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Abstract

The real version of a (2 4+ 1) dimensional integrable generalization of the nonlinear
Schrédinger equation is studied from the point of view of Painlevé analysis. In this
way we find the Lax pair, Darboux transformations and Hirota’s functions as well as
solitonic and dromionic solutions from an iterative procedure.

1 Introduction

Non linear Schrodinger type equations in (2 4+ 1) dimensions were proposed by Calogero
in [1] and then discussed by Zakharov [15].
The equation under study in this paper is:

Up — Ugy — 2myu = 0,
Wi + Way + 2myw = 0, (1.1)

mg + uw = 0.
In physics this sort of equations arises in studying spin systems in (2 + 1) dimensions
[8, 10, 9, 11].
2 Singular manifold method

2.1 Leading term analysis

In order to perform the Painlevé property [12] for equation (1.1) we need to expand the
fields u, w and m in a generalized Laurent expansion of the fields in terms of an arbitrary
singularity manifold x(z,y,t) = 0. Such expansion should be of the form [14]:

o o (e.)
w=Y u(z,y, )XY w=> wilmy !, m=Y milz,y T (2.1)
j=0 7=0 7=0

By substituting (2.1) in (1.1), we have for the leading terms:

a:ﬂ:f}/: 17 mo = Xz» UOC‘JO:X‘% (22)
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from where we see that leading analysis is not able to determine ug and wg independently
and only gives us its product. This suggests us to write the dominant terms uy and wp in
a more general way as:

1
up = A(x,y,t)Xa, wo = m){x- (2.3)

2.2 Truncated expansions. Auto-Backlund transformations

Following the singular manifold method developed by Weiss [13], we truncate expansions

(2.1) at the constant level. This implies that the singular manifold is not yet an arbitrary

function because it is determined by the truncation condition. Due to this fact, we denote

it as ¢. We can therefore write the solutions (2.1) to equation (1.1) in the following way:
A t

¢x / (51172% )(Z)J»" r_ _i_ﬁ (24)

m' =m+-—, u =u+ Ww=w :
¢ ¢ Ag

The set of equations (2.4) are the auto-Béacklund transformations between two solutions

of (1.1).

2.3 Expression of the solutions in terms of the Singular manifold

Substituting equations (2.4) in (1.1) we obtain a polynomial in ¢. If we require all the
coefficients of this polinomial to be zero we obtain the following expressions after some
algebraic manipulations (we used MAPLEV to handle the calculation):

A () ek ()

5 (2.5)
Me= g\ 4 ’ vTo\Aa - aa )
where v, w and ¢ are defined as:
R 20)

YT YT 1T,

and h = h(y,t) is a function which arises after performing an integration in z.

2.4 Singular manifold equations

e From the compatibility of the definitions (2.6) we obtain the generic equations:
Orat = Otax = V¢ = (W + VW)4,
Py = Pyzz = Vy = (¢z + Vq)z, (2.7)
Pyt = bty = @ = Wy + WGy — qWy.

e On the other hand, if substitute (2.4) in (1.1) we obtain the equations:

A
0 = hy + hhy, 0:w+hq—7y,

0= (Aedy Ay —U—Q+1 &—‘th .
a2 T a) T\ 22\ '
Yy

The set (2.7)—(2.8) constitutes the singular manifold equations.
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3 Lax pair

3.1 Singular manifold equations as nonlinear PDE’s

The singular manifold equations (2.7)—(2.8) can be considered as a system of nonlinear
coupled PDE’s in v, w, ¢ and A. Using the procedure of the previous section we can
perform the leading term analysis over the SME in order to obtain:

LU U Ao _ Y5 Vn

o T A gt g (3.1)
A, U5 Wy A _ S |
ATy e QT e

where we use two singular manifolds ¥)* and 1~ because the Painlevé expansion has two
branches [2, 4].

3.2 Eigenfunctions and the singular manifold

Integrating (3.1) we obtain the expresions of ¢ and A in terms of the eigenfunctions:

+
be= YT, Guthdy = U U —hyoity, A= Z—_e—’“”. (3.2)

3.3 Lax pair

Using expresions (3.1) in (2.5) and in the singular manifold equations (2.7)—(2.8) we can
obtain, after some calculation, the Lax pair for equation (1.1):

0= +up~ e,
0=1, +wypte "
1
0= —myt™ + hiy +uy et + Shyyt,

_ _ _ he 1
0=1p +myh™ +hp, —wypTe™” + 5yt

From the compatibility condition between these equations we obtain again that the
spectral parameter A must satisfy:

he+hhy =0 (3.4)

and hence the spectral problem for equation (1.1) is non-isospectral.

