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Abstract

We demonstrate, through the fourth Painlevé and the modified KdV equations, that
the attempt at linearizing the mirror systems (more precisely, the equation satisfied
by the new variable 6 introduced in the indicial normalization) near movable poles can
naturally lead to the Schlesinger transformations of ordinary differential equations or
to the Backlund transformations of partial differential equations.

1 Introduction

It is widely believed that a differential system being integrable is due to some sort of
underlying linear structure(s). However, it has never been clear what this really means. A
linear system is naturally considered as integrable. Integrability for nonlinear systems is
quite ambiguous. Various properties are counted as indicators of integrability: solitons, the
Lax pair, the Bécklund transformation, the underlying Hamiltonian formulation, Hirota’s
bilinear representation, the Painlevé property, etc. The relations between these properties
have yet to be understood.

It was recently proved [6] that for any principal balance, it is possible to introduce a
variable 6 through “indicial normalization” and more variables £, 7, etc., through “trunca-
tion at resonances”, so that the movable pole singularities are regularized, and the system
for the new variables (called the mirror system) is a regular one. In this paper, with
more flexible kind of indicial normalization, we attempt to make the equation satisfied
by 6 linearizable. As a result, the other new variables &, n, etc., are solved through al-
gebraic equations. Moreover, the linearization leads to the Schlesinger transformation [2]
of ordinary differential equations (ODEs) and to the Bécklund transformation of partial
differential equations (PDEs).

For a long time, people have been trying to derive the Béacklund transformations and
Lax pair from the Painlevé analysis with the techniques of “truncation method” or “sin-
gular manifold method” (See, for examples [7, 8, 9, 11] or [1, 3] for ODEs). The examples
in this paper do not yet provide a comparable algorithm. Instead, our purpose here is to
investigate the relation between the integrability properties, the linearizability, and the
Painlevé test through the combination of the ingredients of the singular manifold method
and the mirror system. Indeed, our calculation can be carried out with 6 only and without
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using mirror systems. However, we feel the exclusion of the other variables misses impor-
tant information on integrability. After all, it is the mirror system, consisting of equations
for 0, &, n, etc., that is equivalent to principal balances.

In this paper, we demonstrate by examples that the Schlesinger (resp. Bécklund)
transformations are linearizable reductions of the mirror systems for ODEs (resp. PDEs).

We present the following two equations in this paper to demonstrate our idea: the
fourth Painlevé equation and the modified Korteweg-de Vries equation. The same idea
works for other integrable equations, including the second Painlevé equation, and the
potential Korteweg-de Vries equation [12].

2 The fourth Painlevé equation

Consider the fourth Painlevé equation (P4)

Pwv(u,t;o, ) = v — — — —u® — 4tu? — 2(t2 —a)u — é =0,

where « and  are two constant parameters.

We will first find the mirror transformation (see [4, 5] for more details), which regularizes
the movable pole singularities. We rewrite (P4) as the system of Cauchy’s canonical form:
u = v, v =v%/(2u) + (3/2)u? + 4tu® + 2(t?> — a)u + B/u. Since u has first order movable
pole singularities, we introduce the change of dependent variables u « 0:

u = ugh ' + uy, (2.1)

where u; = u;(t) are to be determined. We would have introduced 6 by u = §~! according
to [4, 5]. However, the inclusion of ug and u; here adds flexibility that will become useful
in subsequent linearization. We call this change of variables as an indicial normalization.
Then we expect the following expansions

0 = Oy+ 0.0+ 0:6%+---,
vo= 07%(vg+ vi0 + w26 + ).

