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Abstract

We present a list of (14 1)-dimensional second-order evolution equations all connected
via a proposed generalised hodograph transformation, resulting in a tree of equations
transformable to the linear second-order autonomous evolution equation. The list
includes autonomous and nonautonomous equations.

1 Introduction

In [1] we report on the linearisation of the hierarchy of evolution equations
up = R™[u](u™ g, Rlu) = D2u='D; !, m=0,1,2,... (1.1)

by an extended hodograph transformation and define an autohodograph transformation
for this hierarchy. The autohodograph transformation is revealed by the composition of
the extended hodograph transformation and the linearising contact transformation. The
extended hodograph transformation for the case m = 0, first introduced in [2], is of the
form

x

dX (z,t) = udz + /ut(g,t)dg dt

dT(z,t) = dt (1.2)

UX,T) = z.
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In the present paper we generalise the extended hodograph transformation and name
it an z-generalised hodograph transformation. We are interested to derive a class (or tree,
as we prefer to call it) of (1 + 1)-dimensional second-order evolution equations which are
linearisable. This tree of equations, containing arbitrary nonconstant functions in C2(R),
is constructed by nonlinearising the general second-order linear autonomous equation us-
ing the x-generalised hodograph transformation. In this way both nonlinear autonomous
and nonlinear nonautonomous equations are revealed. The linearising transformations are
obtained by composing and inverting the appropriate z-generalised hodograph transfor-
mations. Besides the obvious examples, such as Burgers’ equation and (1.1) (with m = 0),
our tree of equations consists of new linearisable equations as well as several cases found
in the literature (for example [2, 3, 4, 5, 6, 7, 8]). In particular, the results obtained by
Sokolov, Svinolupov and Wolf [4] are special cases of our tree of equations.

The paper is organized as follows: In Section 2 we define the z-generalised hodograph
transformation and introduce the notation. The most general form of the second-order
equation linearisable by the proposed method is established in this section. In Section
3 we consider autonomous second-order evolution equations and derive a tree of linearis-
able equations. The linearising transformations are listed explicitly. The z-generalised
hodograph transformations generating the equations are given in the Appendix. Only
one equation from the tree of equations admits an autohodograph transformation in the
sense of [1]. It should be pointed out that under the proposed z-generalised hodograph
transformation the tree of autonomous linearisable equations (see Diagram 1) is complete.
Some examples are given. In Section 4 we list nonautonomous linearisable second-order
evolution equations which are generated from the tree of autonomous linearisable equa-
tions (Diagram 1) by z-generalised hodograph transformations. This case is not complete
as we consider only the case where the coefficient of the highest derivative is autonomous.
Once again we give the linearising transformations explicitly as well as some examples.
The corresponding x-generalised hodograph transformations are listed in the Appendix.
In the nonautonomous case each linearisable equation contains two arbitrary functions
in C2(R); one function depending on the dependent variable and one depending on the
independent “space”-variable x.

2 The z-Generalised hodograph transformation
Definition. The transformation
dri(zj,tj) = fi(zj,uz)de; + fo(Tj, uj, Uje,, Uiz, s - - - ,ujx?q)dtj
WHE 28 dti(xg, 1) = dt; (2.1)
ui (w4, ;) = g(x)),
with ¢ # j, n=2,3,... and
Oh _Ofh . 0% 0f . Oh

war 221 Wi 32
Jt; . . JT5
Ouj  Ox; Ou,

is called an z-generalised hodograph transformation.
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Remarks: We named the above transformation z-generalised in order to have the possibil-
ity in future to introduce other generalisations of the extended hodograph transformation.
Condition (2.2) follows from the Lemma of Poincaré, i.e., d(dz;) = 0.

Here and below the subscripts denote partial derivatives, e.g.

(92uj
Uip.p: = —2.
JTFT; 2

Ox;

Consider a general (1 + 1)-dimensional second-order autonomous evolution equation
with dependent variable u; and independent variables z;, t;, viz.

