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Abstract

We obtain the collection of symmetric and symplectic matrix integrals and the collec-
tion of Pfaffian tau-functions, recently described by Peng and Adler and van Moerbeke,
as specific elements in the Spin-group orbit of the vacuum vector of a fermionic Fock
space. This fermionic Fock space is the same space as one constructs to obtain the
KP and 1-Toda lattice hierarchy.

In memory of F D Veldkamp

1 Introduction

Recently H Peng [11] showed that the symmetric matrix model and the statistics of the
spectrum of symmetric matrix ensembles is governed by a strange reduction of the 2-
Toda lattice hierarchy [12]. Adler and van Moerbeke [4, 5] (see also [2]) show that this
reduction leads to vectors of Pfaffian tau-functions. However these Pfaffian tau-functions
do not satisfy the Toda lattice hierarchy, but rather another system of PDE’s, which
can be identified as the BKP hierarchy in the form described by V Kac and the author
in [9]. To be more explicit, let S;,,(F) be the set of m X m symmetric matrices with
spectrum in £ C R (a union of intervals), dZ the Haar measure on symmetric matrices

and V(t,z) = V(z) + 3. t;2%, where V(Z) is a potential. Applying the spectral theorem
i=1

to the symmetric matrix Z = OTdiag (zo, ...,zm_l) O, with O € SO(m), we find upon
integrating over the special orthogonal group the following formula for the symmetric
matrix integral (see also [4]).

m—1

FE () = / VD) g7 — o / Au(2)] TT (¥ 1p(z)dz), (1.1)
Sm(E) Rem i=0
where A, (z) = IT (zj — #z;) is the Vandermonde determinant. Adler and van

0<i<<j<m—1
Moerbeke [4, 5] show (see also Section 2) that these integrals for m = 2n can be expressed
in certain Pfaffians:

o = (20)c2nPE ((1tr,0() o<k e<an—1) - (1.2)
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Here Pf(A) stands for the Pfaffian of a skew-symmetric matrix A = (A;;)o<; j<2n—1 defined
by

n—1
2nnl Z H 0(25),0(2j+1)"
7=0

UESQn

(if n = 0 we assume Pf(A) = 1) and p;(t) = (y',27); are the moments of the time-
dependent skew-symmetric inner product

(f. gh = // F@)g(2)e” COHVEIse( — dydz, (13)

The formula for 7Z will be obtained Section 2. If m is odd, it is also a Pfaffian, but the
expression is more complicated.

In this paper we will show, using the Clifford algebra techniques of [9], that replacing

~F E __
o by T =

m m'c )

o0
tq :ZT
m=0

of these Pfaffians is a specific element in the Spin group orbit of the vacuum vector in a
fermionic Fock space. The fermionic Fock space which is constructed is more or less the
same as the one one uses to obtain the KP hierarchy and 1-dim Toda lattice hierarchy.
However, these tau-functions do not satisfy the KP or Toda lattice hierarchy, but we will
show in section 4 that they satisfy the (charged) BKP hierarchy of [9] (see also Section 3):

the generating series,

Res <znfle§(t/’z)efn(tlvz)f]—n_l (t/)zfmflefé(t//’z) en(tuvz)'rm_,’_l (t”)

+(2) e A AT (#) (2D e A, (1)) (1.4)
1
= 5 (L= (=)™™) 2 () 7n(t"),

for all n,m € Z, where Res Y_ fiz' = f_1 and

Nyt _N 19
= Ztkz and n(t, z) = Z k@tkz . (1.5)

Note that for all n, m € 27Z these are exactly the equations for the Pfaffian tau-functions
obtained by Adler and van Moerbeke in [4]. The hierarchy of equations for all n,m € 27Z
is called the DKP hierarchy in [9].

In fact using the KP boson-fermion correspondence one shows that

7E(t,q) = exp (% / Xy 2)eV WV (Esg(z — y)dde)

(o ) o
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where X (¢, z) and X (t,y, z) are the vertex operators

X(t,2) = q27% exp(&(t, 2)) exp(—n(t, 2)),
X(t,y,z) = X(t,2) X (t,y) (1.6)

= g2(2 — y)(y2) "% exp(E(t, ) + £(t,)) exp(—n(t, 2) — n(t,y)).

The symplectic matrix integrals, which can be treated in a similar way, are described
in Section 8.

2 Symmetric matrix integrals

Let from now on m = 2n if m is even and m = 2n+ 1 if m is odd and recall formula (1.1):

%nbf(t) —cm/ 2)| H < (t:2) Ir( zz)dzl).