As in the Painlevé test, the coefficients #; and v; can be determined by a recursive relation
obtained by formally substituting these expansions into the differential system. It results
in the existence of an arbitrary constant (called resonance parameter), namely r, in the
coefficients in v. We then truncate the 6-series of v at the (first) location of r by introducing
the new dependent variable & : v = 072 (vg +v10 +v20% + £63). Accompany the truncated
f-series of v with the indicial normalization (2.1), we therefore obtain a specific change of
variables (u,v) < (6,&):

u = %’f’ula
2
2 t
. _69120_%_Hgae—eul(ulwtwge,

where €2 = 1. We call this transformation as a mirror transformation. Now, the original
system for (u,v) is readily converted into a system for (0, &). This is called a mirror system
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which is shown to be regular (see [4, 5, 6] for regularity). Particularly, the equation for ¢’
is

/ . /
0 = euo + <2e(u1 )+ @> 0+ (2 2ae+eur(uy +20) + ul) 02— S (29)
%] ] %]

Next, we try to linearize the mirror system. Specifically, we will choose ug and u; so
that (2.2) becomes a linearizable equation and & satisfies an algebraic equation. Naturally
we postulate that (2.2) should be a Riccati equation:

/ 22 2) +
0 = euo + <2e(u1 )+ %) 0+ < act eu;(ul Rl h> 62, (2.3)
0 0

where h(t) is a function to be determined. By comparing (2.2) and (2.3), we may compute
&(t). Substituting the formula for £ into the equation for £’ in the mirror system, we obtain
an equation

Eo+ E10 4+ Ex0? = 0, 24
where

Ey = eudh,

By = 2euduih — uo(uoh),

By, = —2(a—¢? = f+uoh (-2 +e(a+u}) — (uoh)2/2 — u(uoh) .

Previous attempts could not overcome the major difficulty caused by assuming that
each coefficient of the expansion in powers of the singularity function should vanish. The
results for ODEs in that case invariably led to special solutions (parabolic cylinder function
equation here, for example), rather than transformations. To overcome this difficulty,
we relax the constraints E; = 0 by treating the equation (2.4) as a whole and need
to make sure that this algebraic equation (2.4) for 6 is compatible with the differential
equation (2.3) (or (2.2)). The compatibility condition is obtained by eliminating 6 from
the two equations. If we take ug = €, as suggested by the Painlevé test, take u; to
be a solution of (P4) with parameters A, B, and define a function s(¢) by h = s —
(2(e — ) + up(ug + 2t) + eu}), then the compatibility equation has the form

12

J
E Pjuy =0,
=0

where P; = Pj(u},t,s,5,s", 5", a,3, A, B) are polynomials.
By only assuming that the coefficient function P of the expansion in powers of uy
(not singularity function) should vanish, we obtain the following in a descending order

O(ui?) s=2(A—-a)/3,

O(ui') identity,

O(u1?) 3(B—p)=2(A—a)(A+a—2e),
O(u}) identity,

Ouf) : identity,

O(ul) 96+ 2(a + 24 — 3¢)* = 0,

O(u) identity, for j < 6.
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Then the equation (2.3) becomes

2

0 =1+ 2¢(uy +1)0 + S(A- )6, (2.5)
and the equation (2.4) becomes

EO + E19 + EQGQ =0, (26)
where

; 2 2 /

Ey = g(A+2a—3e)—2tu1—u1—eu1 up,

~ 2¢ 2 2¢ 2

E, = —§(A+20z—36) +§(A+2a—36)u1

4
—g(A — a)ui + 2et*ui — %u‘ll + 2tujul + %u/f,
- 2
E, = §(A —a) {2 (A4 20 — 3¢)? uy + 3eugu) + 6tu? — 3u3| .

Substituting the indicial normalization u = ef~! + u; into (2.6), we obtain a quadratic
equation for u, with the non-trivial solution being the well-known Schlesinger transforma-
tion

4(04 — A)u1

R 7 2.7
YT B3 + 6) + 342 + 6tup — 24 — 4al 27)

where A, B are in terms of «, 3 by
98+ 2(a+24—-36)2=0, 9B +2(A+2a—3¢)*=0
(the trivial solution is u = u; and a = A). The inverse transformation

B d(a—A)u
(3w + 6) + 3u2 + 6tu — 2a — 44

U — Ul

follows from the elimination of v} between (2.7) and
e(u—up) +u® —ud +2t(u—uy) +2(A—-a)/3=0,

which is obtained from (2.5) by the elimination of € from the indicial normalization. The
Schlesinger transformation is therefore given by (2.7) and (2.8), for which u and u; satisfy
(P4) with parameters (a, ) and (A, B), respectively.

Another interesting transformation is worth mentioning here.