Applying the z-generalised hodograph transformation (2.1) leads to the following partic-
ular form for fo:

fi(zj,u))

i) ’ 24

fo(@j, g, uje;) = —

Q

where

Sy (=)
Q= {uz = 9(xj), Uiz, = fi(@gug)

jlay) gl (%Jr% , >} (2.5)

T ) g ug) \Oz o Ouy Y

The most general equation which results when transforming (2.3) by the z-generalised
hodograph transformation (2.1) with (2.4) is

df1 1 (0fi 9*fi % f 9*f
a—ujujtj [fZ <— Ujzjz; + ; + 2 ,ujxj + 6$j2

ou 2 Yja; dxj0u;
3 (0fi 0h \', 33 (0f  Ofi G 1] oF
fl <ax.7 + 6 jujmj> + gfl a$] + au] gfl aumlxz
1 (0fi Ao g1 [ OF OF
_ﬂﬁ<%a+8ﬂm> 7] | Oui,

- [ o
1 .
[ )l
g \Ox;  Ouj ’ g2
Here and below ¢ denotes the derivative w.r.t. x;, g the second derivative w.r.t. z;, etc.

Using (2.5) it can easily be shown that the most general equation which may be con-
structed by applying (2.1) to the linear equation

Q

(2.6)

Q

Uit; = Wigsa; + MUig; + A2Ui, A, A2 € R (2.7)
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is of the form
wj; = (25, uj)us oy + Fo(z), uj)uq,; + Fg(xj,uj)uij + Fy(xj,uj) (2.8)
for all iterations of the z-generalised hodograph transformation. The following statment

is therefore true:

Proposition: The most general (1+1)-dimensional second-order evolution equation which
may be constructed to be linearisable in (2.7) by the x-generalised hodograph transformation
(2.1) is necessarily of the form (2.8).

Remark: In the sense of [1] an z-generalised hodograph transformation which keeps an
equation invariant is known as an autohodograph transformation.

Finally we introduce an important notation which we use throughout this paper in
order to abbreviate the derivatives of some arbitrary functions that appear in our tree of
equations: Let f = f(¢) € C?(R) with df /d¢ # 0.

Then we define the following bracket:

d df\ ~t a2
{f}giz—%d—Jngf(d—J;) d—;; (2.9)

3 Linearisable autonomous second-order equations

Here we give the second-order linearisable autonomous evolution equations constructed
by (2.1). We found eight cases, listed below, resulting in a tree of equations shown in
Diagram 1. By nonlinearising (2.7) with (2.1) and restricting ourselves to autonomous
equations, we obtain Cases I, II, III, V and VII. These equations follow when (2.1) is
applied to each resulting autonomous equation until the iteration stops. That is, until no
new autonomous equation appears. This happens at eq. (3.3), i.e., Case III. Applying the
same procedure but starting from the second-order semilinear equation

results in Cases IV, VI, and VIII. The corresponding linearising transformations, given
below for each case, are obtained by composing and inverting the appropriate z-generalised
hodograph transformations, given in the Appendix.

Case I: Let \; € ® and hy € C*(R) with dhy/du; # 0. Then
ure, = hi(ui)tiz o, + {h1},, ul,, (3.1)
is linearised to uot, = Uozgz, + MU0z, Dy the transformation

r1(z0,t0) = Uo
2L(1) : dtl({L‘o,to) = dto

hi(ui(z1,t1)) = gy, -
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Case II: Let A € R\{0}, \; € R and hy € C%(R) with dha/dus # 0. Then
Uty = ho(u2)Uspyzy + Aha(u2)use, + {hat,, U3y,

is linearised to uot, = Uozgze + A1U0z, Dy the transformation

1
IL’Q(.T(), t()) = X 111 |'LL0$O’

2L3 . dtg(ﬂ?o, t()) = dto

1 [ ugens 2
ho(uz(x2,t2)) = 2 <M> .

U0z
Case III: Let A\; € R, Ao € R\{0} and hz € C?(R) with dhs/duz # 0. Then

dhs\ "
Usty = ha(Us)Usagey + {ha}y, We, + 20ahy* (us) <d_u§>

is linearised to uot, = Uozgze + A1U0z, Dy the transformation

2
o

2L8 . dt3(£0, to) = dto

4 ) ) 2
e ) = 5 37 ()]
2 zo

Case IV.1: Let {\, \s} € R, {\, A2} € R\{0} and hy € C1(R)\{0}. Then
1 dhy
Ugty, = Udgyay + )\4U4x4 + m ()\2 — d—u4> “4213:4 =+ h4(U4)

is linearised to uop, = Uozgz, + A1U0z, + A2uo by the transformation

dxa(zo,to) = dxo + (M — A\g)dtop

dt4(zo,t0) = dto
L4.1 .
24 .
ug(z4,ts)