Denote by sg the sign-function and by S, the permutation group of m letters. Using the
identity

Z H sg(o(2j+1) —0o(2j)) =2"n!,

G’GSm
we find
m—1
7E(t) = m!cm/ A (2) H (eV(t,zZ')IE(zi)dzi>
—00<20<21<...<2Zm—1<00 i=0
mlc .
= ann; Z H sg ( Y2j+1)—0" (2]))
O'ESm
m—1
X / A (2) (ev(t’zi)IE(zi)dzi)
—00<20<21<...<2m—1<00 i=0

— S s [ An(2)

. OESm —00<2z0<21<...<2m—-1<00

el (2.1)
X Hsg o121 ~ Zo12) 1] (ev(t’z")fE(zi)dZi)
=0
|
=5/ An(:)
n 0eS,, ) 00<Z0(0) <20 (1) <o g (m—1) <00
m—1
X H Sg 22541 — Zgj) H <€V(t’zi)IE'(Zi)dZi)
j=0 =0

n—1 m—1
_ (m)len, Am(2) [T se(z2i01 = 229) T (ev(t’Zi)IE(Zi)dZ’) '

2nn!
R™ =0 i=0
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If m = 2n is even we continue as follows:

~FE (2”)'02n Sg H/ 0'(2.7 o(2j+1) V(t,ZQIj)+V(t,22‘j+1)

Ton = T | 2]+1
2 n: 0'65277,
x Ig(205)[E(22j41)88(2254+1 — Z2j)d22jdz2j+1> (2.2)
(2n)lcan e
= “onpl Z sg(o) H Mg(2j),a(2j+1)(t) = (zn)!@npf((MW(t))OSk,@anfl) .
T =0

This is formula (1.2) of the introduction, with the moments s;; defined by (1.3).
If m = 2n+1 is odd, we use the following lemma, which can be found in Adler, Horozov
and van Moerbeke [1], to continue the calculation.

Lemma 2.1. Let A = (a;j)o<ij<204+1 be a skew symmetric matriz, then

20
Pf(A4) = Z(_)kAk,%—‘rl (P)((Aij)ijtk201)-
k=0
Now,
“E (t) (2n + 1)'62n+1 H B )
Ton+1 T ompl — sg(22j+1 — 22j

0652n+1

X Hz ( V(tz IE(zz)dzz>

2n+ 1)le
- ( s Z Z Sg(a) /2 +1 ZgnGV(t’Z%)IE(ZZn)dZQn
R n

2nn)!
k=0 o€Sop+1,0(2n)=k
2n—1 (23)

X H sg(2z2j+1 — 225) H z < tZZ)IE(zZ)dz,)

2n + 1 !Cg 1

= 2n7)ll = Z(_)k Z Sg(/’)/2 1Z§nev(t’z2”)IE(22n)d22n
. =0 Eséfl) R2n+

2n—1

% H sg Zoji1 — 22] H p (i+er(2)) <6V(t,zi)IE(zi)dZi) ’

where p € 5’5?, the set of permutations of the numbers 1,2,... ,k — 1,k +1,...,2n, is
such that o(j) = p(j + €x(j)), with ex(j) =0 if j < k and = 1 if j > k. To give an idea
of what we are doing, we give an example. If n =2, k=1 and 0 = ( 2 zl)) (2) 3 le )

then p = < 2 g g ;l > and sg(o) = —sg(p). Hence,
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2n
() = BT SRy

2npl
k=0 R

s (ev(t,mn) IE(Z%) deon) Y sg(p)

pessy)

n—1
% H/ (zg(?j“‘ﬁk(Qj))Zg(ijl‘*‘l‘*‘ﬁk(2j+1))eV(t,zzj)+V(t,zzj+1)
J J
j=0 /R

x Ig(225)[E(22j+1)88(22541 — Z2j)d22jd2’2j+1>

2n (24)
= (Zn + 1)!62n+1 Z(—)k/ Zgn (ev(t’ZQ")IE(ZQn)dZQn>
k=0 R
X PE((ij (t))o<i,j<2n,ijzk)
2n
= (2n+ Dleansr D (=) () PE(1ij (1))o<i j<on i i)
k=0
= (2n + 1)!eang 1 PE(Man 1 (t)),
where
po(t)
(135 (t))o<i,j<2n :
Moy (t) = : (2.5)
H2an (t)
— o (t) ...... — lon, (t) 0

and p;(t) = (1, 2%); are the moments of the time-dependent symmetric inner product

(f.9) = /E F(2)g(2)e” ¢z, (2.6)

The symplectic matrix integrals, which can be treated in a similar way, are described in
Section 8.

3 The geometry of spinors and the BKP hierarchy

In this section we recall the results of [9].

