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Abstract

Adjoint symmetry constraints are presented to manipulate binary nonlinearization,
and shown to be a slight weaker condition than symmetry constraints in the case of
Hamiltonian systems. Applications to the multicomponent AKNS system of nonlinear
Schrédinger equations and the multi-wave interaction equations, associated with 3 x 3
matrix spectral problems, are made for establishing their integrable decompositions.

1 Introduction

Symmetry constraints are of particular significance in the theory of binary nonlineariza-
tion [1, 2]. It is due to symmetry constraints that the so-called constrained flows, both
spatial [3] and temporal [4], possess beautiful properties such as separated variables [5, 6]
and the Liouville integrability [7]. Therefore, a pair of spatial and temporal constrained
flows provides a good example of integrable decompositions [8] and the resulting potential
constraints offer the Backlund transformations [9] for the system of evolution equations
under consideration. Applications of symmetry constraints have been successfully made
for various soliton hierarchies [7]-[12].

A non-Lie type symmetry, generated from the variational derivative of the spectral
parameter, is essential in making symmetry constraints for systems of evolution equations
associated with spectral problems [11, 12]. However, for non-Hamiltonian systems of
evolution equations, it is not natural or even impossible to generate such a symmetry
from the associated spectral problems. Therefore, we need to put forward a good theory
for exposing intrinsic characteristics of binary nonlinearization.

In this article, we will present an exceptional explanation for binary nonlinearization
from the adjoint symmetry point of view. The variational derivative of the spectral pa-
rameter will be shown to be an adjoint symmetry of the underlying system of evolution
equations in the isospectral case. Moreover, we will show that all we need in the process of
nonlinearization is just a kind of adjoint symmetry constraints. This allows us to manip-
ulate nonlinearization without having to compute any non-Lie type symmetry. Therefore,

Copyright (© 2002 by W X Ma and R G Zhou



Adjoint symmetry constraints 107

adjoint symmetry constraints provide a good basis of the theory of binary nonlineariza-
tion for both Hamiltonian and non-Hamiltonian systems of evolution equations. Moreover,
for a Hamiltonian system of evolution equations, adjoint symmetries automatically yield
symmetries of the same system under the Hamiltonian transformation, and thus, adjoint
symmetry constraints generate symmetry constraints which lead to the same potential de-
composition. In this sense, adjoint symmetry constraints have broader applicability than
symmetry constraints.

More specifically, we are going to present a general scheme to carry out adjoint symme-
try constraints for soliton equations associated with square matrix spectral problems. Two
applications will be made for the multicomponent AKNS system of nonlinear Schrédinger
equations and the multi-wave interaction equations associated with two 3 x 3 matrix spec-
tral problems, along with their integrable decompositions. Some concluding remarks are
given in the last section.

2 Adjoint symmetry constraints

2.1 Preliminaries
Let us assume that we have a system of evolution equations
wp = K(t,z,u), u=(up,-- ,ug)’. (2.1)

For the sake of simplicity of exposition, we restrict our discussion to the 1+ 1 dimensional
case, i.e., the case of the time and space variables ¢ and = being scalar. Moreover, the
inner product for r-dimensional vector functions is assumed to be taken as

,
mzn—/EEMMmY—aa~A@ﬁZ—um~»&F, (2.2)
Q=1
where 2 = (0,7) if u is supposed to be periodic with period T, or 2 = (—o0, 00) if u is
supposed to belong to the Schwartz space. For convenience, we often use the notation

(Y, Z) = (Y, Z)q, /de:/Fdx,

Q

if there is no confusion, and the existence is assumed to be guaranteed for any required
objects.

Definition 1. For any object X = X (u) depending on u, the Gateaux derivative X' of
X at a direction Y with respect to the potential u is defined as follows

_ 0X(u+eY(u))

(X'Y)(w) = X' (¥ (u)] ag

. (2.3)
e=0

Definition 2. Let ® be an operator transforming r-dimensional vector functions to s-

dimensional vector functions. The adjoint operator of ®, denoted by ®', transforming
s-dimensional vector functions to r-dimensional vector functions is defined through

(@1Y, 2), = (Y, ®Z)s, (2.4)

where (-,-), and (-,-)s are the corresponding inner products determined by (2.2).
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For any r-dimensional vector function X = X (u), its Gateaux derivative X’ can be
viewed as an operator transforming g-dimensional vector functions to r-dimensional vector
functions: X’ : Y +— X'Y, and the adjoint operator (X’)f of X’ can be viewed as an
operator transforming r-dimensional vector functions to g-dimensional vector functions.

If we have X = X (¢, z,u, ug, - - - ,u(")), where u(™ denotes the nth order spatial deriva-
tive of u, i.e., X only depends on ¢,z and spatial derivatives of v up to some finite order,
then X is called to be local, and we often write X = X[u]. It is well-known that for any

local vector function X = X[u] = (Xj, -+, X,)7T, its Gateaux operator can be computed
as follows

Vi(X1) Va(Xy) - Vo(Xa) T

Vi(X2) Va(X2) - Vy(Xo) X,

X' = (‘/J(X’L))TXQ = . . . ’ VYl(Xj) = Z (]j) ak:’
: : : =0 Ou;
Vi(Xr) Va(Xy) .- Vq(Xr) .
(2.5)

where 0 = 9/0z and ugk) = 0%u;, and thus, the adjoint operator (X’)T of X’ can be
determined by

(XN = (X)) = (VG (X)gr, Vi (X5) = kZ(—@)’“ 5 - (2.6)
=0 u;

For example, if X = ujuo + u%x, then we have
X' = (UQ + 2ul,aca > ul)a (X/)T = (u2 - 2ul,x:c - 2“1,9:8 ) ul)T-
Definition 3. For a functional H = H (u), its variational derivative % 5. is defined by

<%—57X> = H'[X], (H'[X])(w) = H'(u)[X (u)]. (2.7)

A g¢-dimensional vector function is called gradient if it can be written as the variational
derivative of a functional, and the functional is called a Lagrangian of the vector function.