1
h4(§) - )\—21n|)\U0(l‘0,t0)| :

Case IV.2: Let A\; € R, A3 € R\ {0}, \y € R and hy € C*(R)\{0}. Then

- 4 h
ha(ug) duy e, ha(ua)

is linearised to uot, = Uozgze + MU0z, Dy the transformation

d$4(a}0,t0) =dxy + ()\1 — \)dto

Udty = Udzyxq + )\4u4x4 -

JLA2 dta(zo, to) = dio

1 duy  ug(zo,to)

ha(ug(za,ts)) Dzg A3

(3.2)

(3.3)

(3.5)
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Case V: Let {\, A2} € R\{0}, \; € R and h; € C?(R) with dhs/dus # 0. Then

A2
Usts = hs(us)Usgsas + (Ahs(%) - 7) Usas + {5}y, Udes (3.6)
is linearised to uopr, = Uozgz, + A1U0z, + A2uo by the transformation
(

1
x5(xo,to) = X1D|)\u0|

oL3 - dts(zo, to) = dlo

hs(us (25, t5)) = % <U0x0>2

Uug

\

Case VI: Let \; € ® and hg € C?(R) with dhg/dug # 0. Then

hg [ dhe\
Usts = Usagas + N6 () Uszs + y (d—u6> U (3.7)

is linearised to ugs, = Uozgz, + A1U0z, by the transformation

dze (l’o, to) = dzg + \idty

2L8 : dt6(x0, to) = dto

he(ug(ws, te)) = 2 (M> :

UQzq

Case VII: Let \; € R, A3 € R\{0} and h; € C%(R) with dh7/dur # 0. Then
Urt, = hy(u7)Urgrg, + AgUzz, + {h7}u7 u%m (3.8)
is linearised to uos, = Uozgz, + A1U0z, by the transformation
dx7(xo,to) = uodzro + (uoz, + Muo — A3) dto
oLl ¢ dtr(zo,t0) = dto

h7(’u,7($7, t7)) = ug

Case VIII: Let A € R\{0}, {\1,A\s} € R and hg € C*(R). Then
USts = USrgzxg T )\SU&'ch + hg(Ug)ugggs (3.9)
is linearised to us, = Uozoz, + MU0z, Dy the transformation

d.ng(ﬂ’Jo, to) =dxg + ()\1 — Ag)dto
dtg(:l?(), to) = dto

ug(xs,ts)

QLS: 3 3 n -t
exp / hs(ndn | A / exp / hs(yd | dn| b ae

= ax In (u%xo) .
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Diagram 1
Uoty = W0zozo T /\1qu0 + Aot
1 dhy
Udpy = Udgyz, T MUdz, T (i) (Az - d_m) Uy, + ha(us)
H H ‘
o C Ao #0 A= 0
A2=10 A2 #0 JH! A3 #0
_ Ao )
U5t5 - hS(U5)U5x5x5 + )\hs(u5) — 7 U5z5 —+ {h5}u5 u5$5
H
A#0, M #0
Y 7 v
oA, T UL, = hy (Ul)ulz1z1 + {hl }ul U%zl ﬁf\; Urt, = h?(U7)U7w7$7 -+ )\311,79:7 —+ {h7}u7 u$w7
JH
Usnty, = ho(U2) U2y, + Mo (u2)uze, + {ha},, u2,, JH3
A
M WA
\d

8
2H2

dhz\ ™"
U3ty = h3(u3)u31313 + {h3}u3 ugws +2 )\th/Q (—3>

dU3

2
Ugty = USzgzg T /\8u8x8 + h8(u8)u8;z:g

6
2H3

2 #0]

Uty = Ubzeze T+ N6(U6)Usis

@2hg
oz
dug

(

dhe

du,

6

5

2
u6x6

L 1 dh] dh] -1 d2h]
thak, = 2dy; i) < > du?

de
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The autohodograph transformation 9A; which transforms (3.1) into itself, i.e., in

~ =\~ ~9
Uyg, = b))tz e, + {haty, Uz,
is given by

d.l:l(i’l,gl) = (04531 + ﬁ)hl_l/Q(ﬁl)d.’le

+{0h} () — 5 (ady + B2 () Tt
dtl(jl,fl) = dfl
hl(ul(:vl,tl)) = (Oéi'l + 5)2, o€ 5}%\{0}, 0 e R.

