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Abstract

An N = (2|2) superfield formulation of the N = (1|1) supersymmetric Toda lattice
hierarchy is proposed, and its five real forms are presented.

1 Introduction

Recently the N = (1]1) supersymmetric generalization [1] of the Darboux transforma-
tion [2] was proposed, and an infinite class of bosonic and fermionic solutions of its sym-
metry equation was constructed in [1, 3]. These solutions generate bosonic and fermionic
flows of the N = (1]1) supersymmetric Toda lattice hierarchy in the same way as their
bosonic counterparts — the solutions of the symmetry equation of the Darboux trans-
formation [4] — produce the flows of the bosonic Toda lattice hierarchy. Actually, the
N = (1]1) Toda lattice hierarchy is N = (2|2) supersymmetric (see Section 3), and hence-
forth we shall call it the N = (2|2) Toda lattice hierarchy. Naturally, the quest for its
N = (2]2) superfield formulation arises.

The present letter addresses this problem. In Section 2 we present a short summary
of the main facts concerning the N = (2|2) Toda lattice hierarchy and its bosonic and
fermionic flows which are used in what follows. In Section 3 we formulate a conjecture
concerning the N = (2|2) superfield formulation of the N = (2]2) Toda lattice hierarchy.
Our conjecture is partly proven in Section 4 and gains further support in Section 5 by a
set of arguments, including explicit calculations of the first three flows. In Section 6 we
also present five complex conjugations in N = (2|2) superspace which are admitted by the
flows.
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2 N = (2|2) Toda lattice hierarchy in N = (1|1) superspace

In this section we briefly review the approach of refs. [1, 3] (for more detail, see [1, 3] and
references therein) for constructing an infinite class of bosonic and fermionic flows of the
N = (2|2) Toda lattice hierarchy in N = (1]1) superspace.

The starting point is the N = (1|1) supersymmetric generalization of the Darboux
transformation [1],

1
WAL Ui S 0j(D-Dy Inwvj —ujvj), (1)

where u; = u;(z",07;27,07) and v; = vj(z,07;27,07) are bosonic N = (1]1) super-
fields defined on the lattice, j € Z, and Dy are the N = 1 supersymmetric fermionic
covariant derivatives

0 0 0
Di:aaﬁ‘Feiax—ia Di:ax—izgi’ {D+,D_}=0. (2)
The composite superfield
bj = UjV; (3)

satisfies the N = (1|1) supersymmetric Toda lattice equation
D_D+ In b] = bj+1 - b]'_l. (4)

For this reason, the hierarchy of equations invariant under the Darboux transformation (1)
is called the N = (1]1) supersymmetric Toda lattice hierarchy.

One of the possible ways of constructing invariant equations is to solve the correspond-
ing symmetry equation. In the case under consideration it reads

1 Vj 1
Ujt1=——=Vj, Vit1 = j—HV] +vj (DDJr <—Vj> —v;U; — uJV]> , (5)
’Uj ’Uj ’Uj

where V; and U; are bosonic functionals of the superfields v; and w;. Any particular
solution Vjp , UJP generates an evolution system of equations involving only the superfields
v; and u; defined at the same lattice point j, with respect to a bosonic evolution time ¢,

0 0

a—tpvj = V}p, 8_tpuj = Ujp (6)
By construction!, this system is invariant under the discrete transformation (1) and, there-
fore, belongs to the hierarchy as defined above. In other words, different solutions of the
evolution system (6) (which, actually, are given by pairs of superfields {v;,u;} with dif-
ferent values for j) are related by the discrete Darboux transformation (1). Altogether,
invariant evolution systems form a differential hierarchy, i.e. a hierarchy of equations in-
volving only superfields at a single lattice point?. In contrast, the discrete lattice shift (the
Darboux transformation), when added to the differential hierarchy, generates the discrete

'Let us recall that eq. (5) is just a result of differentiating eq. (1) with respect to the evolution time .
%In the case of the one- (two-) dimensional bosonic Toda lattice the differential hierarchy coincides with
the nonlinear Schrédinger (Davey—Stewartson) hierarchy [5, 6, 4].
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N = (1]1) supersymmetric Toda lattice hierarchy. Thus, the discrete hierarchy appears as
a collection of an infinite number of isomorphic differential hierarchies [5].

