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Abstract

In this article we present a Lagrangian representation for evolutionary systems with
a Hamiltonian structure determined by a differential-geometric Poisson bracket of the
first order associated with metrics of constant curvature. Kaup-Boussinesq system has
three local Hamiltonian structures and one nonlocal Hamiltonian structure associated
with metric of constant curvature. Darboux theorem (reducing Hamiltonian structures
to canonical form ”d/dx” by differential substitutions and reciprocal transformations)
for these Hamiltonian structures is proved.

1 Introduction

In this article we describe nonlocal Hamiltonian structure associated with differential-
geometric Poisson bracket of the first order with metric of constant curvature and its
Lagrangian representation for evolutionary systems

ukt = f
k(u,ux, ...). (1.1)

It means that (1.1) can be re-written as

uit = {ui, H} =
∧
A
ik δH

δuk
, (1.2)

where
∧
A
ik

is a Hamiltonian operator, H =
∫
h(u,ux, ...)dx is a functional of conservation

law density h(u,ux, ...) and {ui(x), uj(x′)} is a Poisson bracket. Then we can introduce
new variables aα(u) = ∂xϕα, where the system (1.1) is determined by action

S =
∫
L(ϕt, ϕx, ϕxx, ϕxxx, ...)dxdt, (1.3)

where L(ϕt, ϕx, ϕxx, ϕxxx, ...) is a Lagrangian.
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The modern theory of Hamiltonian and Symplectic structures, Poisson brackets and
Lagrangian representations is developed in [1] by L.D.Faddeev and V.E.Zakharov in 1971,
where they showed that the Korteweg-de Vries equation has Poisson bracket

{a(x), a(x′)} = ∂xδ(x− x′) (1.4)

determining the first Hamiltonian structure

at = ∂x
δH

δa
, (1.5)

where (in general case) the Hamiltonian is H =
∫
h(a,ax, ...)dx. N -component general-

ization of this formula on arbitrary dependence u = u(a(x)) was established in the article
[2] by B.A.Dubrovin and S.P.Novikov in 1983

{ui(x), uj(x′)} = [gij(u(x))∂x − gisΓjskukx]δ(x− x′), (1.6)

where gij(u) is nondegenerated symmetric flat metric, Γijk are the coefficients of the corre-
sponding Levi-Civita connection, Γjsk = Γ

j
ks and ∇igsk = 0. If we choose the Hamiltonian

depended on functions ui only, H =
∫
h(u)dx, then the Poisson bracket (1.6) determines

Hydrodynamic type system uit = wik(u)u
k
x, where w

i
k(u) = ∇i∇kh (see [3]). Moreover,

we can find ”flat coordinates” aν (annihilators of the Poisson bracket (1.6), or Casimirs),
where all Γαβγ ≡ 0 and gαβ is constant symmetric nondegenerated metric

aαt = ∂x[g
αβ δH

δaβ
]. (1.7)

This Hamiltonian structure allows (N + 2) conservation laws, where first N of them are
(1.7), the conservation law of Energy is

ht = ∂x[g
αβ ∂h

∂aα
∂h

∂aβ
], (1.8)

and conservation law of Momentum P =
∫
pdx is

pt = ∂x[aα
∂h

∂aα
− h], (1.9)

where (gαβg
βγ = δγα)

p =
1
2
gαβa

αaβ . (1.10)

In more general case H =
∫
h(a,ax, ...,aM )dx the conservation law of the Momentum is

pt = ∂x[aα
δH

δaα
− F ], (1.11)

where

∂xF =
δH

δaα
aαx . (1.12)
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and thus

F = h−
M∑
n=1

(−1)naβn
M∑
k=n

(−1)k∂k−nx

∂h

∂aβk
.

In this case formula (1.8) are transformed into more general

ht = ∂x(g
αβ [

M∑
m=1

m−1∑
k=0

(−1)k∂kx(
∂h

∂aαm
)∂m−k

x (
δH

δaβ
) +

1
2
δH

δaα
δH

δaβ
]).

It is easily to check that if evolutionary system (1.1) has (N+1) conservation law densities
connected by constraint (1.10), then this system has local Hamiltonian structure (1.7).
Also, the evolutionary system (1.7) has the Lagrangian representation

S =
∫
[
1
2
gαβϕ

α
xϕ

β
t − h(ϕx, ϕxx, ...)]dxdt, (1.13)

where aα = ϕαx .
A more complicated case was studied by E.V.Ferapontov and O.I.Mokhov in the article

[4] in 1990:

{ui(z), uj(z′)} = [gij(u(z))∂z − gisΓjskukz + εuiz∂−1
z ujz]δ(z − z′), (1.14)

where gij(u) is nondegenerated symmetric metric with constant curvature ε (see (1.6)).
However, some problems have been unsolved. In this article we present:

1. Canonical coordinates for evolutionary systems with nonlocal Hamiltonian structure
determined by the Poisson bracket (1.6). Thus, Hamiltonian structure will be written
in compact form (see for comparison (1.7)).

2. The Metric and the Momentum in canonical coordinates (see for comparison (1.9)
and (1.10)).

3. The Lagrangian representation (see for comparison (1.13)).

4. Reciprocal transformations connecting Poisson brackets (1.6) and (1.14).

5. The fourth (nonlocal) Hamiltonian structure associated with metric of constant cur-
vature for the Kaup-Boussinesq system.