It is noteworthy that (3.1) is the only equation in Diagram 1 that admits an autohodograph

transformation.
We consider three examples for the above Cases.

Example 1: We consider Case III with hs = ug and A\; = Ay =1, i.e.,

1 2
3 2.2 5/2
U3ty = U3U3g3zs + §u3u3x3 + §u3 .

It follows that (3.10) is linearised to
Uotg = UOzgxo + Uz
by the transformation

QUQ;E

020

23(20, o) = =07
Oz

t3(xo,to) = to

9 N0 2/3
uz(xs, t3) = {8—560 <41;(;0 D)] .
o

By group theoretical methods [9] we obtain the following solution for (3.11):

_ 1 /z 2
uo(zo,t0) = tg Y2 exp [—— <—0 + 1) to] :
4 \ to
Using (3.12) we transform this solution into a solution for (3.10), namely

A+13)% + 2t3]2/3

ug(zs, t3) = (—1)%° [ A2,

where

1
A= (:L’32t32 + 8t3)1/2 - §$3t3 — t3.

N —

(3.10)

(3.11)

(3.12)
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Example 2: In Cases I, II, III we let Ay = Ao =0, A =1,
hi(u) =uj,  =1,2,3
and derive the transformation oH?, which transforms (3.7) into

Ui, = u%ulxlxy (313)

With the above assumptions, (3.2) and (3.3) take the following respective forms:

2 2
Uty = URU2goay + UDUy (3.14)

2 2
U3ty = U3U3pzzs + Ug-

The transformation into the autohodograph invariant equation (3.13) is obtained by the
composition
-1
oH} = (;Hj) o oHS,

where (QH%,) ! denotes the inverse transformation of gHé. In particular QHzlg = 2H§o QH%.
Then

_ _ 1
Uy 1($1, tl)dxl(l‘;;, t3) = Uq ld.rg — <U313 + 51‘3) dt3

QHé : dtl(l‘g, tg) = dtg

u1 (xl’ tl)ulwlﬂh (3717 t1) = 5“37

so that
x3(x1,t1) = 2u1g,
(oH3) ™t {0 dtg(wy,ty) = dty
ug(z3,t3) = 2U1 U1z, a,
and

dre(ry,t1) = ul_ldacl — U1y, dt;
oHY 1 ¢ dtg(z1,t1) = dty
he(ug(ze,ts)) = U1y, -
The autohodograph transformation 9A; transforming (3.13) into
Uyf, = Wiz,
(with a =1, g =0) follows, viz.
do1(F1,6) = &10y 'diy + (@ — T1ag, ) db
oA 1 { dti(F1,1) = dby

ul(l‘l,tl) = :il.
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The inverse of 9 A is

(2A1)71 : dfl =dt
ﬂl(i'l, 1?1) = U1U1g, -
The linearising transformation oHS of (3.7) into

Uoty = UOxgxo

is obtained by the composition

1

oHS = (2HY) o (oH) " o oHS
where
w1 (0, t0) = uo
(HY) ™ dt (w0, t0) = dto
u1(1,11) = Yoz
and

dl’G(xg,tg) = ugld:cg — (U3x3 + $3)dt3
QHg : dt6(.%'3, t3) = dt3
he(ue(w6,t6)) = 3.

Note that, with he(ug) = ug (3.7) reduces to the Burgers’ equation and o H§ becomes the
Cole-Hopf transformation, i.e.,

z6(x0,10) = Zo

t to) =1
2H8¢ 6(o, o) 0

0¢ (%o, 10),

ug (6, t6) = 2¢71(9607t0)8—$0

where ¢(xq,ty) = ug/dzp.

Example 3: Consider Cases III, Vand let A=A =X =1

hj(uj) = uj

2 j=35

We derive the transformation sHS which linearises (3.7), i.e.,

Ugts = Ubzgrs T+ N6 (Ue)Uezs + d—ug (d—uﬁ ug%

into

Uoty = U0xgxo + U0zxq + ug.
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This linearisation is obtained by the following compositions:
oHY = (QHY) 1o oHS with oHY = oHj 0 oHY.