Consider the vector space V=Vt & V'@V~ where V* = &b (CwijE and V9 = Cyg
€741
with symmetric bilinear form

(Yo, %0) =1, (o, 7) =0,  (7,957) =0, (7 ¢F) =6 (3.1)

Let C¢ V be the associated Clifford algebra, that is the quotient of the tensor algebra
over V by the ideal generated by relations

uv + vu = (u,v)1, where u,v € V. (3.2)

These relations induce a natural Z/27Z decompostion C¢ V = C¢ Vi @ Cf V;. Denote by
(C¢ V)* the multiplicative group of invertible elements of the algebra C¢ V, by Pin V
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the subgroup of (C¢ V)* generated by all the elements a such that aVa™! = V and let
Spin V' = Pin V. N C¢;V. A simple but for this paper important observation is that for

A=+,—,both 1+ > ¢hop € Spin V and
—N<i<M

exp Z Cz’jwi\%)" € Spin V. (3.3)
~N<i<j<M

We have a homomorphism 7" : Pin V- — O(V), g — T, defined by (v € V):
Ty(v) = gvg~t € V.

Denote by U = ) ((Czb;-r +Cy;) +C(1 + V/2¢) the subspace of C1 + V' and let

7>0
F:=F(V,U)=ClV/(CLV)U.

The space F(V,U) caries a structure of a C¢ V-module induced by left multiplication.
This module restricted to Pin V is called the spin module of the group Pin V. This
module remains irreducible when restricted to Spin V. Denote the image of 1 in F(V,U)
by |0), then

L 1
$5710) =0 if >0  and wo\0>:—ﬁ|o>.

By introducing the notion of charge as follows:
charge |0) = charge 19 = 0, charge T/J;t ==+1,

the space F' decomposes into charge sectors

F:@Fk.

keZ
Given f € F, let
Ann f={v eV |vf =0},

then the vacuum vector |0) € F' is characterized (up to a constant factor) among the
vectors of I’ by the property that

Ann |0) = U = Z(wa + Cyy).

7>0
Moreover, let g € Pin V, then
Ann g|0) = Ty(Ann |0)) = T,(Up).

All maximal isotropic subspaces of V characterize the Spin V-group orbit. Let O =
Spin V' -|0) be the Spin V-orbit of |0), one of the main observations of the paper [9] is the
following;:
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Proposition 3.1. If T € F and 7 # 0, then 7 € O if and only if T satisfies the equation

®¢+Z(¢+®_+_®+)_l® (3.4

YoT 0T STRYLTHY TRYILT) = 5T ®T. A4)
JE€Z+1

This equation is called the fermionic BKP hierarchy. We will now rewrite these equa-
tions to a hierarchy of differential equations. For this we use the classical boson-fermion
correspondence [10]. Consider the following generating series, called charged fermionic
fields:

vE) = Y g (3.5)

i€3+Z

Then we have:

D) (2) + P ()N Y) = Oa—wdly —2), A p==, (3.6)
where
Sy—2)=y > (%)n
nez

We split up field ¢(z) = 3~ ¢;z* in its positive and negative part:

¢(2) = ¢(2)+ + ¢(2) -,

where

61 = ¢z’ and ¢(z)- = ¢(2) — 6(2)+,

i>0

Define the bosonic fields (v € C)

a(x) = Y ol = gt () (2)

keZ
LI/(Z) _ ZLZZ_k_2 — % : a(z)a(z) T+ (% — V) az(a(z)), (37)
kEZ
YE(2) =) Y2 = 0.0% (2)y (o),
keZ

where the normally ordered product of two fields is defined, as usual, by

1 o(y)p(2) == d(y)+p(2) — p(2)d(y) -
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Then one has (using Wick’s formula) (A = +):
o, ¥7(2),] = AP (2),
[, Y2 (2),] = 2228V (2),
@] = (000 (A (v =g ) +5) (o 0F) 300,
[LY, YA (2)] = <zk+18z - <2>\ <,, - %) + 2> (k + 1)zk> Y (2), (3.8)

Lfoa(e)] = (#0904 (4 D) ) + (v - 3 ) (64 Dkst

[, a(2)] = k2",
Kk

(L4, L4 = (k= O Ly + 00—

Cy,

where ¢, = —12v% + 120 — 2 and 1)y commutes with all these bosonic operators.
Thus, the oy, L} form the oscillator algebra, respectively Virasoro algebra and
agl0) =0 for k>0,
20y =0 for k> -1, (3.9)
YF|0) =0 for k> 0.
The operator «g is diagonalizable in F', with eigenspaces the charge sectors Fy, i.e.
ao fr = kfi for fi € Fj. For that reason we call o the charge operator.

In order to express the fermionic fields wA(z) in terms of the oscillator algebra, we need
an additional operator Q on F' defined by

Qo) = v, 0), QUL =viQ Qo= Q.