Local linear-degenerated Lagrangians (Lagrangians are linear with respect to deriva-
tives of t) were studied in [8]. It means that symplectic structure is local (determined by
differential operator of arbitrary order), of course, corresponding Hamiltonian structure is
nonlocal, but not invertible in compact form (it means that in general case corresponding
differential operator has infinite set of elements). Arbitrary nonlocal Hamiltonian struc-
ture has corresponding nonlocal symplectic structure. Moreover this symplectic structure
has infinite set of elements too. It is astonish that namely in case of constant curva-
ture metric nonlocal Hamiltonian structure has local corresponding symplectic structure.
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By another words, not every nonlocal Hamiltonian structure has inverse local symplectic
structure. At first the general reciprocal transformation connecting Poisson brackets (1.6)
and (1.14) was presented by E.V.Ferapontov (see below). However, here we present one
very special case: one-parametric family of constant curvature metrics ε−intimated to flat
case. It means that if in below presented reciprocal transformation anyone put ε = 0, then
it will be identical transformation (Moreover in general case recalculation of all attributes
for Poisson bracket associated with metric of constant curvature (annihilators, momen-
tum and Hamiltonian) is very complicated problem not solved now. Just in our particular
case it was solved and presented below). The metric of constant curvature is well known,
however annihilators and momentum for corresponding Poisson brackets were not known
as well as Lagrangian representations. Our major aim is construction of Lagrangian rep-
resentations without constraints for nonlocal Hamiltonian structures. Here we establish a
Lagrangian representation for nonlocal Hamiltonian structure associated with differential-
geometric Poisson bracket of the first order with metric of constant curvature. This is
the first nontrivial example of nonlocal Hamiltonian structures generalizing the local one.
Lagrangian representations for Poisson brackets associated with metrics of constant curva-
ture have been obtained by application of special reciprocal transformation (see below) for
Lagrangian representations of Poisson brackets associated with metrics of zero curvature.
It is amazing, that it is possible. Usually it is not valid. If anyone try to apply arbitrary re-
ciprocal transformation for arbitrary Lagrangian density (which is 2-form), then obtained
new Lagrangian representation will not create system connected by abovementioned recip-
rocal transformation with initial system determined by initial Lagrangian representation.
It means that we do not know all Lagrangian representations convertible under reciprocal
transformation into others. However, namely in case of constant curvature metric this
problem is successfully solved in this article. Moreover, we would like to emphasize that
in case of constant curvature knowledge of annihilators and momentum is not enough for
direct reconstruction of Lagrangian representation with respect to Hamiltonian structures
associated with metrics of zero curvature. This is nontrivial problem are solved by specific
choice of annihilators (special N from all N + 1, see below). This article contains several
Sections. In Section II we formulate a theorem about canonical coordinates (Casimirs or
annihilators of Poisson brackets), where this nonlocal Hamiltonian structure will be com-
pactly presented. In Section III we present two theorems about relationship between this
nonlocal and local Hamiltonian structures. In the Section IV we present two remarkable
examples, which allow this nonlocal Hamiltonian structure. One of them is the Calogero
KdV equation related to the KdV equation by the combination of differential substitu-
tions, another is the Thrice-Modified Kaup-Boussinesq system which is related to the
Kaup-Boussinesq system by a combination of differential substitutions. In Section V we
establish a Lagrangian representation for an arbitrary evolutionary system with this non-
local Hamiltonian structure. And we show that canonical coordinates presented in Section
II determine potential functions in this Lagrangian representation. Moreover, we show re-
lationship between this Lagrangian representation (for evolutionary system with nonlocal
Hamiltonian structure) and with Lagrangian representation for evolutionary system deter-
mined by local Hamiltonian structure. In Section VI we describe a very important example
of the first four Hamiltonian structures of the Kaup-Boussinesq system. We demonstrate
validity of infinite-dimensional analog of Darboux theorem for this Hamiltonian structures
by straightforward calculations, where every Hamiltonian structure can be presented in
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their canonical form ”d/dx”. In all cases we present Lagrangian representations, describe
relationships between all formulas, and present a new integrable evolutionary system con-
nected with Thrice-Modified Kaup-Boussinesq system by reciprocal transformation, which
has local Hamiltonian structure reduced from nonlocal Hamiltonian structure of aforemen-
tioned type.
To this moment we know many integrable systems possessing this nonlocal Hamilto-

nian structure. We mention here just some famous of them. These are Korteweg-de Vries
equation, Kaup-Boussinesq system, Multi-component Long-Short Wave Resonance (see
articles of Najima & Oikawa and Melnikov), Coupled KdV (see articles of Antonowicz &
Fordy) and so on. Moreover, averaged integrable systems are hydrodynamic type systems
(see articles of Dubrovin & Novikov), which possess the same type of Hamiltonian struc-
tures. The modern level of development of Hamiltonian structures (see below) needs for
introducing them into other areas of scientific creation like fields theory, theory of insta-
bility in fluid mechanics and ets. We hope that presented results can be interesting for
specialists not working in theory of integrable systems or in differential geometry as well.

2 Canonical Coordinates for the Metrics of Constant Cur-
vature

Theorem 1. The evolutionary system (1.1) (see (1.14))

uiy = [g
ij∂z − gisΓjskukz + εuiz∂−1

z ujz]
δH

δuj
, i = 1, 2...N (2.1)

has

1. Casimir functionals Hα =
∫
cα(u)dz, where α = 1, 2...N (annihilators of the Poisson

bracket (1.14)), which are determined by (see (2.1))

[gij∂z − gisΓjskukz + εuiz∂−1
z ujz]

δHα

δuj
= 0, (2.2)

or by

∂ikc
α − Γnik∂ncα + εgikcα = 0. (2.3)

(the system (2.3) has (N + 1) solutions. Any N of them are functionally indepen-
dent.)