By using the indicial normalization v = e~ +u; to eliminate u in (2.7) and then using
(2.5) to eliminate u;, we have a second equation for 6:

02 2 8et 1
0= — +-(A-a)P+—=(A-a)?+2(t? —e+ A 0— —.
29+3( @) +3( )0 +2 (1" —e+ A+ a) 50
This equation is actually (P4) for (0,t,a, 3), where
- 2
0= g(A — )0,
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The transformation between the two copies of (P4) is obtained by eliminating u; be-
tween the indicial normalization and (2.5), which reads u = (2(A — a) + 3€0') /(66) —
0/2 — t. The inverse transformation follows immediately from (2.8). In other words, we
have the following Schlesinger transformation between two copies of (P4):

2(e —a —2a)+ 3¢ 0 2(—€ — a — 2a) — 3eu’

— u
———t, 6: ___ta
66 2 6u 2

u =

where u and 6 satisfy Prv(u,t;«, 3) = 0 and Prv(6,t; @, 3) = 0, respectively. The param-
eters are related by

96+ 2(a + 2a + €)? = 0, 96 4 2(a + 20 — €)? = 0.

This transformation was obtained by Fokas and Ablowitz [2].

3 The modified Korteweg-de Vries equation

The idea of linearizing mirror systems can be used equally well for PDEs in finding the
Béacklund transformations. In this section, we demonstrate this through the modified
Korteweg-de Vries equation (m-KdV)

mKdV(u) = u; + (um — 2a*2u3)x =0.

Similar to the (P4), we rewrite it as the system u, = v, v, = w, w, = 6a 2u’v —

ug, introduce the indicial normalization u = ug8~' + u1 + w26, and deduce the mirror
transformation (u,v,w) < (0,&,n):

U
u = ?0 + u1 + uaf,
v - _%972  2eupuy o1+ <a29t _ 2eugupy ﬁ) 4o,
le} o 2ug o o
9 3 6 2 6 2 6 2
wo = %0—3 + —u02ul 072 + ( u02ul + 'LL02UQ — ea@t) o1
«a « « «
2u?  10uguiu €U eQu
+<_21+ 021 2 0§+ 0t)+n07
« « « 2u
where €2 = 1. The sign parameter e characterizes two principal balances of Laurent series

for 6., v and w. The mirror transformation converts the m-KdV equation into a regular
system, in which the equation for 6, is

2 2
0, = (ug—u6?)™? [% + < ciot +u0x> 0 (3.1)
« (6%
2 2 20
(o 2 Y -]
o o 2uq

For small 4, the right-hand side of the last equation has the following expansion

eu 2eu U eu?  3eu a0 u
_O+<_1+ﬁ)9+( 1+ 2 _ 2t+£)92_|_...‘
o o (n U o 2u0 uQ
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Thus we postulate 6 to satisfy a Riccati equation of the following form

2 2 3
ax:@+<ﬂ+@)9+(ﬂ+ﬂ+%+h)92, (3:2)
a a Ug

where h is a function to be determined. By comparing the difference between (3.1) and
(3.2), we may compute the f-series for £. Substituting this -series into the equation for &,
in the mirror system, we may compute the #-series for 1. Further substituting the 6-series
for £ and 7 into the equation for 7 in the mirror system, we may compute the 6-series for
Qtl

6, — _2u3h <—4u0u1h N Uot N 26(U0h>z> 0

o? o? Ug o
—2euph?®  2u?h  6ugush w 2euq (ugh ugh
+< 0 _ 12 _ 022 +£+ 1(0)I_(0)II>02+”‘.
o o o ug aug ug

Motivated by what happened generally for the behaviour of same order derivatives for
PDEs, we would like to have 6; also satisfying a linearizable equation. Thus we postulate

2u2h —4ugurh u 2¢(ugh
b = ——3 +< Ohe +ﬁ+7€(°)m>9
« « ug «

—2euph?®  2u?h  6ugush w 2euq (ugh ugh
+< oh” _ 2ul ouzh | vt 1(0)x_(0)x:c+g>027
« « « Uug aug ug

(3.3)

by introducing a function g(t). In order for (3.2) and (3.3) to be compatible, we need the
following to vanish