Proposition 3.2. ([6, 7, 8])

P (z) = Q2T exp <3F > %2_’“> exp <3F > %2_k> ,

k<0 k>0
Yi(z) = QT2 exp <:F2 l;) %zk> exp <:F2 kz>0 %zk> .

We now identify F with the space B = Clq,q !, t1,%2,...] via the vector space homor-
phism

oc:F=>B
given by

o (a_ml e a_mst|()>) =mima... Mgl tmy - .. tmsqk.

The transported charge is as follows

charge <p(t)qk> =k,
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and the transported charge decomposition is
B = @ B, where B, = C[t1,t2...]¢™.
meZ

The transported operators v, a,, and () on B are as follows:

1 ¥l
-1 = ——=\— 7o W = -1 = t
o o q? —m o0 _m0 mim,
Yo \/5( )
[[mzaamg_lzazna Wo = oapo :qaaq7 (310)
oQo 1t =gq
Hence

o (z)o ! = qilziqa%eiﬁ(tvz)e?n(t,z)’
oY ()0t = qizzizqa%eizg(t,z)e;gn(t,z)’

where £(t, z) and (¢, z) are defined in (1.5). It is now straightforward to prove the following

Lemma 3.1. Fory > z one has
(ﬂ/,/\(y)dju(z)afl = (y— Z)Auquuy/\q%Zﬂqa%ekﬁ(t,y)Jru&(t,Z)efkn(t,y)ﬂm(tz)’
UYA(y)YM(Z)U_l _ (y - z)z\u4q)\2+u2y/\2¢1@%Z,UQQB%6)\2§(t,y)+u2§(t,z)e—/\2n(t,y)—u2n(t7z).

Using the commutation relations (3.6) one immediately obtains the following conse-
quence of this lemma:

Corollary 3.1. For zg,21,...,2m € R distinct we have

U ()t (2 -+ T (1) (20)0 )

1 99q = =
= ¢t Am—i-l(z)Hzi 1 0j=0 e =0 ,

m B g 26(7&7'2') - g 277(t7z‘)
2 J J
= @A (2) Hziqa er=" e 770 .
We will now use the boson-fermion correspondence to rewrite the BKP hierarchy. No-
tice first that (3.4) is equivalent to

Res (1/J+(Z)T RV ) T+Y (2)T® ¢+(Z)7') = % (T®T — o1 ®YoT), (3.11)

where Res Y fiz* = f_1. Now apply o to (3.11). Writing o(7) = . 7,,(t)¢", we obtain
neZ
for all n,m € Z equation (1.4) as the coefficient of ¢" ® ¢™.

The Spin group elements which we consider in the rest of the paper do not fit in the
algebraic framework of this section. However, we will need them to describe the symmetric
and symplectic matrix integrals as (generalized) tau-functions. Since all manipulations
with vertex operators, used there, are well defined and correct, it is clear what we mean
and we are doing.
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4 Pfaffian tau-functions

Let F(z) (resp. F(y,z)) be a (skew-symmetric) weight function on R (R?) and let

:/f(z)g(z)F(z)dz, respectively
R

(frg9) = //R2 fW)g(2)F(y, 2)dydz

be the corresponding symmetric (skew-symmetric) inner product. Consider the following
deformation of these inner products, which we assume to be the time-dependent t =
(t1,t2, )

f7 g)t = / f tZ)F( )d

with £(t,2) = Ztizi as before. Notice that the inner products appearing in Section 1

(4.1)

(4.2)

and 2 are special cases of (4.2). Let
Mz(t) - (in)t and  p; = /J,Z(O) - (in)?
pij(t) = (y' 2 )e = —pza(t) and g = pii(0) = (y', 27) = —puji

be the moments. Consider the following generalized Spin group element (see Section 3):

GF = exp(g“) - P =exp Z Miiiéﬁji%lﬁjlb;_ (1 + \/52,11«]{%7/)01/1;) .

—00<j<1<0 k<0

We calculate its action on the vacuum vector |0), let

= exp Z ,u_i_%,_-_%ﬂ)j%b;r (1 + ﬁZM—k—%wO@Z};) 10)

—00<j<1<0 k<0

1
= exp 5 Z ,U_i_%7_j_%w;_w;_ (1 + Zu—k—%wl—i—) |0>

1,5<0 k<0

n

:ZW S iyl (1+Zu_k_%w;:> 0) (43)

1,7<0 k<0

n

= —i—3,,—j—3 +.4
B Z_: 2”n‘ 2 //Rz 22T E R (y, 2)dyday

2,J<0

(elx

S wT Ry F(w) W> 10)

k<0
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n=»

02,3”! ([]_ v v wreaaae:) (1+ [ vwrwa) o

[e.9]