2. The metric gαβ in Casimirs cα(u) (see (2.3)) is

gαβ = gαβ − εcαcβ , (2.4)

where gαβis nondegenerated symmetric constant matrix. The metric gαβ (see (2.4),
where gαβgβγ = δ

γ
α) is

gαβ = gαβ + ε
gαγc

γgβνc
ν

1− εgγνcγcν
, (2.5)

where gαβg
βγ = δγα. The Christoffel symbols are Γαβγ = εgβγc

α.
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3. The first N conservation laws (see (1.12) and (2.4)) are

cαy = ∂z[g
αβ δH

δcβ
+ εcαF ], α = 1, 2, ...N (2.6)

4. The conservation law of the momentum

py = ∂z[(1− εp)(cα δH
δcα

− F )], (2.7)

where the Momentum P =
∫
p(c)dx is

p =
1
ε
[1−

√
1− εgαβcαcβ ], (2.8)

which is determined by (2.6)

gαβ∂βp+ εcαp = cα. (2.9)

5. The conservation law of the Energy is

hy = ∂z(
1
2
gαβ

∂h

∂cα
∂h

∂cβ
+
ε

2
h2) (2.10)

for hydrodynamic type systems (H =
∫
h(c)dz) or in more general case (see (2.6))

hy = ∂z(
M∑
m=1

m−1∑
k=0

(−1)k∂kz (
∂h

∂cαm
)∂m−k

z (gαβ
δH

δcβ
+ εcαF ) +

1
2
gαβ

δH

δcα
δH

δcβ
+
ε

2
F 2),

where H =
∫
h(c, cz, ...cM )dz and F = h−

M∑
n=1

(−1)ncβn
M∑
k=n

(−1)k∂k−nx
∂h

∂cβk
.

Remark I: If H =
∫
h(c)dz, then evolutionary system (2.1) transforms into Hydrody-

namic type system uiy = w
i
k(u)u

k
z , where w

i
k(u) = ∇i∇kh+ εhδik (see [4]).

Remark II: If ε→ 0, all formulas (2.1-10) transform into the ”flat” case (1.6-11).
Proof : can be obtained by straightforward calculation.
Example: Hydrodynamic type systems possessing nonlocal Hamiltonian structure

(2.1) associated with elliptic coordinates were described in [5], where all exact formulas
(Casimirs, metrics, conservation law densities) were presented too.

Theorem 2. If evolutionary system (1.1) has (N+1) conservation law densities connected
by constraint (2.8), then this system has nonlocal Hamiltonian structure associated with
metric of constant curvature.

Proof : We take evolutionary system (1.1) in divergent form cαy = ∂zb
α(c, cz, czz, ...),

then additional conservation law py = ∂zb(c) yields relationship ∂zb(c) = gαβ
cβ

1−εpb
α
z . It is

valid if and only if gαβbβ = δS/δqα, where qα = cα/(1− εp) and S =
∫
s(q,qz,qzz, ...)dz.

It means that py = ∂z[qβ δS
δqβ − R] and cαy = ∂z[g

αβ δS
δqβ ], where ∂zR = δS

δqα qαz . Since
δS
δqα = (1− εp)[ δSδcα − εcγ δS

δcγ gαβc
β ], anyone can immediately obtain (2.6) and (2.7), where

h = (1− εp)s.
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3 Reciprocal Transformation and nonlocal Hamiltonian struc-
tures.

In this Section we establish canonical reciprocal transformation between local Hamiltonian
structure (1.7) and nonlocal Hamiltonian structure (2.6).
The general reciprocal transformation between Hamiltonian structures (1.7) and (2.6)

was constructed in [6] by E.Ferapontov in 1995 for Hydrodynamic type systems

uit = υ
i
k(u)u

k
x and uiy = w

i
k(u)u

k
z . (3.1)

If the first system in (3.1) has local Hamiltonian structure (see (1.7-10)), then we can
introduce the reciprocal transformation

dy = A(u)dx+B(u)dt, dz = C(u)dx+D(u)dt, (3.2)

where

A(u) = αh+ βp+ γνaν + ζ, B(u) =
α

2
gµνhµhν + β(aνhν − h) + γνgνµhµ + η

C(u) = αh+ βp+ γνa
ν + ζ, D(u) =

α

2
gµνhµhν + β(aνhν − h) + γνgνµhµ + η,

and α, β, γν , ζ, η, α, β, γν , ζ, η are arbitrary constants.

Theorem 3. ([6]) The Hydrodynamic type system (x, t) with local Hamiltonian struc-
ture (1.7) transforms into the Hydrodynamic type system (y, z) with nonlocal Hamiltonian
structure (2.6) if

gµνγµγν − 2αη − 2βζ = ε, (3.3)

gµνγµγν = 2αη + 2βζ, gµνγµγν = αη + αη + βζ + βζ

By choosing special constants in (3.3) we present particular, but more simple and more
clear

Theorem 4. The evolutionary system (x, t) with local Hamiltonian structure (1.7) trans-
forms itself into the evolutionary system (y, z) with nonlocal Hamiltonian structure (2.6)
by the reciprocal transformation

dy = dt, dz = (1 +
ε

2
p)dx+

ε

2
qdt, (3.4)

where ∂tp = ∂xq and q = aα δH
δaα − F (see (1.11) and (1.12)). Then

1. h(c, cz, ...) = h(a,ax, ...)/(1 +
ε

2
p),

2. p = p/(1 +
ε

2
p),

3. cα = aα/(1 +
ε

2
p),

4. gαβ = gαβ − εcαcβ,

5. cαy = ∂z[g
αβ δH

δcβ
+ εcαF ],

where ∂x = (1 + ε
2p)∂z, H =

∫
h(c, cz, ...)dz and ∂zF = δH

δcβ
cβz
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Remark I: if ε → 0, then all this formulas transform into local case (see Section I).
E.V.Ferapontov have studied another particular case too

dy = dt, dz = (p+
1
2
)dx+ (aα

∂h

∂aα
− h)dt.

However, just in our case we describe one-parameter (ε− parameter) family of metrics
of constant curvature, where if ε = 0 (3.4) is identical. In our case we present by above
theorem recalculation for annihilators, momentum and Hamiltonian – all that was absent
in earlier articles.
Remark II: The conditions 2. and 3. yield relationship between (2.8) and (1.10). The

inverse formulas are p = p/(1− ε
2p), h = h/(1− ε

2p), a
α = cα/(1− ε

2p).
Proof : An arbitrary conservation law for the evolutionary system (1.7) can be pre-

sented in its divergent form dξ = hdx + fdt. If we apply the reciprocal transformation
(3.4) for all (N+2) conservation laws (1.7-9) and (1.11), then we at once obtain conditions
of this theorem.

