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Abstract

It is shown that one system of coupled KdV equations, found in J. Nonlin. Math. Phys.,
1999, V.6, N 3, 255–262 to possess the Painlevé property, is integrable but not new.

In our recent paper [1], we found that the system of coupled KdV equations

ut = uxxx + 9vxxx − 12uux − 18vux − 18uvx + 108vvx,

vt = uxxx − 11vxxx − 12uux + 12vux + 42uvx + 18vvx
(1)

passes the Painlevé test for integrability well, but we were unable to find a parametric
zero-curvature representation for this system there. In this addendum, we show that the
system (1) is integrable but not new : it is related by a simple transformation of variables
to an integrable system introduced a long time ago by Drinfeld and Sokolov [2].
In their paper, in Example 13, Drinfeld and Sokolov gave the Lax representation Lt =

[A, L] with the differential operators

L =
(
D3 + 2uD + ux

) (
D2 + v

)
,

A = D3 +
(
6
5
u+

3
5
v

)
D +

(
−3
5
ux +

6
5
vx

) (2)

for the system of coupled KdV equations

ut = −4
5
uxxx +

3
5
vxxx − 12

5
uux +

3
5
vux +

6
5
uvx,

vt =
3
5
uxxx − 1

5
vxxx +

12
5

vux +
6
5
uvx − 6

5
vvx.

(3)

It is easy to see that the transformation

t → 10t, u → −3
2
u+

3
2
v, v → −2u − 3v (4)
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changes the system (3) into the system (1). This solves the problem of integrability of the
system (1). Moreover, using the scalar spectral problem Lφ = λφ, φt = Aφ, where the
operators L and A are given by (2) and λ is a parameter, and the transformation (4), we
can construct the first-order linear problem Ψx = XΨ, Ψt = TΨ, or the zero-curvature
representation Xt = Tx − [X, T ], for the system (1), with the following 5× 5 matrices X
and T :

X =




0 1 0 0 0
2u+ 3v 0 1 0 0

0 0 0 1 0
0 0 3

2 (u − v) 0 1
λ 0 0 3

2 (u − v) 0


 ,

T = {{5ux − 15vx,−10u + 30v, 0, 10, 0}, {5uxx − 15vxx − 20u2 + 30uv + 90v2,−5ux +
15vx, 5u+15v, 0, 10}, {10λ, 0, 30vx,−30v, 0}, {0, 10λ, 30vxx−45uv+45v2, 0,−30v}, {5λu+
15λv, 0, 10λ, 30vxx − 45uv+45v2,−30vx}}, where the cumbersome matrix T is written by
rows.
We can conclude now, that all the systems of coupled KdV equations, which passed

the Painlevé test in [1], have turned out to be integrable.

The author is deeply grateful to Prof. Atalay Karasu for a copy of [2] and numer-
ous useful discussions, and to the Scientific and Technical Research Council of Turkey
(TÜBİTAK) for support.
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