The symmetry equation (5) represents a complicated nonlinear functional equation,
and its general solution is not known. For a more complete understanding of the hierarchy
structure and its solutions it seems advantageous to know as many solutions of eq. (5) as
possible. Refs. [1, 3] addressed this problem and derived a wide class of bosonic as well as
fermionic solutions.

First, the functionals V; and U; are consistently represented in terms of a single bosonic
functional g j[uj, vj],

Vi =—vjan,  Uj=ujag,-1, (7)
in terms of which the symmetry equation (5) becomes
D_Diopj = bjt1 (ao,j+1 — 0,5) + bj(an; — apj—1), (8)

where the superfield b; is defined by eq. (3) and constrained by eq. (4).
Second, the following recursive chain of substitutions is introduced:

+ -1 + +
oy = D7 (bipragy, + (CD)0k. ), =012, 9)
where a%t% j (aécp +1,;) are new bosonic (fermionic) functionals of length dimension
+ + p
[, ;] = lag ;] + BY (10)
and the superscripts + and — mark two different series of solutions to the symmetry

equation (8). Equations (9) can be used to express ai ; in terms of oz;fj for any chosen p.

The following equation for O‘;t,j’

i(—l)pDia;t’j + Oz;t’jD;l (bj+p+1 +bj4p —bjr1 — bj)

(11)

_ + + +
= D; (bj+p+10‘p,j+1 + (=1)P(bjtp — bj+1)0‘p,j —b; O‘p,jfl) ’

can easily be proved by induction.

We now describe the solutions of the equations arising in this iterative process. It turns
out that, at any given p, the equation (11) possesses a very simple solution for a; i namely

ay = (-1 = o, ] =0, (12)

where €, is a dimensionless fermionic (bosonic) constant for odd (even) values of p. There-
fore, the recursive procedure may be entered at any chosen p with the simple initial
value (12), which then generates a very non-trivial solution ozg{’ ;i for the functional a({ ;
via (9). The latter, in turn, yields the flows via egs. (6) and (7).

Let us demonstrate in more detail how bosonic and fermionic flows originate from this
background.

For the bosonic functionals o

2p,
step. The corresponding a(()QJP )i, being expressed in terms of aQip ; (12) via relations (9),

has the following symbolic form [7],

j the recursive procedure may be started at any even

2p —(k@k—i- % 8n> 2p
o =+ T] | 1 - (~D)ke nok <H szlbﬂm) ) (13)
m=1

k=1
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and generates the p-th bosonic flow of the hierarchy,

0 2p)+ 0 2p)+ + 2p)+
Pt —Uja(()f) o gEY T Uja(()le = ty] = —[04((),;)) J=p, (14)
where we have used eqs. (6), (7), (10), and (12), and the superscripts + and — correspond
to the two different series (9) of solutions to the symmetry equation (8). The operator
e~ (1 € Z) is the discrete lattice shift which acts in eq. (13) according the rule

2p k—1 2p
e 10k (H D;lbgurm) = (H D:_Flbj+m> DZ'bj ( I1 Dz_Flbj+m) ,  (15)
m=1 m=1 m—k+1

i.e. O is meant to act only on bj;, in the product. By definition, the lattice shift operator
e "% commutes with the fermionic covariant derivatives Dy,

[e7'% Dy] = 0. (16)

Although the solution oz((ff )+ depends on all superfields v and w4 with 0 < k < 2p, by
using eq. (1) it can be expressed completely in terms of the superfields u; and v; defined
at the single lattice point j. In this way the differential hierarchy of bosonic flows (14) is
generated (see the discussion after eq. (6)). For illustration, we present the first two [1]:

0

%’U =, ﬁu =u, (17)

%v = +07v — 2(D4v) D104 (wv) + 20D~! [0+ (vDiu) + 2uvD:13+(uv)] ,
2
0

el —0%u —2(D4u) D104 (uv) + 2uD? [0+ (uDyv) — 2uvD:18+(uv)] ,
2

(18)

where u = uj(z",07;27,07) and v = v;(zF,0F;27,607).