2_: znnv o U (z20-1)9 " (220-2) -+ -7 (20) ]1:[0 F (225, z2j41)dz25d 2251

x (1+ /R ¢+(an)F(22n)dzgn> 10)
S

m=0

Using the boson-fermion correspondence and corollary 3.1 we rewrite this as follows, let
™H(t,q) =0 (TF), then

n—1

Ngn(z) [ [ #2020 F (2, 2941 ) dzojdznjnn | 6

Z 2””' R2n

=1
An f(t,zzn)F " d .
+nz;)2n”! (/}RMH 2n+1(2)e (z2n)dz2

(4.4)

n—1
« H 65(757221')-l-f(lhzzjﬂ)F(Z2j7 sz+1)d22de2j+1> q2n+1
7=0

=) Th(t)g

m=0

1) (2n-1)
b= gy [, T g OH

0ESan
n—1
X H eg(t’?&j)+§(t’22j+l)F(Z2j, 22j+1)d22jd22j+1
=0 (4.5)
n—1

1
= S sg(o) H Ho(25),0(2j+1) (t)
" 0ESon j=0

= Pf((per,e(t))o<k,e<2n—1)

and

1 2
T2TL+1F 2nn' \/R2n+1 Z ( ) e ngE n)F(ZQn)

UGSQH+1

n—1

2n
X H F(225, 22j4+1) H eSt2) gz

7=0 =0
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A similar calculation as in (2.3) and (2.4) now shows that 74, | (t) = Pf(May41(t)), where
Mop4+1(t) is given by (2.5). Hence we have shown:

Theorem 4.1. Let p;(t), pij(t) be the moments of the symmetric, respectively skew-
symmetric innerproduct (-, -)¢) and (-, )¢, defined by (4.2). Let Moy, (t) = (pi;(t))o<ij<on—1
and
to(t)

(i3 (t))o<i,j<2n :
Mop41(t) = : ,
p2n(t)

then

o | exp Z ! _]__( )¢+1/1+ (1+[Zu e 1 ¢O¢k>0>

—00<j<1<0 k<0

— exp (1 / RzX(t,y, z)F(y,z)dydz> <1+ /R X(t,w)F(w)dw) 1

where X (t,y,z) and X (t,w) are given by (1.6).

Since 7" is an element in the spin group orbit of the vacuum vector, one has the

following consequence:

Corollary 4.1. The Pfaffian tau-functions 7k (t) = Pf(M,,(t)), m € Z, satisfy the BKP
hierarchy (1.4).

Since f* and exp(g*) commute, we find that

7'2n+1 \/_ZN k— 171’0% T2n

k<0

Hence,
T§L+1(t) :/aneg(t’w)e_"(t’w)TQI;(t)F(w)dw
R

and 74, (t) is completely determined by 74, (t)

5 Virasoro constraints

In this section we give a representation theoretical proof of the Virasoro constraints for
the symmetric matrix integrals obtained by Adler and van Moerbeke in [4]. Our proof is
along the lines of [3].
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As before, consider the matrix integral over symmetric matrices

eTr(V(Z)—&-ii tiZi> iz

Y

FE(t) = mlen,tE(t) = /
m(E)
integrated over the space S,,(E) of symmetric matrices with spectrum in £ C R, where
T
E = disjoint union U[czi_l, 2i] (5.1)
i=1
and we assume that the potential V satisfies
o0 .
Z bi 2t

/ _ M _ 0
V'(z) = O iaizi’ (5.2)
0

with €¥(?) decaying to 0 fast enough at the boundary of its support. Let
F(z) =" ®Ig(2),
F(y,2) = "WV Esg(z — y) I (y) Iu(2),

be the corresponding weight functions. Comparing (2.1), (4.3) and (4.4) we find that

0= ([ v wrmama:) m).

) = B2 ([ @t wr.an:) (5.4

ALY

< [ ot wrwiae) ).

Consider the Virasoro algebra (see (3.7)) Ly := L}, k € Z, with central charge —2.
From the commutation relations (3.8) we deduce

[Li, 7 (2)] = 0.(F Tt (2)). (5.5)

Hence,

(5.3)

// Lk+571/}+ )er( ) ( ,Z)dydz]
// Y L, Zk+€+1> (T (26 () dyd=

i // B,y" e 4 8, zk+é+1) W ()t (y)eV WV Esg(z — y)dydz
=
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+Zae J L (F 5 )+ @) e e O sy — 2y

. QZW //E2 k+£+15 —y) — (s — >> Wt ()t () O O dy s,

where we have used 0,sg(z —y) = 26(z —y). The last term on the right-hand side of (5.6)
is equal to 0, the first to

and the second to

_ sz //E2 k641 +2k+£+1) ot ()t (y)eV WY Osg(z — y)dydz
- Zb J[ oot v @] . 2)dyds
- ;bg [akMH’/ R? W(Z)W(ZJ)F(y,Z)dde] :

From which we conclude that

[ oo 2r
> (ae D T, —arlyge — bzak+e+1> ,/ TR W) F(y, Z)dde] =0
L¢=0 =1 R

An analogous calculation also shows that

> (aé > O, — agLige - bZOék:-i-é-i-l) / YH(w (w)dw] = 0.