Under the above assumptions (3.6) takes the form

Usts = U§U5x5x5 + (Ug - 1) U5zs (3.15)
and (3.3) is
U3ty = U§U3x3x3 + Ug (316)

The linearising transformation for (3.7) is then
dze(zg,to) = dxg + ditoy
oHS : ¢ dtg(zo,t0) = dto
he(ug(z6,t6)) = 2ualu0$0,
whereas (3.15) is linearised by
x5(xo,t0) = In |ug
(oHY) ™' 1 { dts(zo,t0) = dto
us (5, t5) = Uy om,
and (3.16) by
x3(xo,to) = 2u51u0x0

(zHg)il : dtg(xo,to) = dty

2

ug (3, t3) = 2ug Uowgwe — 2Up Ul -
0

Remark: The linearisation of (3.16) is also given in [4].

4 Linearisable nonautonomous second-order equations

Next we list the nonautonomous second-order evolution equations which have been con-
structed using (2.1), as well as their corresponding linearising transformations. Each
equation given in Cases I — VIII above results, by (2.1), in a nonautonomous equation
leading to eight further cases. Diagram 2 shows the connection to the autonomous cases.

Case IX: Let A\ € R, {hl,kl} € 02(3%) with dhl/di'l # 0 and dkl/dﬁl % 0. Then

- - k(1) {hl}fi ~ )
P + Wum + {k1}a, Uiz,

2k ) (ﬂ) (Ml (1)
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is linearised to ugs, = Uozgz, + A1U0z, by the transformation

hi(@1(z0,t0)) = Udy,

X dt1(wo, to) = dto

o dhi\ ~°
k’l(ul(xl’tl)) = 4“%3)0“%&:0330 [( 1) ]

diiy

h1(5:1):ugzo

Case X: Let A € ?R\{O}, A ER, {hg,kg} € C2(§R) with dhg/di’g # 0 and dkg/dﬂg # 0.
Then

7 o) - o (dko\ Tt d ({2}
Uof, = ko () U2zy5, + {kg}ﬂ2 “3:%2 + ng(w) ( 2) ( 2>

diy dzs \ ho(Z2)
ka(t2) {h2}, 12, dha (dka\ 7" 3/
PR AR Ey o ok 2 () 2 (L2 32y 4.2
+ ha(@2) Uz, + 2Ahyg (332)(%2 (d@) 5 " (12) (4.2)

is linearised to uot, = Uozgz, + MU0z, Dy the transformation

o (2 (0, o)) = ~ <Uc)x_oxo>2

- F U0z
dta (o, to) = dto

oL k(o) = o (o) [ (o)
2\U2\L2,02)) — 2\ oz, al'() U0z,

(@)

-
N
13
2|0
o8B
8 o
o |8
)
N———

N

ho(Z2)=

Case XI: Let A\ € %, Ao € QR\{O}, {hg, k‘g} € 02(%) with dhg/dj?g 7& 0 and dkg/dﬂg 7£ 0.
Then

ks(as) {hs};, 3/2 dhz\ 7'\ -
g, = u3)Uszsz —_— =2 T — i
Uz, = Fk3(U3)Usizs + < s (73) Aohy'"(3) (dac;;) U3is
9 o (dks\ T e, 32, (dh3\ " d®hy
+{ks}a, Usz, + 2A2ks(us) dis 4h3! " (F3) — 2h3' " (23) i) o
3

oo (5) a5 (ie) o
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is linearised to uot, = Uozyze + A0z, Dy the transformation

) ) 12
) 4 0 [ Uozyz
. ) = = |9 [ Homeme
3(x3(:L’0, 0)) )\% _8.7;0 < U0z >_
dits(zo, to) = dto

I 3 ~ 64 [ O Uy 12 62 U, 2
2 3: U2 (7 — Ozoxo O0zoxo
i sl 1)) A3 0o < > [33302 < >] .