4 Remarkable examples

1. It is well-known fact (see for instance [7]) that the Calogero Korteweg-de Vries
equation (CKdV)

uy = ∂z[uzz +
3
2u
(1− u2

z)] (4.1)

has the nonlocal Hamiltonian structure (1.14) (see (2.1))

uy = [u2∂z + uuz − uz∂−1
z uz]

δH

δu
(4.2)

where H = −1
2

∫ 1+u2
z

u2 dz. However, here g
11 ≡ 0. Thus, the CKdV equation has extraor-

dinary momentum P =
∫
1 · dz and two Casimirs Q1 =

∫
udz and Q2 =

∫
dz/u. Here we

introduce other particular reciprocal transformation (see (3.2), (3.3) and (4.1))

dt = dy, dx = udz + [uzz +
3
2u
(1− u2

z)]dy. (4.3)

Then inverse reciprocal transformation is

dy = dt, dz = wdx+ [
wxx
w3

− 3w2
x

2w4
− 3
2
w2]dt. (4.4)

where uw = 1 and ∂z = u∂x, and the CKdV equation transforms into

wt = ∂x[
wxx
w3

− 3w2
x

2w4
− 3
2
w2] (4.5)
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This equation (4.5) has local Hamiltonian structure

wt = ∂x
δH

δw
(4.6)

where (H =
∫
h(w,wx)dx =

∫
h(1/u, (1/u)z/u)udz =

∫
h(u, uz)dz) the Hamiltonian is

H = −1
2

∫
[w

2
x

w3 +w3]dx, the Momentum is P = 1
2Q2 = 1

2

∫
dz/u = 1

2

∫
w2dx, the Casimir is

Q = P =
∫
1 · dz = ∫

wdx and other Casimir for the nonlocal Hamiltonian structure (4.2)
transforms into trivial Casimir Q1 =

∫
udz =

∫
1 · dx.

Here we introduce potential function z (see (1.13) and (4.4)), then the equation (4.5)
has the Lagrangian representation

S =
1
2

∫
[zxzt +

z2xx
z3x

+ z3x]dxdt (4.7)

where w = zx. We can apply the reciprocal transformation (4.4) for the 2-form

Ω = [zxzt +
z2xx
z3x

+ z3x]dx ∧ dt.

Then this 2-form

Ω = [we+
w2
x

w3
+ w3]dx ∧ dt,

where e = zt transforms into

Ω = [
e

u
+
1 + u2

z

u3
]udz ∧ dy,

where dx ∧ dt = udz ∧ dy and ∂x = w∂z (see (4.3) and (4.4)). Thus, this 2-form

Ω = [−xy
xz
+
1 + x2

zz

x2
z

]dz ∧ dy,

where u = xz and e = −xy/xz (see (4.3)) yields the Lagrangian representation for the
CKdV equation

S =
1
2

∫
[−xy
xz
+
1 + x2

zz

x2
z

]dzdy, (4.8)

Thus, we have described a relationship between a Lagrangian representation for evolu-
tionary equation with local Hamiltonian structure (4.6) and a Lagrangian representation
for evolutionary equation with nonlocal Hamiltonian structure (4.2). This action (4.8)
have been established in article [8] for the Krichever-Novikov equation. However, here
we will give a generalization of this Lagrangian representation on N -component case for
evolutionary systems with nonlocal Hamiltonian structure (2.6).

2. The Thrice-Modified Kaup-Boussinesq system (see [9])
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cy = ∂z[−12b(1+b
2)+ε(cbz − bcz)], by = ∂z[−(1-b

2)2

2c
+ε(bbz+

1-b2

c
cz)] (4.9)

(ε is arbitrary constant, not curvature here!) has nonlocal Hamiltonian structure

cy =
1
4
∂z[bc

δH

δb
+ c2

δH

δc
− cF ] (4.10)

by =
1
4
∂z[(b2 − 1)δH

δb
+ bc

δH

δc
− bF ],

where the Hamiltonian is H = 2
∫
[b(1− b2)− 2εbcz]dz/c and ∂zF = δH

δb bz +
δH
δc cz. This

bracket is determined by the differential-geometric Poisson bracket with metric of constant
curvature (1.14)

{b(z), b(z′)} = 1
4
[(b2 − 1)∂z + bbz − bz∂−1

z bz] δ(z − z′) (4.11)

{b(z), c(z′)} = 1
4
[cb∂z + cbz − bz∂−1

z cz] δ(z − z′)

{c(z), b(z′)} = 1
4
[bc∂z + bcz − cz∂−1

z bz] δ(z − z′)

{c(z), c(z′)} = 1
4
[c2∂z + ccz − cz∂−1

z cz] δ(z − z′).

Since, just g11 = −1 (g12 = g21 = g22 = 0, e.g. det gαβ = 0) the system (4.13)

has extraordinary momentum P =
∫
1 · dz (compare with (2.4-2.6) and (2.8)), but three

Casimirs

Q1 =
∫
1− b2
c

dz, Q2 =
∫
bdz, Q3 =

∫
cdz.