L¢=0 i=1

Using the action of the Virasoro and oscillator algebra on the vacuum vector (3.9), one
has that for all £k > —1 and m > 0:

00 2r
Z (achf““@q - angJrg - bgak+g+1> (7‘75) = 0. (57)
£=0 i=1
Now recall from (3.10) that W), = —kt_j, = qa%, = a% fork <0, k=0, k>0,
respectively. Define
@2 1 kE+1
Wi 255 k+ZWk‘ZW+—Wk’

z>]

here [%] = Entier (%), and let as in Section 1

o Tt m

mlen,

TE (t7 q) =

Y

m=0
then using the boson-fermion correspondence we have the following result of Adler and
van Moerbeke [4]:
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Proposition 5.1. For all k > —1 and all m > 0,

0 2r
3] O A [ )
=0 =1

0o 2r
Z (ag Z Céﬁ_m_laci - GZW]g_)g - bEWk+Z+1> (TE(t7 Q)) =0.
£=0 i=1

6 Fay identity of the BKP hierarchy

In this section we will prove the generalized Fay identity. We will use this identity to prove
a recursion relation between certain pfaffian wave functions, which we will define in the
next section.

p
Proposition 6.1. (Fay identity) Let t —t' = Y [zp] — > [ye], where [2] = (%,5,%,...),
k=1 =1
then
1 n+m /
5 (1= (™) 70y (?)
q
p H Rk — Yi
=D TP (= [ T (2 4 [3]) —
k=1 [T 22—z
J=1,37#k
0 S ot o\’ ‘Hl 2 =Y
n—m— —1,r =
# Y et (D) = D + ()
r=0 [[ 2=z |l-=0
j=1
p
q ITye—2
—mtg— =1
+ >y T P (A [y T (8 — [ye)) 5
=1 IT ve—w
i=1,i#0
p
=0 I\’ 'le o
—ntp—g—1, =
r=0 I[Iz—w |!==0
i=1
Proof. Notice that equation (1.4) is equal to
1 n+m /
5 (1 - (_1) ) Tn(t)Tm(t )
1 - -
" 2mi (Znian—l(t — [T (t + [2]) =762 (6.1)
2mi J,—o

g b+ [ (F [0 ) gz,
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where the integration is taken along a contour around z = 0 and all z = y; and z = z,.

2 q
Since t —t' = " [zk] — D_ [ye], we find that
k=1 =

—

q
Hz_yi

1\ ppt o1 A

Sz )=tz — p—qi=l
P
Il 2 -z
j=1

Hence the right-hand side of (6.1) is equal to

q
1 HZ—yz'

R szner*an_l(t - [2])Tm+1(t/ + [Z]) o

2wt J,—o P

[Tz—2
j=1

p

[Tz—%

=1

+ 2 TP (A [2) Tt (F = [2]) —— | d
II 2z —wi
=1

Now using the fact that the integrand has poles only at z = 0 and all z = y; and z = 2z,
we obtain the desired result. [

As a particular case of Proposition 6.1 wetaken = N+1,m=N—-2,p=1, 2y = u !
q=0,t =t—[u"!] and observe that
or(t £ [2]) or(t £ [2])
RAANESEE SOV B R AN
0z z=0 8751
We thus obtain

9

Corollary 6.1.
TN_1(t)TN (t - [U_l]) = TN(t)TN—l (t - [u_l])

ot (gD )

+ u_2TN+1(t)7'N_2 (t — [u_l]) .

7 Wave functions and skew orthogonal polynomials

Introduce the following BKP wave functions:

Tn (T — 21
U, (t,2) = 2" Py (t, 2)ef ) = z”%@)]). (7.1)

These are different wave functions than the one described in [9] and [4]. Let h,(t) =

%, using Corollary 6.1, one easily deduces the following recursion relation:

a\pn—l (t7 Z)

U, (t, z) = hp—1(t) ot

+ Uy a(t, 2). (7.2)
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From now on let 7, (t) = 71 (t)

Py, (t,2) := Poy(t, 2)

Pf(M,(t)) as in Section 4. It was shown in [1] that

1
(g (t))o<ij<2n z
1 .
= Pt : ) and
7-Qn-&—l(t) Z2n
-1 — 2 e e —Z2n O
~ hon (1) 0
P t = — Py, (t
on+1(t, 2) S— (z + at1)72n+1 on(t, 2)
1 140,2n+1(1)
(15 (t))o<i,j<2n—1 z 12041 (t)
h2n(t) . :
= Pf _ s
Ton+1(t) 2270 fon 1 on41 ()
-1 _z2n71 0 _22n+1
_/~L072n+1(t) """ —H2n—1,2n+1 (t) Z2ntl 0

form a set skew orthonormal polynomials { P, (t, z) }n>0 with respect to the time-dependent

skew symmetric innerproduct (-, -);, defined in (4.2), i.e.