UQ g U0zq
dTs

Case XII.1: Let A € %, Ao € %\{0}, {h4, /64} S 02(%) with dh4/di‘4 75 0 and dk‘4/dﬂ4 7'5
0. Then

2
- Uozgx
hs(33)==2 | 22 [ 220%0
3( 3) )\% oz U0z

5 - A2 1 dhy N N
==k G4 — === | k —h i
(O 4(U4)Taz,5, + [<h4(x4) ha(Ea) dx4> 4(1q) 4(374)] U4z,

: o dhy 1 d2hy 1 dhy \ 2
k2 B R s
4(U4) ( hi(i@) dZ4 h4(f4) di’i + hi(i'zl) <di4)

(2) »

is linearised to uos, = Uozgz, + A1U0ze + A2uo by the transformation

+ {ka}y, U3z, +2

_ dh
+ kg (ig) =2

dzy

1
JLEL L dia(wo, to) = dto

Case XII.2: Let )\ € §R, )\3 S 5}%\{0}, {h4, k4} € CQ(%) with dh4/d£i‘4 7& 0 and dk4/dﬂ4 ?é
0. Then

- SN k4(tig) dhy - 5 5
Ugg, = ka(a)lazyz, — ( h455c4; g+ h4(»"34)> taz, + {ka}y, Uz,

1 d%hy 1 dhy\? dhy | [ diky\ 1
E2(y) | — o i) —2| (222 4.5
4(“4)< haGs) 42 12(za) (d@) R 35, (d@) (4:5)

+2
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is linearised to ugs, = Uozgz, + A1U0z, by the transformation

1\ e 1 1
hy N (#4)dZa(z0,t0) = ——uodzo — ~— (Uoze + A1tp — Az) dtg — — — ()
A3 A3
ZL%-Q R d£4($0, t()) = dto
R u
ka(a(24,t1)) = 5 {h4( )]
\ A3 ()
Remark: By we mean that the function h4(Z4) has to be written in terms of g, to,

(*)
up and its derivatives with respect to zp, obtained from the expression ().

Case XIII: Let \; € R, {\, X2} € R\{0}, {hs,ks5} € C%(R) with dhs/d¥s # 0 and
dks/dts # 0. Then

. N ks(us){hs}as -
Usis = k5(U5)U55;55;5 + hs(Z5) s 535 T {k5}usu5x5
_(dks\"' d ({hs)s 12, \dhs 30 dks\
2k?2 =) — 5 2\hy k - 4.6
2ks its) <dﬂ5> ds <h5(5?5) * (# )d i5 ° (@) dus (46)

is linearised to uos, = Uozgz, + A1U0ze + A2uo by the transformation

( 1 [ uge 2
hs(Z5(zo,t0)) = )\2< zo)

: dits (w0, to) = dto
2
81‘0 Uuo d.i'5

Case XIV: Let \; € R, Ay € R\{0}, and {hg, k¢} € C?*(R) with dhg/dis # 0 and
dk@/d@@ 75 0. Then

1
A2

ks (15 (5, 15)) =

d?h dh
u6t6 = kﬁ(uﬁ)uﬁ%xa + kﬁ( ) ; < -

1
d—%> Gizg + {h6 g iz,

+ 263 (0 )<d—]f6>_1 dhg (4.7)

dxﬁ

_(dk¢\ "t d | d2hg (dhg\ "
22 b I Y (G (i
+2ks (i) (da6> dZg [d:zg dzg

is linearised to uos, = Uozgz, + A1U0z, Dy the transformation

du6 dZL‘G

( - UuQ
Uz

dte(zo, to) = dio

o O ([ omws \12 | [ dhe\ 2
ke (i (T6,t6)) = 4 [ ( 00 0)] (4)
Oro \ Uoz, dzg ho(36)=2 “0z020

\ oz

6 .
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Case XV: Let {\1, A3} € R, {h7, k7} € C*(R) with dhy/d¥7 # 0 and dk7/dii; # 0. Then

kr(tu7){h7}z; - 9
h7(f7) Uz, +{ 7} U5,

is linearised to uot, = Uozyze + A0z, Dy the transformation

Uyr. = kr(l7)U7z,2, +

( he(@7(wo,t0)) = ud

diz(z0,t0) = dio

2
ke (ti7 (E7,17)) = 4ugug,, [<dh7> ]

dr

7
2L0 .