These conservation law densities determine the constraint

q1q3 + q22 = 1 (4.12)

where Qα =
∫
qαdz, α = 1, 2, 3. The Poisson bracket (4.11) can be reduced into canonical

form (1.7) by multi-parameter reciprocal transformation (3.2) (see (3.3)). Here we can for
instance use simplest particular reciprocal transformation

dt = dy, dx = cdz + [−1
2
b(1 + b2) + ε(cbz − bcz)]dy (4.13)

(see the first equation in (4.9)).Then, the inverse reciprocal transformation is

dy = dt, dz = udx+
1
2
[w +

w3

u2
− 2εwx

u2
]dt, (4.14)
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where uc = 1, b = wc and ∂z = c∂x or ∂x = u∂z. And we at once obtain other integrable
system

ut =
1
2
∂x[w +

w3

u2
− 2εwx

u2
], wt =

1
2
∂x[3

w2

u
− u− 2εux

u2
], (4.15)

which has local Hamiltonian structure

ut =
1
4
∂x
δH

δu
, wt = −1

4
∂x
δH

δw
(4.16)

with (H =
∫
h(b, c, cz)dz =

∫
h(w/u, 1/u, (1/u)z/u)udx =

∫
h(u,w,wx)dx) the Hamilto-

nianH = 2
∫
[uw−w3−2εwx

u ]dx, also with Momentum P = 2Q1 = 2
∫
q1dz = 2

∫
(u2−w2)dx

(see (4.12)), two Casimirs Q2 = Q2 =
∫
bdz =

∫
wdx, Q3 = P =

∫
1 · dz = ∫

udx
and other Casimir for the nonlocal Hamiltonians structure (4.10) transforms into trivial
Casimir Q3 =

∫
cdz =

∫
1 · dx.

The evolutionary system (4.16) with the Poisson bracket

{u (x) , u (
x′

)} = −{w (x) , w (
x′

)} = 1
4
δ′(x− x′) (4.17)

has the Lagrangian representation (see (1.13) and (4.14))

S =
1
2

∫
[zxzt − ϕxϕt − 2εϕxx − ϕ3

x

zx
− zxϕx]dxdt, (4.18)

where w = ϕx. We can apply the reciprocal transformation (4.14) for the 2-form

Ω = [zxzt − ϕxϕt − 2εϕxx − ϕ3
x

zx
− zxϕx]dx ∧ dt.

Then this 2-form

Ω = [ue− wυ − 2εwx − w3

u
− uw]dx ∧ dt,

where e = zt and υ = ϕt, transforms itself into

Ω = [
e

c
− bυ

c
− 2ε(b

c
)z +

b3

c2
− b

c2
]cdz ∧ dy,

where dx∧ dt = cdz ∧ dy (see (4.13)). Since dϕ = wdx+ υdt = bdz+(υ− be)dy, then this
2-form

Ω = [−1− ϕ
2
z

xz
xy − ϕzϕy − 2εxz(ϕz

xz
)z +

ϕ3
z

xz
− ϕz
xz
]dz ∧ dy,

where c = xz, e = −xy/xz, b = ϕz and υ = ϕy−ϕzxy/xz (see (4.13)), yields the Lagrangian
representation for the Thrice-Modified Kaup-Boussinesq system

S =
1
2

∫
[
1− ϕ2

z

xz
xy + ϕzϕy − 2εxzz

xz
ϕz +

ϕz(1− ϕ2
z)

xz
]dzdy. (4.19)
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Remark: The Kaup-Boussinesq system has nonlocal Hamiltonian structure with de-
generated constant gαβmatrix (see (2.4)) in coordinates (q2, q3) (see (4.12)). However, this
Poisson bracket (4.11) easily can be transformed into canonical form (2.6) with canonical
metrics (2.4), if we change variable q2 → 1− q. Then (4.12) at once yields a Momentum
(see (2.8))

q = 1−
√
1− q1q3

expressed in its canonical variables Casimirs q1 and q3 (it is easy to see, that the Momentum
P =

∫
qdz (where q = 1 − q2) is a linear combination of two Casimirs Q3 and Q2.).

Immediately we obtain (see (2.8)) all non-zero components of constant matrix gαβ : g12 =
g21 = 1/2 and curvature ε = 1. Thus, g12 = g21 = 2 and the Thrice-Modified Kaup-
Boussinesq system (4.9) can be re-written in variables (r, c) (see (2.4) and (2.6)), where
rc+ b2 = 1 (see (4.12))

ry =
1
2
∂z[

r2√
1-rc

+ε
r2cz+(2-rc)rz√

1− rc ], cy = −1
2
∂z[(2-rc)

√
1-rc+ ε

(2-rc)cz+c2rz√
1− rc ].

This system has nonlocal Hamiltonian structure (2.6)

ry =
1
4
∂z[−r2 δH

δr
+ (2− rc)δH

δc
+ rF ], cy =

1
4
∂z[(2− rc)δH

δr
− c2 δH

δc
+ cF ],

where H = 2
∫ √

1− rc(r − 2εcz/c)dz and ∂zF = δH
δr rz +

δH
δc cz (see (4.10)). Thus, the

Poisson bracket (4.11) determined by Lagrangian representation (4.19) for the evolutionary
system (4.9) yields the canonical Poisson bracket (2.4)

{r(z), r(z′)} = 1
4
[−r2∂z − rrz + rz∂−1

z rz] δ(z − z′),

{r(z), c(z′)} = 1
4
[(2− rc)∂z − crz + rz∂−1

z cz] δ(z − z′),

{c(z), r(z′)} = 1
4
[(2− rc)∂z − rcz + cz∂−1

z rz] δ(z − z′),

{c(z), c(z′)} = 1
4
[−c2∂z − ccz + cz∂−1

z cz] δ(z − z′).

5 Lagrangian Representation

Major result:

Theorem 5. The evolutionary system (1.1) with nonlocal Hamiltonian structure (see
(2.1)) determined by differential-geometric Poisson bracket of the first order associated
with metrics of constant curvature (1.14) has the Lagrangian representation

S =
∫
[
1− gανϕαzϕνz

2xz
xy +

1
2
gανϕ

α
zϕ

ν
y − h(xz, ϕz, xzz, ϕzz, ...)]dzdy (5.1)
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Proof : From variational derivatives δS/δϕα = 0, δS/δx = 0 and compatibility
condition (xz)y = (xy)z , respectively, we obtain evolutionary system on (N+2) equations

υαy+∂z(ρυ
α − gανδH/δυν) = 0, wy+∂z(ρw − δH/δu) = 0, uy+∂z(ρu) = 0, (5.2)

where u = xz, ρ = −xy/xz, υα = ϕαz , H =
∫
h(u, υ, uz, υz, ...)dz and constraint

1 = 2uw + gανυ
αυν . (5.3)

The system (5.2) is over-determined system. Thus, from the obvious condition ∂y(2uw +
gανυ

αυν) = 0 (see (5.3)) we obtain an explicit expression of the function ρ

ρ = u
δH

δu
+ υα

δH

δυα
− F, (5.4)

where ∂zF = δH
δυαυαz +

δH
δu uz (see (1.12)).