For the fermionic functionals aétp_Lj the recursive procedure may be started at any
odd step. It remains to show how fermionic flows are being activated. This goal in mind,
let us represent the bosonic time derivative entering eq. (6) in the following form:

0
a—tp = €egp—1Dp, (19)
defining a fermionic time derivative D,. Then, eq. (6) becomes
2p—1)+ 2p—1)+
@wwﬁf*%%f)»emﬂﬁwzwﬁﬁﬁ (20)
2p—1)+
= [D5] =lagy 1= —pt,

where ozgff % hould be expressed in terms of ozétpr ; (12) via relations (9), and egs. (7),

(10) and (12) have been exploited to arrive at egs. (20). The superscripts on D;t in
egs. (20) again correspond to the two different series (9) of solutions to the symmetry
equation (8). The fermionic constant ez, enters linearly both sides of egs. (20), hence
the fermionic flows Dpi actually do not depend on €z, 1. In this context we remark that
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€9p—1 is an artificial parameter which need not be introduced at all. However, without
€gp—1 it is necessary to consider the quantities ¢, Vjp, Uf, o@tpd (ozzip_lﬂ.) entering egs. (6),
(9) as fermionic (bosonic) ones from the beginning. Of course, at the end of the analysis
one arrives at the same result (20). For illustration, we present the first two fermionic

flows from the set (20) [3]:

(=) Dfv=—D v+ 20D~ (uv), (=) Dfu=—Dyu—2uD" (uwv), (21)

(=) Dfv=—D1d,v + 2(01v) D=  (uv)

+ (Dyv)D= Dy (ww) + vD ™ Hud, v + (Dyv)Dyul,
(=) Dfu = +D,0u+ 2(d1u) D= (uv)

+ (Diu)D=* D (wv) + uD = wdyu + (Dyu)Div)].

Let us note that the two differential hierarchies arising for the two different values
of (=1)7 (+1 or —1) are actually isomorphic. Indeed, one can easily see that they are
related by the standard automorphism which changes the sign of all Grassmann numbers.
Thus, in distinction the bosonic Toda lattice, where the Darboux transformation does not
change the direction of evolution times in the differential hierarchy (6), its supersymmetric
counterpart (1) reverses the sign of fermionic times in the differential hierarchy. This
supersymmetric peculiarity has no effect on the property that the supersymmetric discrete
hierarchy is a collection of isomorphic differential hierarchies like in the bosonic case®.

The flows D, and ati, can easily be derived by applying the invariance transformations
k

dr — 0y, Dy — +D: (23)

of the N = (1|1) supersymmetry algebra (2) and eqgs. (1), (4) and (8) to the flows D;"
(21)—(22) and a% (17)—(18), respectively, but we do not write them down here.
k
Using the explicit expressions for the constructed bosonic and fermionic flows, one can
calculate their algebra

{Di, D} = —2&%,
0 k+0”l’_1 o 0 0 3} (24)
(0807} =[5z 3] = oo = Lo 2 = [ 7] =2
k l k l k k
which may be realized in the superspace {t,’:, 9;{; t, .0, } via
0 R d

where 6: and 6,  are abelian fermionic evolution times.

3For the one-dimensional bosonic Toda lattice hierarchy the isomorphism which relates the differential
hierarchies is trivial because they are identical copies of the single nonlinear Schrodinger hierarchy [5].
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3 N = (2|2) Toda lattice hierarchy in N = (2|2) superspace

In N = (1|1) superspace, the additional supersymmetry of the N = (2]|2) Toda lattice
hierarchy is not manifest. Yet, besides the two fermionic flows DT in (21) and (23), there
exist two more fermionic flows Qli. These are generated by the two obvious solutions of the
symmetry equation (5) which originate from the standard supersymmetric transformations
of the superfields,

Qitv = in7 Qitu = Qiua (26)
where Q4 are N = (1|1) supersymmetric generators,
0 0
Qi + Q?I: = _8i7 {Q+7 Q*} = 07

T 00 7 Ot (27)
{Q—HD:E}:O’ {Q—vD:E}ZO'

Altogether, the flows {%, Qf, Df} form the superalgebra of complex N = (2|2) super-
1

symmetry. It will turn out that one of the real forms of the hierarchy realizes the real
N = (2]2) supersymmetry algebra on its flows (see the discussion after eq. (56)).