(Pom, Pon)i = (Pomy1, Pont1)e = 0,
<152m7 P2n+1>t = _<152n+17 p2m>t = 6nm

Now using (7.2), one sees that

8 log Ton+1 (t) ~

P2n+1(t, Z) - hQn(t) 8t1

Pon(t, z) = Pon+1(t) — Pan—1(2)-

Let Qan(t, z) = Poy(t, z) and Qopt1(t, 2) = Popy1(t) — Pop—1(t), we thus have the following

result:

Proposition 7.1. Let 7,(t) = 7' (t) = Pf(M,(t)), then the polynomials

7 Gl El))
Qan(t, z) ==z o @

(1ij (t))o<i,j<2n
Pf

Tont1(t)

-1 —z
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e OB e (- 1)

t,z) ==
Qonia(f:2) ranra() ronl)
1 No,on(t)
(135 (t))o<i,j<2n—1 z Ni2n(t)
1 : :
fry —Pf — )
Ton(t) Tong2(t) 221 Nop 1 9,(2)
_1 ...... _Z2n_1 0 _N2n(t7 Z)
—Noon(t) oo - —Nop—1,2n(t) | Non(t, 2) 0
where
oT t )
Njon(t) = Mj,%(ﬂ%l() + tj,2n+1(t) T2n41 (1), for 1<j<2n,
on OT2n+1(1)

Nop(t,z) =2 + 22" 1 (8)

oty

form a set skew orthonormal polynomials with respect to the time-dependent skew-sym-
metric innerproduct (-,-)¢. Moreover,

Q2n+1(t,2) = hap(t) (Z + %) Qan(t, 2)
1

n k
Qon(t,2) =Y ( h2n2€+1> (Z + E%) Q2n—2k+1(1, 2).
=1

8 Symplectic matrix integrals

In this section we will treat the symplectic matrix integrals, i.e., integrals of the form:

/ 62T&«<V(Z)+§1j tiZl> 17
Ton(E)

)

where dZ denotes the Haar measure

N
dz = [ dz ] dz9az0az)az'}),
1 k<t

on the space Ton (F) of self-dual N x N Hermitean matrices with quaternionic entries and
spectrum in £/ C R; these particular matrices can be realized as the space of 2N x 2N

matrices with entries Zé;) eC

ORI
_ _ _ ke ke . _ =l
Ton = {Z = (Zke)1<ko<N|Zke = ( —(1) =(0) ) with Zy, = ZM} ,
—Zyy Ly
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It is shown in [5] that

= [ ae]] [vonges)
En i=1

= n!Pf( (i (t))o<ij<an—1),

where the p;;(t) are the moments of the skew-symmetric innerproduct

toate= [ (2290 - 22 1)) 0 p (s.)

and F(z) = e*V () Ip(z). We will now show that the generating series
o0
TE(t,q) =D T ()*",  with #3,(t) = nlrg(t)
n=0

of these Pfaffians is again an element in the Spin group orbit of the vacuum vector.

Let F(z) be a weight function on R and introduce the following symmetric, respectively
skew-symmetric inner product:

(f,g):/Rf(z)g(z)F(z)dz, respectively

o = [ (202 - 22 4)) Flega:

with moments p; = (2%, 1) respectively u;; = (2%, 27). Notice that (-, -);, given by (8.1), is
a time-dependent ¢ = (¢, t2,- -+ ) deformation of (-,-). In a similar way is

(8.2)

(f.9) = /R F(2)g(2)eX I P(2)dz, (8.3)

a the time-dependent deformation of (-, ).
To describe this symplectic case, we consider the generalized Spin group element

H' = exp(h) =exp | > p_j 1, avfof
j<i<0

=exp | Y (i—fpijopful | =exp| > <—j - 1) fiijotb

— “ 2
7<i<0 4,7<0
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and calculate its action on the vacuum vector:

7 = exp Z N_j—%,—i—%ijj 0)

j<i<0
=1 1 o+ '
= Z m Z e 5 Mfifjfﬂbj 1/)1 |0>
n=0 4,7<0
= P 2F dz< Jj— —) ¢+ﬂ)+ 0)

_ 2% </R Y*(z)F(z)dz)n 10)
n—1

=3 2 Y)Y F (ena) - Y H(z0) 1 £(zj)dz;l0)

I
mn. 3
n=0 R j=0

o0
_ E F
= Ton-
n=0

Use again the boson-fermion correspondence and corollary 3.1. Let 77 (¢, q) = (), then

=Y [ Al H 205 F () sy Zfzn (55
20 fon

Let as in Section 5 E satisfy (5.1) and assume that F(z) = e2V(?)5(2) where V() satis-
fies (5.2). Let L(z) = L°(z2) (c.f. (3.7) ) be the Virasoro field. Although this field has
central charge —2, note that it is another Virasoro field than the one one considers in the
symmetric case. In a similar way as Section 5 one shows that

!Z (af Z k+é+18 - ang+g - bgak+[+1> / Y+ (U})dw] =0.