At first we introduce new variables (p, q, υ) by

u = 1− p− q, 2w = 1− p+ q, qα = υα, (5.5)

then all partial derivatives are

∂h

∂u
= − 1− p

1− p− q
∂h

∂q
,

∂h

∂υα
=
∂h

∂qα
− gανq

ν

1− p− q
∂h

∂q
. (5.6)

For simplicity and without loss of generality it is sufficient, if we will study just the
hydrodynamic type case, where H =

∫
h(u, υ)dz. Then (see (5.4))

ρ = (q
∂h

∂q
+ qα

∂h

∂qα
− h)− 1

1− p− q
∂h

∂q
(5.7)

and system (5.2) transforms itself into

qy=∂z[−∂h
∂q

− q(q∂h
∂q
+qα

∂h

∂qα
-h)], qαy=∂z[g

αν ∂h

∂qν
− qα(q∂h

∂q
+qν

∂h

∂qν
-h)]. (5.8)

This system has the momentum (see (5.3) and (5.5))

p = 1−
√
1 + q2 − gανqαqν (5.9)

(thus, curvature ε = 1, see (2.8)) and conservation law of momentum is

py = ∂z[(1− p)(q∂h
∂q

+ qα
∂h

∂qα
− h)]. (5.10)

Here we introduce new variables c0 = q, cα = qα, α = 1, 2...N . Then the system (5.8)
is exactly the system (2.6) with constant matrices

˜
g
αν

=
( −1 0

0 gαν

)
,

˜
gαν =

( −1 0
0 gαν

)
. (5.11)
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Remark: If we introduce the reciprocal transformation (see (5.2))

dt = dy, dx = udz − ρudy (5.12)

we can apply (5.12) for 2-form (see (5.1) and Section IV)

Ω = [−ρ1− gανυ
αυν

2
+
1
2
gανυ

αeν − h(u, υ, uz, υz, ...)]dz ∧ dy,
where eα = ϕαy . Then this 2-form (where dx ∧ dt = udz ∧ dy, see (5.12))

Ω = [−zt z
2
x − gανϕαxϕνx

2zx
+

1
2zx

gανϕ
α
x(ϕ

ν
t zx − ϕνxzt)− zxh]dx ∧ dt,

where zx = 1/u, zt = ρ, υα = ϕαx/zx, eα = ϕαt − ztϕαx/zx, determines the action (see
(1.13))

S =
∫
[−1
2
zxzt +

1
2
gανϕ

α
xϕ

ν
t − h(zx, ϕx, zxx, ϕxx, ...)]dxdt (5.12)

for the evolutionary system (1.1) with local Hamiltonian structure (1.7) and constant
metrics (5.11), where (see (1.7)) a0 = zx, aα = ϕαx (α = 1, 2...N) and h = a0h (H =∫
hdz =

∫
hdx =

∫
a0hdx).

6 Kaup-Boussinesq system and its nonlocal Hamiltonian
structure

Many different integrable systems have different local and nonlocal Hamiltonian structures.
For example the Korteweg-de Vries equation has two local Hamiltonian structures and all
others are nonlocal. The Kaup-Boussinesq system (see for instance [9])

υy = ∂z[
1
2
υ2 + η], ηy = ∂z[υη + ε2υzz], (6.1)

has the three local Hamiltonian structures determined by following Poisson brackets

{υ, η}1 = {η, υ}1 = δ′(z − z′), (6.2)

{υ, υ}2 = δ′(z − z′), {υ, η}2 =
1
2
(υ∂z + υz)δ(z − z′), (6.3)

{η, υ}2 =
1
2
υδ′(z − z′), {η, η}2 = ε2δ′′′(z − z′) + (η∂z + 1

2
ηz)δ(z − z′),

{υ, υ}3 = (υ∂z +
1
2
υz)δ(z − z′), (6.4)

{υ, η}3 = ε2δ′′′(z − z′) + 1
4
[(υ2 + 4η)∂z + (υ2 + 2η)z]δ(z − z′),

{η, υ}3 = ε2δ′′′(z − z′) + 1
4
[(υ2 + 4η)∂z + 2ηz]δ(z − z′),

{η, η}3 =
ε2

2
[2υ∂3

z+3υz∂
2
z+3υzz∂z+υzzz]δ(z − z′)+[υη∂z+

1
2
(υη)z]δ(z − z′)
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and nonlocal Hamiltonian structures, where the first of them is

{υ, υ}4 = ε2δ′′′(z − z′)+14[(3υ
2 + 4η)∂z+

1
2
(3υ2 + 4η)z − υz∂−1

z υz]δ(z − z′),

{υ, η}4 =
ε2

2
[3υ∂3

z + 4υz∂
2
z + 3υzz∂z + υzzz]δ(z − z′) +

1
4
[(6υη +

1
2
υ3)∂z +

+ (
3
2
υ2υz + 4ηυz + 3υηz)− υz∂−1

z ηz]δ(z − z′), (6.5)

{η, υ}4 =
ε2

2
[3υ∂3

z + 5υz∂
2
z + 4υzz∂z + υzzz]δ(z − z′) +

1
4
[(6υη +

1
2
υ3)∂z +

+ (2ηυz + 3υηz)− ηz∂−1
z υz]δ(z − z′),

{η, η}4 = ε4δV (z − z′) + ε
2

4
[(8η + 3υ2)∂3

z +
3
2
(8η + 3υ2)z∂2

z +

[(8η + 3υ2)zz + 3υυzz]∂z + [(2η + υ2)zz + υυzz − 1
2
υ2
z ]z]δ(z − z′) +

1
4
[(4η2 + 3υ2η)∂z +

1
2
(4η2 + 3υ2η)z − ηz∂−1

z ηz]δ(z − z′).