L h7(Z7)=u3

Case XVI: Let A € R\{0}, \; € R, {hs, ks} € C*(R) with dkg/diig # 0. Then
Gy, = k(s)lisisas + ka(ls)hs(Ts)lisas + {ks tas U3z

_ dhg [dkg\
2k2 — | —=
o 0 (2
is linearised to uos, = Uozgz, + MU0z, Dy the transformation

s 1
13 13 n N
exp / hs(n)dn | | A / exp / he( ) | dn| b ae
1 2
2L§: :5ln‘u0x0‘———(*)

dts(wo, to) = dto

kg(tig(Zs, 1)) = “3:50350 fis [exp (ﬁ hg(n)dnﬂ d¢ 2

Uiz, exp (7 hs(€)d)

(%)

Example 4: We consider Case XI with h3(%3) = 73, k3(G3) = @3 and A2 = —1, i.e.,

ﬂ3£3 = ﬁ§a35¢3a~?3 + j%ﬁgjg) _ 3@3’&3.
It follows that (4.10) is linearised to

UOtO = quol’o + )\1u0w0

(4.10)
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. H?
2
Diagram 2 Case TV ! » Case XII
Hj
5
JHY L oH3
Ugty = Uomoxg T Artozg + Aato ~—‘ Ay #0—» Case V » Case XIII
HU
s oH; 5
)\2 = ZHE;
A
ZH% QH{ ‘ 2H;
Case IX Casel € Case VII » Case XV
oHj
zHg y H2 2H§
Case X |« 2 Case II > »| Case III » Case XI
A A
oHj oHj
o .
Case XVI <€ Case VIII Case VI » Case XIV
by the transformation
0 —2Ugy
- 0T0
€3 (IL'(), tO) = 8— -
X0 U0zxq
dt3(wo,to) = dto
2
~ o~ TN 0 _QU’OZQQCO
U3(563,t3) = 0 B} .
xo U0zq
Remark: Equation (4.10) was proposed in [4].
Example 5: We consider Case XVI with hg(Zg) = igl and kg(ug) = us, i.e.,
1
. . JO P ) ~—2-2
Ugis = USUSFg7s T Tg USUSTg — §u8928 — 2.7}8 Uug (4.11)

It follows that (4.11) is linearised to
Uoty = Uomgzo + A1U0g

by the transformation

- 1/2
1'8(1'0, t()) = uOéO
dig = dto

~ 1 ud
iig (s, fg) = — —020
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Appendix

Below we list the z-generalised hodograph transformations 2H§- corresponding to Cases |
— VIII. Diagram 1 shows the direction in which the transformations act.

_ _ dh
dl’o(l‘l,tl) = hl 1/2(u1)d$1 =+ <——h1 1/2( )—1U1x1 — )\1) dt1

0 du1
oHj dto(l‘l, tl) = dt;

uo(zo,to) = a1y + i, a; € R\{0}, B e R

dro(zs, ts) = hy /* (us)das + [—Ah;/2(U5)

A2, _1/2 ~1/2, dhs
——h — —h o — A1 | dt
2Hg : PN (us) 5 (us )du5u5 5 1 5

dto(xs, ts) = dts

1
UQ(:ZJ(),to) = Xe)\x5+a57 A E %\{0}, a5 € R

_ dho
dl’l(l‘z,tQ mz\/ﬁQh / UQ diL‘Q — —€ \/ﬁzh 1/2 u2 UdetQ
QH% : dtl(l‘Q, t2) =dty

hi (u1 (w1, t1)) = Bae?r2, A € R\{0}, B2 € R\{0}

Ao
dxo(x3,t3) = <—~"33 + 53) 1/Z(UB)CMS

2\
A2 1/2 1 A ~1/2 dhs
| gan ) = S 52+ Gy ) e,
2. A9
oH3 : —)\(ﬁxg + 33) ] dts

dtg(.%'g, t3) = dt3

)\ 2
b (ualion, 1) = (S2ea +60) L (A da} €RVO), Gr e R
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;

dza(ws,t5) = h;/Q(%)d% + —/\héﬂ(%)
1 _1/2, \dhs Ao 1/
250 dty(xs,t5) = dts
u4(24,t4)
dg A
ha(€) P + 05, {A A2} € R\{0}, {fB5,Aa} e R
~1/2 1,12, dhy 12
dl’4($77t7) = h7 (U7)dﬂ?7 + —§]’L7 (u7)d—u7u7x7 4 )\3h7 (u7) ~ N\ dtn
2H‘71: a7, 17) 7
ug(4,ts)
d§ 1
@)~ g A A @O D frp e
4 )\2 ~ 71/2 )\2 1/2
das (w3, t3) = | Gyws + O | hy ' (ug)das + | Sohg™ (us)
1 (A 3 —-1/2 dhs Ao N2
AV dua Brs T A oy 2 dt:
oH3 : 2 (2)\x3 +ﬂ3> s (ug)dU3us s A (2)\:’73 +0s) + | dts
dt5(x3a t3) =dl3
Ao o\ 2 )
hs (us(zs5,t5)) = NCRELI R (0 Ao} € R0}, G5 € R
der(er, 1) = (s + 50 ) b ) dn
1/2 1 5\ . —1/2 dhy B
JHT + [ahl (u1) 5 (ax1 +ﬂ1) hy (ul)dul Uiy, — A3| dis