The existence of the hidden N = (2|2) supersymmetry naturally raises the problem of
finding a very particular basis (if any), where it is realized locally and linearly. Its solution
would correspond to constructing an N = (2|2) superfield formulation of the hierarchy.
With this aim in mind, it is instructive to rewrite the equations (1) and (14) to the new
superfield basis {J;, J;},

Jj = —ujvj = —bj, Jj = wujvj + D_Dy Inuy, (28)
which possesses the above-mentioned properties:

QfJ;=Q+J;,  (-1)DyJ; =+DiJ;, (29)
Qi J;=Q+J;, (1D J;=-DiJj,

where egs. (21), (23) and (28) have been used. The new superfields J; = J;(z+,67;27,67)
and J; = J;(z*,07;27,07) are unconstrained bosonic N = (1|1) lattice superfields. They
are related by

Jj+1 = Jj, jj+1 = Jj - DfDJr lnjj (30)
and satisfy
0 = = [ ept (2t 9 @p)+ _ (2p)*
%Jj =Jj (%,}?—1 - O‘o,f ) ) %Jj =Jj (0‘05—2 - 0‘05—1) ’ (31)
(2p)i

with ap;  now being understood as functionals of J; and 7j.

At this point we formulate our conjecture. We claim that the sought-for N = (2|2)
superspace formulation is achieved simply by elevating the N = (1|1) lattice superfields
Jj and J; to chiral resp. antichiral bosonic N = (2|2) lattice superfields J;(z™, 0%, n*;
z=,07,n7) and J;(x, 0", nT;27,07,n7). More concretely, the resulting equations

Jagr1) = Joj = D-DymTaj,  Tagri) = T2 =D D' Iy (32)
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and
0 = _ 7 (ot _ ok 0 () (2p)
&—ijj =J; (%,j—l — QG ; ) , E)t—ijj =Jj <%,j—2 - 0‘0,3‘—1) (33)
P P
are conjectured to be consistent with the chirality constraints

— — ==
D J2j =D1+J2+1=0 and  DiJsj =D Jaj41 =0. (34)

We would like to emphasize that the last statement is no trivial matter because such a
procedure in general leads to inconsistent equations except for very special cases one of
which is under consideration. In the above, Dy and D~ are N = (2|2) supersymmetric
fermionic covariant derivatives,

1 a (63 (0%
D. —§<—89a+z—8a—|—(0 +1in )0a>,
5. L1(9 0 o _;a _ (35)
_2<80a g T mm“)’ =

Dy =Dy +D, {Da,ﬁ’} =005,  {Da,Ds} = {5"‘,#} —0,

and nT are two additional Grassmanian coordinates. Since the right hand sides of eqs. (33)

are solutions of the symmetry equation corresponding to eqgs. (32), we must require that

the functionals a(ji i~ a(jfjfl entering eqs. (33) possess the following chirality properties:

T 2p)+ 2p)+ 2p)+ 2p)+
D (ol —aft ) =0, Dy (ol - alB)) =0, (36)
—~=*t 2p)+ 2p)+ 2p)t 2p)+
D (ol —af5) =0, Di(affii - afE)) 0. (37)

These four equations are necessary and sufficient conditions for the consistency of (32)
and (33) with the constraints (34). Hence, we should set out to prove them.

4 Proof of half the conjecture

In the following, we present a proof that the constraints (36) are in fact satisfied. What
concerns the remaining constraints (37), we shall give evidence in their favour in the next
section, by confirming them (and (36)) explicitly for the first three flows from the set (33).