The first Miura transformation

η = (υ2 − a2)/4− εaz (6.6)

connects the Kaup-Boussinesq system (6.1) and the Modified Kaup-Boussinesq system

ay = ∂z[
1
2
υa− ευz], υy = ∂z[

1
4
(3υ2 − a2)− εaz], (6.7)

which has two local Hamiltonian structures determined by the Poisson brackets

{a, a}1 = −δ′(z − z′), {υ, υ}1 = δ′(z − z′), (6.8)

{a, a}2 = 0, {a, υ}2 = −εδ′′(z − z′) + 1
2
(a∂z + az)δ(z − z′), (6.9)

{υ, a}2 = εδ′′(z − z′) + 1
2
aδ′(z − z′), {υ, υ}2 = (υ∂z +

1
2
υz)δ(z − z′)

and nonlocal Hamiltonian structures, where the first of them is

{a, a}3 − ε2δ′′′(z − z′) + 1
4
[a2∂z + aaz − az∂−1

z az]δ(z − z′), (6.10)

{a, υ}3 = [−ε2(2υ∂
2
z+3υz∂z+υzz)+

1
4
(2aυ∂z+aυz+2υaz − az∂−1

z υz)]δ(z-z′),

{υ, a}3 = ε(υ∂z +
1
2
υz)δ′(z − z′) + 1

4
[2aυ∂z + aυz − υz∂−1

z az]δ(z − z′),

{υ, υ}3 = ε2δ′′′(z − z′)+14[(3υ
2+4η)∂z+

1
2
(3υ2+4η)z − υz∂−1

z υz]δ(z − z′).

The second Miura transformation

υ = a b+ 2εbz (6.11)
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connects the Modified Kaup-Boussinesq system (6.7) and the Twice-Modified Kaup-Boussinesq
system

by =
1
2
∂z[a(b2 − 1) + 2εbbz], ay =

1
2
∂z[a2b− 2εbaz − 4ε2bzz], (6.12)

which has one local Hamiltonian structure determined by the Poisson bracket

{b, a}1 =
1
2
δ′(z − z′), {a, b}1 =

1
2
δ′(z − z′) (6.13)

and nonlocal Hamiltonian structures, where the first of them is

{b, b}2 =
1
4
[(b2 − 1)∂z + bbz − bz∂−1

z bz]δ(z − z′), (6.14)

{b, a}2 =
ε

2
(b∂z + bz)δ′(z − z′) + 1

4
[ab∂z + abz − bz∂−1

z az]δ(z − z′),

{a, b}2 = −ε
2
(b∂z + bz)δ′(z − z′) + 1

4
[ab∂z + baz − az∂−1

z bz]δ(z − z′),

{a, a}2 = −ε2δ′′′(z − z′) + 1
4
[a2∂z + aaz − az∂−1

z az]δ(z − z′),

The third Miura transformation (see for comparison (4.12))

ac+ b2 + 2εcz = 1 (6.15)

connects the Twice-Modified Kaup-Boussinesq system (6.12) and the Thrice-Modified
Kaup-Boussinesq system (4.9) which has just nonlocal Hamiltonian structures, where the
first of them is determined by the Poisson bracket (4.11).
Thus, the second local Hamiltonian structure (see (6.3)) of the Kaup-Boussinesq system

(6.1) is the first local Hamiltonian structure (see (6.8)) of the Modified Kaup-Boussinesq
system (6.7). The third local Hamiltonian structure (see (6.4)) of Kaup-Boussinesq sys-
tem (6.1) is the second local Hamiltonian structure (see (6.9)) of the Modified Kaup-
Boussinesq system (6.7), which is the first local Hamiltonian structure (see (6.13)) of the
Twice-Modified Kaup-Boussinesq system (6.12). Moreover, the Kaup-Boussinesq system
(6.1) has fourth nonlocal Hamiltonian structure (see (6.5)), which is the third nonlocal
Hamiltonian structure (see (6.10)) of the Modified Kaup-Boussinesq system (6.7), also
which is the second nonlocal Hamiltonian structure (see (6.14)) of the Twice-Modified
Kaup-Boussinesq system (6.12), as well which is the first nonlocal Hamiltonian structure
(4.10) (see (4.11)) of the Thrice-Modified Kaup-Boussinesq system (4.9) (see [9]). Thus,
the Kaup-Boussinesq system (6.1) has four different Lagrangian representations

S1 =
∫
[
1
2
(ψ(1)

z ψ(2)
y + ψ(2)

z ψ(1)
y )− h4(ψ(1)

z , ψ(2)
z , ψ(2)

zz )]dzdy, (6.15)

S2 =
∫
[−1
2
ψ(2)
z ψ(2)

y +
1
8
ψ(3)
z ψ(3)

y − h3(ψ(2)
z , ψ(3)

z , ψ(3)
zz )]dzdy, (6.16)

S3 =
∫
[
1
2
(ψ(3)

z ψ(4)
y + ψ(4)

z ψ(3)
y )− h2(ψ(3)

z , ψ(4)
z , ψ(4)

zz )]dzdy, (6.17)

S4 =
∫
[
1− ψ(4)

z
2

2ψ(5)
z

ψ(5)
y +

1
2
ψ(4)
z ψ(4)

y − h1(ψ(4)
z , ψ(5)

z , ψ(5)
zz )]dzdy, (6.18)
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where η = ψ(1)
z , υ = ψ(2)

z , a = ψ(3)
z , b = ψ(4)

z , c = ψ(5)
z and Hk =

∫
hk dz. Moreover, we

have very interesting hierarchy:

1. The first Hamiltonian structure (see (6.2)) of the Kaup-Boussinesq system (6.1) has
the Hamiltonian H4 = 1

2

∫
[−ε2υ2

z + υ
2η + η2] dz, the momentum H3 =

∫
υηdz and

two flat coordinates (Casimirs) H2 = 2
∫
ηdz, H1 = 2

∫
υdz.