£=0 =1
Which leeds to the following result.

Theorem 8.1. Let p;;(t) be the moments of the skew-symmetric inner product (see (8.1))
(-,-)¢ with weight function F(z) = e2V*)Ig(2) and let

9 s .
(t,z) =q°z qexp(Z z)exp( Z zat)

=1 i=1
then
ile(t)ff":U exp | Y p__1_;, 1(0)fet | 10)
= > j<i<0 R

= exp (/R Y(t, z)F(z)dz) 1.
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All 7£ () satisfy the DKP hierarchy, i.e., the BKP hierarchy but only for the even tau-

functions. Moreover, let
2 1 9 . k+1
Wi =50 s Wi+ D Wi = —— W,
i>[§]
then for all k > —1 and allm > 0,

=0 i=1

9 Consequences of the Virasoro constraints

00 2r
Z (CL@ Z C§+Z+18¢;i — QZWIE?’_)E — bng+g+1> (7/;2En(t)q2n) =0.

In this section we will describe some consequences of the Virasoro constraints. First
consider the following. Let 7 = ¢|0), v € Ann 7 and let A be an operator, such that

[A,V] C V and AT = 0, then
0= Aur = [A, u|T + uAT = [A,u]T
and thus [A,u] € Ann 7. The operators (k > —1)

[e'e) 2r
k441
Ay = Z ay Z e, — agLiye — bpogpo

i=1

satisfy this condition for 7 = 7" in both symmetric and symplectic cases and for 79 :=

o0
S 7h ¢®™ = exp(g")|0) in the symmetric case.
m=0

First, we consider the symmetric case. We calculate Ann 77 = Tgu(Ann |0)) =

Tau(Up). Since for all k£ > 0 and all £

Tru(vy ) = ¥ + ﬁuk_%ll)o — My} ZM_Z-_%%JU

1<0

T () = Ui s 9" 0] = 0% o] = 0 and [g#, 05 = 50 py s 19, we find that
1<

Am 7F =) "Cyf +C,
k>0

with

Wy =9, + ﬁuk_%lﬁo + Z (Mk_%7i_; - uk_%ui_%) YT

. 2
1>0
In simmilar way one obtains

Ann 79 = Z (Cl/),j +Co,_,
k>0
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with
wk + Zuk = z——w—z
>0
In the symmetric case we have:
kE k+1

[O[k,d) ] in_kn [Lkawzi] = —1— 5 + 5

Since,

- . 1 .
[Aka ¢] ] = Z (] +k+L0+ 5) a’fwj+k+@ + bfwj"rk‘-i-ﬁ-i-l?
£=0

one has that

, . 1 _
[Ap, U5 = ) <J +h+ L0+ 5) agVs T 00V ke
=0 (9.1)
+ part which contains only wi"”s with 7 > 0.

Now comparing the coefficient on both sides of 1y, we deduce the following equation for
all k > —1:

o] 2r 0
o
Y, .
5 ag E ckt Ha_c;, = E (J+k+ L+ 1)agprrre + beftjrrtetr
— p=1 /=0

The same equation (9.1) holds with \I!J_ replaced by <I>j_. Now consider the coefficient of
¢J_ri for ¢ > 0 on both sides. This leads to:

B
Z ZCWH Hii _ Zag i+ k+ L+ Dpjinnre+ (G +k+ L+ Ditjiries)
p=

+ bz (B i1 F Mjheto41,4) -
In the symplectic case we find:

Ann 78 =) "Cyf + COp,

k>0
with
O =y + Y (i = k)pkyiot,
>0
In this case
ok k41
ok, 7] = 435, [Lk’%i]:_l_§$ .

which leads to the following result for the symplectic case:

o0

00 2r
O .
Z Qy Z C’;JreJrla—C; = Z(] +k+4+ 1)aguj+k+g + 2b£ﬂj+k+€+1

and

o0

8u i - , .
Z ag Z C’;MH - Z ag (Wj,i+k+e + ]Nj+k+£,i) + by (Mj,i+k+£+1 + M ktet1,) -
£=0
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