2 h 2 x
R
« () QU « uo
+66h(uoh)gC N 12u2(12toh)x N 6h(u()2uQ)I N (uoh)xm) 2.
@ o « Up

Now we try to choose appropriate ug, u1, g, h so that the compatibility condition is
satisfied. As suggested by the Painlevé test, we choose ug = ea. Then we simply choose
g = 0, introduce s(z,t) by h = s — eug 'u?/a — 3eus/a — ug 'ur, and obtain

2
(0)e — (Br) = 62 [_%mKdV(ul) ~ < (mKdV(m)),
2 3
+ 6 (uz — cas) (“”;w - 6“1:}‘”) 8y Sugg — ooM2aa
(6% (6 (6%
u2 u u u S u?
65, <s__;_€_2_6 m) 12, <;;_€_+6_31>]
« « (0% « « (0%

A simple choice for the above to vanish is
mKdV(u;) =0, us—eas=0, s,=0, s,=0.
In summary, with the following choices

(i) uo = eas
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(ii) w; is a solution of the m-KdV equation;
(iii) uz = —ea?, with A a constant;
(iv) 9=

g
(v) h=2)\2 —uy/a? — eury/a,

we have the following compatible system

( 2
0, = 1+-"19— 22
(6%
u? 2
6, — —4\2+ % + EZ“ (3.4)
N (_86)\2u1 N 4615’ B 2eu1m> 04 <4/\4 B 2)\2211% N 26)\2U1x) o2,
« (6 (6 (6 «

Now, in contrast to the treatment of ODEs, in the last system, we relax the condition
on the function u; to allow it arbitrary instead of a solution of the modified KdV equation.
Then the system is naturally not compatible in general. In fact, we have

2¢
(02)r = (1) = —0 - mKdV (uy).
This indicates that we can obtain the auto-Béacklund transformation. Indeed, the indicial

normalization u = eaf~! + u; — eaA?0 and the first equation in (3.4) imply

el

6

Write u = U, and u; = Uy,. We can solve 6 from the last equation. A particular solution
is given by

U+ uy =

0 =X"lexp[ea ' (U+Uy)|.
Substituting this into system (3.4) and simplifying, we have the Backlund transformation
(U—-U1)y = —2aAsinh [0 YU +U1)],
(U—-Ui)y = —8NUiyz +4\Uigs cosh [a (U + Uy)] (3.5)
+ (8aX? — 40~ AUE,) sinh [~ (U + Uy)],

where U and U7 are two solutions of the potential m-KdV equation Ut—i—Uxm—2a_2U§’ =0.
The symmetric form of (3.5) was given by [10]. In terms of a new dependent variable
f =tanh [(2a)"!(U + U1)], the z-derivative equation of (3.5) takes the form

U1
fom () A=) = —20f.
e
Substituting f = ve/v1, we obtain the coupled pair of linear differential equations:

vig — Avr = o g,

Voy + Ava = a lujv.
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Similarly we obtain from the ¢-derivative equation of (3.5)

v1¢ = Avy + Buo,

Vot = C’Ul - AUQ,

where
A = —40 1242,
B = —4a ' 2u; — 207 g, + 207303 — a lug gy,
C = —da X2 + 20 gy + 2073u3 — a tugg,.

4 Conclusions

The recent discovery of the mirror systems for integrable equations has provided a new
tool to study integrability. It has been proved rigorously the equivalence between passing
the Painlevé test and being regular for the mirror systems. The regularity indicates that
integrable equations are linear near their movable poles. Extension of this local result to
the global region is the key technical step to understand integrability.

In this paper, we use classical integrable equations to demonstrate that the Backlund
transformations as well as the Schlesinger transformations are natural consequences of the
linearizable mirror systems. The crucial observation here for these examples is that the 6
function, defined explicitly by the indicial normalization, satisfies a linearizable equation.

Although it is not clear how many terms needed a priori for recovering the transforma-
tions, our investigations reveal that the 6 functions through different indicial normaliza-
tions always yield some interesting results. The function could play an important role in
understanding the global structures of integrability through the local Painlevé analysis.
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