2. The first Hamiltonian structure (see (6.8)) of the Modified Kaup-Boussinesq system
(6.7) has the Hamiltonian H3 =

∫
υηdz = 1

4

∫
[υ(υ2−a2)−4ευaz]dz, the momentum

H2 = 2
∫
ηdz = 1

2

∫
[υ2 − a2]dz and two flat coordinates H1 = 2

∫
υdz, H−1 =

∫
adz.

3. The first Hamiltonian structure (see (6.13)) of the Twice-Modified Kaup-Boussinesq
system (6.12) has the Hamiltonian H2 = 1

2

∫
[υ2−a2]dz =

∫
[−1

2a
2(1− b2)+2εabbz+

2ε2b2z]dz, the momentum

H1 = 2
∫
υdz = 2

∫
abdz and two flat coordinates H−1 =

∫
adz, H−2 =

∫
bdz.

4. The first Hamiltonian structure (4.10) of the Thrice-Modified Kaup-Boussinesq sys-
tem (4.9) has the Hamiltonian H1 = 2

∫
abdz = 2

∫
[b(1 − b2) − 2εbcz]dz/c, the

momentum H0 =
∫
1 ·dz and two ”geodesic” coordinates H−2 =

∫
bdz, H−3 =

∫
cdz.

The generalization of the Darboux theorem on infinite-dimensional case signifies
that every (local or nonlocal) Hamiltonian structure of integrable system can be
reduced into canonical form ”d/dx”. For instance, it means that every Hamiltonian
structure of the Kaup-Boussinesq system possesses a Lagrangian representation (see
(6.15-18)).

Thus, here we present canonical representation for the first four Hamiltonian structures
of the Kaup-Boussinesq system (6.1) (see above)

υy = ∂z
δH4

δη
, ηy = ∂z

δH4

δυ
,

ay = −∂z δH3

δa
, υy = ∂z

δH3

δυ
,

by =
1
2
∂z
δH2

δa
, ay =

1
2
∂z
δH2

δb
,

ut =
1
4
∂x
δH1

δu
, wt = −1

4
∂x
δH1

δw
,

which are determined by the Poisson brackets (6.2), (6.8), (6.13) and (4.16), respectively.

Conclusion.

In this article we established the Lagrangian representation for an evolutionary system,
where a nonlocal Hamiltonian structure is determined by the differential-geometric Poisson
bracket of the first order with metric of constant curvature. Also, we presented canonical
coordinates for the first four Hamiltonian structures of the Kaup-Boussinesq system, where
every of them is in canonical form ”d/dx” with a Lagrangian representation. In theory
of Hamiltonian structures for dispersive systems just two differential-geometric Poisson
brackets of first order allow special coordinates (annihilators), where they are the exactly
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the same as for hydrodynamic type systems. It means that: if anyone start from Poisson
bracket

{ui(x), uk(x′)} = [aik0 ∂Nx + aik1 ∂
N−1
x + ...+ aikN ]δ(x− x′), (c.1)

where all functions (aikj ) are functions with respect to field variables u
i and their deriva-

tives, then in some cases by special differential substitutions this expression may be trans-
form into canonical (see (1.7) and above first three local Hamiltonian structures for Kaup-
Boussinesq system, first two local Hamiltonian structures for Modified Kaup-Boussinesq
system, first local Hamiltonian structure for Twice-Modified Kaup-Boussinesq system)

{aα(x), aβ(x′)} = gαβδ′(x− x′). (c.1a)

It means that Poisson bracket determine Hamiltonian structure for dispersive system re-
ducible to canonical form ”d/dx”. If anyone start from Poisson bracket

{ui(x), uk(x′)} = [aik0 ∂Nx + aik1 ∂
N−1
x + ...+ aikN + εu

i
x∂

−1
x ukx]δ(x− x′), (c.2)

where all functions (aikj ) are functions with respect to field variables u
i and their deriva-

tives, then in some cases by special differential substitutions this expression may be
transform into canonical Poisson bracket associated with metric of constant curvature
(see (1.14), fourth Hamiltonian structure for Kaup-Boussinesq system, third Hamiltonian
structure for Modified Kaup-Boussinesq system, second Hamiltonian structure for the
Twice-Modified Kaup-Boussinesq system and first Hamiltonian structure for the Thrice-
Modified Kaup-Boussinesq system)

{cα(x), cβ(x′)} = [(gαβ − εcαcβ)∂x − εcβcαx + εcαx∂−1
x cβx]δ(x− x′). (c.2a)

If anyone start from Poisson bracket

{ui(x), uk(x′)} = [aik0 ∂Nx + aik1 ∂
N−1
x + ...+ aikN + εαβw

α,i∂−1
x wβ,k]δ(x− x′),

where all functions (aikj , w
α,i) are functions with respect to field variables ui and their

derivatives, then not exist any differential substitutions possessing reduction to
differential-geometric nonlocal Poisson bracket of the first order (see [10]). Thus,
two Poisson brackets of arbitrary order (see (c.1 and c.2) may be reduced into differen-
tial geometric Poisson brackets of the first order arising in theory of hydrodynamic type
systems (see [2], [4] and [10]). In next article, we will describe the infinite-dimensional
analogue of Darboux theorem for all other nonlocal Hamiltonian structures for the Kaup-
Boussinesq system and we will construct their Lagrangian representations. In this case we
shall describe all types of nonlocal Hamiltonian structures where corresponding symplectic
structures are local. Theory of more complicated nonlocal Hamiltonian structures were
established in [10] and [11]. Our statement is that every nonlocal Hamiltonian structure
determined by the differential-geometric Poisson bracket of the first order (see [10]) has a
Lagrangian representation. It means that every integrable system like Kaup-Boussinesq
system has an infinite set of Lagrangian representations (see for instance [12]).
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