First, the equations (32) are obviously consistent with the chirality constraints (34) and
represent a manifestly N = (2]|2) supersymmetric form of the N = (2]2) supersymmetric
Toda lattice equations (see, e.g. refs. [8, 9] and references therein). From the chirality con-
straints (34) one can derive the following intertwining relations of the fermionic covariant
derivatives Dy and D™ with the lattice shift operator e?:

DT =Dz e?, @ Dr=Dé, (38)

which are obviously consistent with the commutation relations (16) by way of Dy =
Dy +D (35). From these relations one can easily see that fermionic covariant derivatives
commute with the shifts by even number of lattice points only. Therefore, the chirality
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constraints (34) are invariant with respect to shifts by only an even number of lattice
points, which is the reason why only superfields {75, 723-} at even lattice points enter the
equations (32). In spite of this peculiarity the numbers of independent dynamical degrees
of freedom entering the N = (1|1) equations (30) and the N = (2|2) equations (32) are
the same, and they are in one-to-one correspondence.

Second, using egs. (13) and (28), after obvious manipulations the functionals aé?f E
a((fﬁjlt can identically be represented in the following form:
%
@+ _ _(2p)E _ R R
Qg — gy = | 1me ] ag
2p -1 2p
—92 Z On 98 b — 2k82k+ Z On
— 4 l1_e = (1 _ e 2 2p> 1—e n=2k+1 (39)

k=1

2
—<(2k+1)8gk+1+ > 8n> 2p _
x|1+e n=2(k+1) H D;Fljjurm .

m=1

Then, we find explicitly a product of the expressions inside the first two brackets in the
second line of eq. (39) and use the identity

2p
—| (k=1)0k_1+ 3 8n> 2p -
Pr_1.xe ( n=k <H D:':ljjer)

m=1
2p
—(kOe+ > O 2p —
—e nek I ' Tsim |
m=1

where Pj,_1 1 is a permutation operator which acts according the rule

10 105 105 10
Pr_1 ket =% Pr_q1k, Pr_1pe ™t = %Py,

k—2 2p
Pr—1,k (H D;17j+m) D' T\D Ty < H D;17j+m>
m=1

m=k+1 (41)

k—2 2p
= (H D;17j+m> DT DE T ( I1 D$17j+m) :
m=1 m=k-+1

Equation (39) now reads

-2 > On
(2p)* a(Qp):]‘f =+ |1= ne1 (1 _ €—2p62p>

p—1 -2 <k'32k+(k+1)52k+1+ > 3n> 2p =
1—e n=2(k+1) + PQk,2k+1 H D:F \7]+m s

k=1 m=1
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with

2p
—| 2kO2k+ Y. On
n=2k+1 X

(43)

A simple inspection of this formula shows that for the validity of the chirality con-
straints (36) it suffices that the functionals

2p
2p)+ —17
FE = (H D;Jj+m) :

m=1

Py opy1 := (Pog o1 — L)e

2p
li2p)+ 17 2p)+
7:]( PE = Py (H D:Fljj—i-m) = P21,2l+17:; PE1<i<p-1,

m=1
2p
kl;2p)+ -177 li2p)£
]—"]( E Poj ok+1Pa1,2141 (H quljj-i-m) = P2k,2k+1f]( ) ) (44)
m=1

2p
f;m ki2p)+ (H Pyy, 2k+1> <H quljj+m) = sz,2m+1f]("'kl;2p)i,

m=1
1<m<---<k<l<p-1
appearing in (42) satisfy the same chirality constraints?, i.e.
=F o(m.2p)+ (m..1;2p)+
D .7-"2m P= =0, D:F}"Q;-Y_ll P= = 0. (45)

Indeed, O‘((L j)i (() ]) 1 (42) is a linear functional of F; m--l@P)F The latter can be shifted

with lattice shift operators, but only by an even number of lattice points, which does not
change the chirality properties of the functionals .7-"m 1@pE,

In trying to verify that the functlonals .7-'m l(2p )+ (44)

tions (45), we substitute Dy = Dy + D (35) into eqs. (44) and use the relations (34)
and (35) in order to simplify the resulting expressions. Let us discuss the outcome:

The functionals .7-"2(2-19 )F and fQ(JQTf become

do in fact satisfy the condi-

f(Qp (H DT 0z YT 2j42m— 1Dx07 j2j+2m> =5$5;172j+1.7:2(?$1_1))¢91

m=1

X0 J2]+2ﬂ? o Jgg+2l+17:2(]5?2[111))%713;172%2@ (46)
46

fz(fil —<H D07 j2j+2mD o j2]+2m+1> D07 j2]+2 2(]2$21))¢D:F

m=1

177 -17 Qlp—l-1))F75F 4-17
XO0% T 2j121:41 D507 T ojra142F 35 fo140 - P07 T 2j42p41

4Let us remark that this is not a necessary condition because the superfields {J2j772j} at different
lattice points are not linearly independent due to the N = (2]|2) Toda lattice equations (32) which relate
them.
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and satisfy manifestly the conditions (45), due to (D)2 =0 = (D+)2.
It turns out that the product of the operators Poopy1... Pyair1 (1 <k < ... <

[ < p—1) does not change the chirality properties of ]:2(2p )jF or .7:2(j +)1 when applied to

these functionals. Hence, all the functionals ]:m 1ep)F

properties (45) as fz(j PF resp. fé?ﬁ)f . In order to illustrate this fact, let us present the

functionals 7y, (120)F and féﬁ?i (44),

(44) possess the same chirality

f(l @)F 17321,2l+17‘—2(]2-p)jE =D 0 0% Taj41 §3$1 UFD:F({EI (72j+21Dq:8:|_:172j

j2JD¢8 j2]+2l) éjf?lk 1))¥5;8;172j+2p_1’
(47)
fz(?fﬁﬁ = PQz,zlﬂfz(gz‘ﬁ)lﬂt = D$3¥152j+2f2(§$;1))$p$8;1 (‘72j+2l+lp$8;1‘723'+1

— — 11— - 1=
_\72j+1/D:Fa11«72j+2H—1>~7:2(]2'S?21+11)):FD¥6$1\72]'+2P'

Again, they obviously satisfy the conditions (45).
One important remark is in order. When calculating eqs. (47) we have essentially used
the following important identities,

D (72j+21D:F8:,_:172j — 72jD:|:a:,_:172j+2l) D" =0,
e Nt a—-17 - nNTa-17 (48)
D+ <j2j+2l+1D 07 J2j+1 — T2j+1 D" 0% j2j+2l+1) Dy =0,

which can easily be checked using the chirality constraints (34) and the algebra of the
fermionic covariant derivatives D+ and DT (35). Actually, structures like 53F72j+2ﬂ)¢
x@;ljgj and D3F72j+2l+15$8;172j+1 appear in eqs. (47) and seem to destroy the chiral-
ity properties we are asking for. However, due to the presence of the important projector
(Pak2k+1 — 1) in the operator Py ox+1 (43), these structures enter egs. (47) only in the
particular combination occuring on the left hand sides of eqs. (48) and thus disappear. So,

one might say that 7, (2D)F and .7:2(l 2P)F we their chirality properties (45) to the projector
(Pak,2k+1 — 1) in eq. ( 3) and the 1dent1ties (48).

One can straightforwardly verify that the eqs. (47) coincide with the equations that
can be derived directly from the equations (46) by applying to them the operator Py 941
and by using the intertwining relations (38). Therefore, eqs. (46) and (47) are consistent
with the intertwining relations (38). Comparison of egs. (47) and eqs. (46) shows that the
operator Py o141 preserves the chirality of the first 2 terms in the products of egs. (46)
but flips the chirality of the remaining p—2I factors. Moreover, one can easily see from its
definition (43) that Py 941 always preserves the chirality of the first term in a product.

