+ Dot
Y

+¢&—+Dv@“

aq

x ‘51 + DuS1T — &5 — D[ dy

gC(/(Lﬂ&+D&W
Y

x </ ’gl + Do — &y — Dyf?
Y

p—l—«

)pdy> p—1

+ ‘62 + D,USQJ

p\ T
dy)
ﬁ_

(a+ 1l +1en) = & - efs=) "

(&3

p—l—a
1

SCA+&P + &) »-

<CQA+&]+ r§2|)"<p‘1‘ﬁ%> 16 — &|97-a .

Hence

b(2,61) —b(x, &) <& 1+ |G| + &P 7|6 - &7,

where
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(d) Since a (x,y,0) = 0 we have that the solution of the cell problem (29) corresponding
to & = 0 is v%* = 0. This implies that

b(x,0) :/Ya(x,y,())dy:().

The proof is complete. |

Remark 3. By using similar arguments as in the proof above we find that (b), (c¢) and (d)
holds, up to boundaries, also for the homogenized operator b in Theorem 4.

6 Some corrector results

We have proved in both Theorem 4 and Theorem 5 that we for the corresponding solutions
have that up —u converges to 0 weakly in WO1 P (Q). By the Rellich imbedding theorem, we
have that up — u converges to 0 in LP (2). In general, we do not have strong convergence
of Duj, — Du to 0 in LP (Q, R™). However, we will prove that it is possible to express Duy,
in terms of Du, up to a remainder which converges to 0 in L? (2, R").

Theorem 7. Let u and uy be defined as in Theorem 4 and let Py be given by (3). Then
N
Du — > xe, () Py (¢, MyDu,z;) — 0 in LP (Q,R™).
i=1

Proof. In [7] the case N = 1 was considered and in [15] the case p = 2 was considered.
By using these ideas and making the necessary adjustments the proof follows. For the
details, see [5]. |

Theorem 8. Let u and uy, be defined as in Theorem 5. Moreover, let Py, be given by (3)
and vy, by (5). Then

Duy, — Py (z, Mp,Du,~p) — 0 in  LP(Q,R").

Proof. We have that

HDuh — My, Du — DyMrPum <£>

S HDuh — DUZ’
)

€n/ llLe(0,Rn Lr(Q,R")
+ || Duf = MyDut — 37y () DoMrDuE (i) o
: i 5
1€l h Lr(Q.R")
+ || My, Du + Z X (%) DyMrDue? <£) — My, Du — DyMrPun <£
: v 9 £
el " " Lr(Q,R")

As in the proof of Theorem 5 we have that

lim lim HDuh - Duﬁ‘

k—o0 h—o0

=0,
Lr(Q,R")
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and, by Theorem 7, this implies that

lim lim ||[Duf — M Du® — Z XQk DthD“*’x <£> =0.
k—00 h—o0 Eh
i€l LP(Q,R")

This means that the theorem would be proved if we prove that klim hlim acting on the
— 00 N—00

last term in (49) is equal to 0. In order to prove this fact we first make the following
elementary estimates:
P

M Duk + 3" xqp () DyMPues ot <£> — My, Du — DyMrPum <ﬁ>
Eh €h

i€l LP(Q,R”)
My, Dul + DyMeDuhey <—> Mj, Dy — DyMrDun <€—>
h

p
—Z/Qk - dx

i€}, (50)

p
MhDU + DyMrDus.af <£) — M, Du — DyMrDusa; (£> dx
€h Eh

p
—i—CZ/ DyMnDus <x) — DyMnPun <x> dx.
jel,, /9 Eh €h
We will study the two terms on the right hand side of (50) separately, but first we define
1
g DuF dx.
[l

By using a change of variables in (13) and Holder’s inequality, we find that we for the first
term in (50) have the following estimate

p
/ MhDuf—l—DthD“I*c’xf (£> —MhDu—Dv]‘/[”D“’wi'c <£> dx
Qk €h En
ghat (T g pugat (2
<> et () —¢d — Dottt (2 )| da
ik Y Eh €h
jedy
) o P
&k <£) —¢ — DSt (ﬁ) da
jeByk “h ch
IV (s [ o
<3 of +Hel) 7 Jet-a
jeri*
5 el ) -
h hs — Sh h

. i,k
JEB),

p

B—a—1
_ C/kh (1 + || + |MhDu|p) pe )MhDuf: — MyDu| ™" da
Q
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B-a—1 _p_
+C / o (1 + ‘MhDuf "y |MhDu|p) oo ‘Mhpuﬁ ~ MyDu|"" dx
F®
f-a-1 1
P Ao P e
<C / <1+’MhDu’j +|MhDu\) dz / ‘MhDu’j—MhDu) dx
oy’ Qmh
B—a-1 1
P fre P e
+C / (1+‘MhDuf +|MhDu|) da / ’MhDu’j—MhDu‘ da
Ffﬁ Ffﬁ
B-a-1 1

<C </Qf (1+}Duf +|Du|)pdx) o (/Qf
B—a—1

P Ao
+C / (1 + ‘Dulj + |Du\> dx /
Ffﬁ Ffﬁ

where we used Jensen’s inequality in the last step. Moreover, by using (44) and Jensen’s
inequality, we obtain that

ko P\
Duy — Du| dz

1
k_ P e
Dui — Du| dz )

p
/ poMnDuat (N _ p mDu ([ 4,
Ok €h €h
. C p
k T x
< X [ oot (2) - piet (£ o
2 JY? €h €h
jegpk = h
. o p
J ok T J d T
+ Z / Dot (—) — DvSh®h <—> dx
A ¢ €n Eh
]EBﬁ

(52)

< % co(g) () i+ X (g eman) (1 i) 2]
jepk ik

. i,
JEB)

1 1
—w (k) C/Qk,h (1 + | My DulP) dz 4+ w <k + n5h> C’/Fk’h (1+ [MpDu|) dz

<o <1> ¢ [ s ipupyde (1 " nah) c [, D) d.
& o k Fioh

By combining (50), (51) and (52) we obtain that

£ T
MhDul:j + Z XQI;DUMhDuI:’xf <_> _ MhDu _ DUMhDu,A/h <_)
icl, Eh Eh

gC(/ (1+‘Dulj
Q

Lr(Q,R™)

+ ]Du|) dx ‘Du* - Du‘ dx
Q




Correctors for Some Nonlinear Monotone Operators 29

B—a—1 1

P pra & P e
+ |Du|> dx Duy — Du‘ dx
F,L'k’h

1
_ p p
+Cw <k +n€h> /Q(l+yDu| )do + > /Ff’h(l—i_|DU| ) dx

+cy (/FM (1+ )Duf

i€l

i€l
Moreover, by noting that }Flkh‘ — 0as h — o0, [|[Dufl pporn) < C, | Du{:HLP(Q,R") <C,
and taking (35) into account, we obtain that
x
lim lim || MyDuf + 3" yop DoMeDusai <—>
k—o00 h—o0 . i €h
i€},
x
— My, Du — DyMrPum <—> =0,
Eh Lr(Q,R™)
and the theorem is proved. |
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