dt7(3§‘1, tl) = dtl

hr (ur(z7,t7)) = (Oéfﬂl +5~1>2, a e R\{0}, {X3,B1} € R

_ 1 _ dh
d.%'(;(.%‘g,tg) = h3 1/2(u3)d$(}3 + [—§h3 1/2(u3)d—u§u3$3 — )\21‘3:| dts

QHg : dtﬁ(xg, tg) = dts
hg (ug(l'(;,tﬁ)) = \ox3, Ao € %\{0}
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dho

das (w2, t2) = hy ' (uz)d; — [Ahé”(u )+ ghy ) G

U2zy + )\8] dts
dtg(xg, tz) = dtz

ug(xs,ts)

; -1
/ exp j hs(n)dn | | A j exp ( / hs(n/)dn’) dn g = x5

Below we list the x-generalised hodograph transformations oH? by which autonomous
equation n is transformed in the nonautonomous equation n. This refers to Cases IX —
XVI. Diagram 2 shows the direction in which the transformations act.

Ky (@) {h }a,
hi'%(3)

day (31, 81) = hi/?(31)ky 2 (g )z, — [

1 25 —1 2 dkl - -

dtl(i‘l, t~1) = dt~1

ui(z1,t1) =21

RV kX2 (119) (oY 5 .
dl‘2($2,t2) = h1/2( 2)k‘2 1/2(UQ)d$2 — [W + )\h2($2)
hy' " (Z2)
dh _ _ . dko _ ~
oHZ: ——h 2 @) ok () + 5 h1/2( 2)k 1/2(u2)dﬂzu%2] di>
dtg(.f'g, tz) = dtg
’U,Q(Z'Q,tz) = X9 A E 5}%\{0}
dus(F3,13) = hy/*(&3)k; "/ (s dits
-1 2
—1/2,~ \dhs 12, (dh3 d*hg \ 172, -
+ <h3 ($3)d7:3 — h3'"(23) <ij P k3'"(t3)
RV
" )i ) s,
1
—2X\gh2 (i) <%> k31/2(a3)] dis
dﬂ:‘g
dtg(i‘g,fg) = dt~3
uz(xs3,t3) =23 A2 € N\{0}
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;

drg(F4,1a) = Ky /? (1) dFg —

1 _ dky . ~
2H§ : - §k4 1/2( )d iu‘l% + A1+ ky 1/2( VM(M)] dt4

dt4(f4, t~4) = dt~4

U4(.’E4,t4) = Iy, {)‘2’)‘4} eR

12 s o hsda kY2 (@
dus (5, t5) = hl/Z( 5)ks 1/2(U5)d335 - [W
hs' " (Z5)
_ dh _ dk
= o) R @s) + 3 @)y ) S s
d.’L‘5 d
H?
oHE - \
+ Ahs(%5) — 72] dis
dt5(:i‘5, t~5) = dt~5
\ U5($5,t5) = Ts, A E §R\{0}, Ay €R
1/2 1/2 dhg d*hg
dwg(Tg,t6) = kg '~ (Ug)dTe — | kg~ (ts) <d9~06> =
dkg - ;

QHg : + k? 1/2( )d_ra(;u(;i(’ + h@(x(;)] dt@

ue(x6,t6) = T6

(L IR N = o Ty
dwr (7, I7) = W2 (#1)k7 2 (i) dr — [% + A3
~1/2 dhz . 1/2 1/2 —1/2 dk7 _ -

JHL = gt @ I )+ Y @y ) i |

dt7(Z7,t7) = diz

U7($7,t7) = Z7, Az R
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~ 7 —1/2,~ ~

davs (s, Is) = ky /(i) ds
-\ 1/2 - 1 12, dks -
—|h k -k ——Ugj Ag| dt
oHE 8(Ts)ks'"(ts) + S ks (Us)dﬂs liszg + As | dis

dtg(.’ig, t~8) = dfg
u8(:z8, tg) = I3 Ag €R
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