(l 2p)F j_—(l;Zpﬁ

Therefore, the chirality properties of the functionals {F; 571 } are identical to

those of {.7:2 P)F fQ?TfF }. Furthermore, it is obvious by 1nduct10n that the same arguments

can be apphed to each functional from the set (44) since they are recursively related by the
operator Py 9;41. Thus, we are led to the conclusion that the functionals ]:m 12p)F (44)

in fact satisfy the chirality constraints (45), which in turn implies that a(2p )+ a(()sz )jlt

satisfy the constraints (36). This concludes our proof (of half the conJecture)
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5 Further compelling evidence

Unfortunately, we are unable to prove the remaining constraints (37) for a(()?jp E a((fjpzjlt
and establish our conjecture beyond any doubt. Short of that, we have explicitly verified
the conjecture for the first three flows —2- resulting from the equations (33). After rather

ot
tedious calculations, the flows can be ref)resented in the following form:
0 0 — —
—J =0+J, —J =0+J, 49
0

57 = 2.7 —D,D_ [20,(70-'7) — (DD 0-17)?]
(50)

o _
o7 = TRT -D'D [20,(F-') - (P4 D0 T,
2

%J — BT +D,D_ {35+ [(a+j>a:17 +(JO T DD 07T
—%(5+5_831j)2] DD o )P —3(DD 0 )2 DD 0"\ T
1370710, 7) D D 0 T +3J50"'0.(T DD 0-17)

+3(D"7)(D 0710, 7)0="T — 3(D"7)D0='0.(T0=T) },

(51)
8%7 =T +D D {30, |-(0,7)07' T + (Jo- 7DD 07T
3
%(Dm_a:l?)?} — (DyD_07 ') = 3(DD_0"'T)?D' D o-'J

+37(0210,T) DyD_0-'T + 370210, (ID4+D_0-'7)
+3(D4 T)(D-0-10,7)0-'F - 3(D+ T)D-0-'0,(T0-'7)},

where J = Jo(zt,0T, 027,07, n7) and J = Jo;(z*,07, 027,607, m7). The right
hand sides are obviously consistent with the chirality constraints (34).

Considering the proved first half (i.e. egs. (36)) of the conjectured chirality constraints
(36)—(37) and the proof of the conjecture for the one-dimensional reduction to the N =4
supersymmetric Toda chain hierarchy [10(]9, it is reasonable to believe that our conjecture

is valid for the whole hierarchy of flows 3
!

6 Five real forms

Direct verification shows that the flows (49)—(51) admit the following five inequivalent®
complex conjugations:

(7, 0) =—(T.7), (@565 05" = (=a%,05,—n%), ()" = (-1, (52)

5We mean that it is not possible to relate them via obvious symmetries, perhaps, some elusive equiva-
lence exists, nevertheless, cf. [11].
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(\-777). = ( j - DfDJr 11’17, 7)a

(53)
(:Ei,ei,ni)° — (—xi,ﬁi,—ni), (tli)o — _tli’

(TN =—(7,7), @050 = (=2 in™,i0%), () = (1), (55)
(\7>7)i = (j77)7 (xia0i>ni)i = (_33:':79:,:7 _77:':)7 (tl:t)i = (_1)ltl:F‘ (56)

These involutions extract five inequivalent real forms of the hierarchy. In particular,
the flows of the real form corresponding to the conjugation (54) reproduce the algebra
of real N = (2]|2) supersymmetry. We use the standard convention regarding complex
conjugation of products involving odd operators and functions (see, e.g., the books [12]).
In particular, if D is some even differential operator acting on a superfield F', we define
the complex conjugate of D by (DF)* = D*F™.

A combination of the two complex conjugations (54) and (53), when applied twice,
generates a manifestly N = (2|2) supersymmetric form of the N = (2|2) Toda lattice
equations, (32):

k0% ®

T =T -D.D.InT, T *=FT-D D g (57)

In other words, if the set {7, 7} is a solution of the N = (2|2) Toda lattice hierarchy,

then the set {J *'*',7*.*.}, related to the former by egs. (57), is also a solution of the
hierarchy.

Finally, a combination of the two complex conjugations (52) and (53) generates a se-

cond-order discrete symmetry of the flows a%,
214+1

(I, I =—(J+D-DyInJ,J), (T, 9) = (T, T). (58)

7 Conclusion

In this letter we have proposed an N = (2|2) superfield formulation of the N = (2|2)
supersymmetric Toda lattice hierarchy and have constructed five different real forms in
N = (2]2) superspace.
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