4 Darboux transformations

Substituting (3.2) in (2.4) we obtain iterated solutions «’, w’ and m':

¢1x

-2 hix
Y T o g O (4.1)

o1 o1

+2 —hix
/ Py e
e

/
u =u w =w+
o1



Painlevé Analysis and Singular Manifold Method 109

which will satisfy the Lax pair (3.3) with eigenfunctions w/+ and wl_ and spectral param-
eter hy and we can construct a singular manifold ¢’ through ¥'* and '~ as:

¢l =ty (4.2)

We can consider the Lax pair (3.3) as a system of coupled non linear PDE’s ([3, 6]) in
', ', m/, v and w' so that the singular manifold method can be applied to the Lax
pair itself and truncated expansions for 1//+ and w/* should be added to the expansions
(4.1). Such expansions could be written as:

/ ot i_ _ Q-
prou U gy B (43)
$1 )
where it’s easy to check that QT and Q~ are given by:
ot _ Wiy e T — gl o _ Wiy = pgpretnhee (4.4)
hay — hy ’ ha — hq '

and 1}, ¥ satisfy the Lax pair (3.3) with spectral parameter hy and 95 and 1), satisfy
the same Lax pair with spectral parameter hs.

The set of equations (4.1) and (4.3) where QT and Q~ are given by (4.4), constitute a
transformation of potentials and eigenfunctions that leaves invariant the Lax pairs. Hence,
(4.1) and (4.3) should be considered as a Darboux transformation [7].

5 Hirota’s function

Considering (4.2) as a non linear equation in ¢, ¥’ and '~ it’s trivial to proof that we
can define a truncated expansion:

+ —
¢ = ¢2— Qg;f : (5.1)
where ¢ satisfies:
P2z = Y3 3 - (5.2)

Since (5.1) defines a singular manifold for m’, we can use it to build an iterated solution:

m” = m—i—T—m, (5.3)
T

where
T=¢¢1= 12— QTQ" (5.4)

is the Hirota’s 7-function [5].
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6 Solutions

6.1 Line solitons m = —abx, u = a, w = b

If we restrict ourselves to the case when hy and hg are constants, solutions of the Lax
pair (3.3) are:

)

b
;" = exp [Oéix + Biy + (Z— - az‘) ﬁz‘t] )
a
Q;

i Jab b
Y = % exp [a—x + Biy + <— — ai) ﬂit] )
a (673 3

where i = 1,2 and «o; and [; are constants.
Using (3.2), (6.1) and (4.1) we obtain for the first iteration the one-soliton solution:

ml, = —ab+ Oy [In ¢1] (6.2)

and for the second we have the two-soliton solution:

ml = —ab+ Oy [InT], (6.3)
where
(7] (&7
T = T 1 E ) 4
b= U (6.4
_ oo 1
T= 10T = — 7 ; N LB+ B = ApR By, (6.5)
a (al + Z—1> (Ozz + 2—2)
b b
F; = exp [(ai + %) x+ 20y — 2 (ai — %) Bit + gpl-] , (6.6)

ab(a — az)?
Ag= ——~ =/ 6.7
12 (g + ab)? (6.7)

and we have redefined ¢; = e~ ¥i.

6.2 Dromions m =0, u=0,w=2>

For this seminal solutions and assuming that h; and ho are constants, non trivial solutions
of the Lax pair are:

b .
Tl)j :Kz(yat)a 17[}@ = h_e s K’L(yvt)a (68)

where K; are xz-independent functions that satisfy:
K+ ]’LiKZ‘y =0. (69)

Following the same procedure as for the solitons, we have for the first and second
iteration respectively:

my, = Oy In[¢1], (6.10)
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My = Oy In[7], (6.11)
where
b Chen
6 = = (Bily,t) + K2(y. ) 7). (6.12)
T—¢¢—Q+Q_—b—2 RiRy + RyK2e M R K2e h2® (6.13)
— Y192 _h%h% 1412 2 1€ 115¢€ .

and R; must satisfy:
Ryt +h;i Ry = 0. (6.14)

Some particular elections for R; and K; that yield different dromionic configurations
are for instance:

a) Ry =14 ecily=hit), K? =1+ aesv=hit) (6.15)
b) Ry =1+ earl=ht) 4 cealy—hat),
6.16
K? =1+ ajerW=mt) p goec2y=ht) = Ry = Ky = 0. (6.16)
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