It is known that a g-dimensional vector function X = X (u) is gradient iff its Gateaux

derivative operator X’ is symmetric, i.e., (X))t = X', If H = J Hdxz and H is local, then

the variational derivative 555 can be computed as

o0 [e.9]

% = (Z( e Y (o) oH )T. (2.8)

k) k)
k=0 Ou ( k=0 3“&

If X = (Xq(u), -, X4(u)T is local and gradient, then its Lagrangian can be given by

fI:/de, H:/O1<X()\u),u>d)\
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In particular, given H = [ Hdzx, H=2ujus, + u3 + ué{w we have

s

= (2uz,e, —2u1e + 2uz , —12u3 Lus 20)” -

If we are given X = (6u? + ua,, —ui )7, then

X 12u1 O
=9 o |

and thus (X’)7 = X’ and its Lagrangian is computed as

1
- 1 1
H = /Hd:z, H :/ (X(A\u),u)d\ = QU? + JULl2e — SULaU2-
0

Definition 4. A g-dimensional vector function X = X (u) is called an adjoint symmetry
of the system of evolution equations (2.1), if it satisfies the adjoint linearized system

(X (w)e = —(K' ()X () (2.9)

when u solves uy = Ku|. A conservation law of the system of evolution equations (2.1) is
given by

Hy+F, =0, H=Hu), F=F(u), (2.10)

where H and F are scalar functions and wu solves u; = K[u], of which H is called a
conserved density of (2.1) and F, a conserved flux of (2.1) associated with H.

Any linear combination of adjoint symmetries (or conserved densities) of (2.1) is again
an adjoint symmetry (or a conserved density) of (2.1). The following result just needs a
direct computation.

Proposition 1. Let H(u) = [ H(u)dz. Then the function H = H(u) is a conserved
density of the system (2.1) iff %—f is an adjoint symmetry of the same system (2.1).

2.2 General scheme
Let us now show the structure of soliton equations which associate with two square matrix
spectral problems
¢z =U¢ =Ul(u, N9, (2.11a)
0t, = VW=V (U ug, - s 09, (2.11b)
where n > 0, X is a spectral parameter, and U and V(") are two square matrices, called

spectral matrices. If the Gateaux derivative U’ of U is injective, then under the isospectral
condition

A, =0, (2.12)

n
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zero curvature equations
Ui, — VM +[U, VM) =0 (2.13)

will usually determine a hierarchy of soliton equations with a Hamiltonian structure:

Ut

n

= Kn(u), K, = JG, = J%ﬂ, H, = /Hn dz, (2.14)
u

where .J(u) is a Hamiltonian operator and H,(u) is a Hamiltonian functional. Obviously,
the compatability conditions of the adjoint spectral problem and the adjoint associated
spectral problems

Vr = —UT (u, N, by, = =V T (1, N, (2.15)

determine the same soliton hierarchy (2.14).
It is known (for example, see [12]) that

o 11/}T8U(u A)¢7 E— /wTaU u, )\)qﬁdx,
Su

where E' is called the normalized constant. Therefore, based on the above proposition, if
the functionals H,, are assumed to be conserved, we have the following common adjoint
symmetries:

o7 oU (u, \)

2.16
ou ¢ (2.16)
for the soliton hierarchy (2.14), since A = A(u) is conserved.
Let us go on to introduce N distinct eigenvalues A1, --- , Ay, and so we have
68 = U(u, Ao, oY) = —UT(u, \)0), 1 <s <N, (2.17)
Cbl(gz) _ V(”)(u, >\s)¢(s), wlgz) _ —V(”)T(u, )\S)w(S)7 1<s<N, (2.18)

where the corresponding eigenfunctions and adjoint eigenfunctions are denoted by ¢()
and 1(®), 1 < s < N. Fix an adjoint symmetry Gy, and then we can define the so-called
binary adjoint symmetry constraint

N

oU (u, As) (s

ZESMS o3 e 22 o) (219)
s=1

where ug, 1 < s < N, are arbitrary nonzero constants, and Fs, 1 < s < N, are N
normalized constants. The right-hand side of the binary adjoint symmetry constraint
(2.19) is a general linear combination of N adjoint symmetries d\s/du, 1 < s < N. Such
an adjoint symmetry is not Lie type, since ¢(®) and ¥(¥) can not be expressed in terms
of z, u and spatial derivatives of u to some finite order. But, usually G,,, is a Lie type
adjoint symmetry. According to the property of the Lie-type symmetry G,,,, all adjoint
symmetry constraints (2.19) can be divided into the following three categories:
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e Neumann type: (2.19) does not depend on any spatial derivative of v and it is
impossible to solve (2.19) for w.

e Bargmann type: (2.19) does not depend on any spatial derivative of u but it is
possible to solve (2.19) for u.

e Ostrogradsky type: (2.19) depends on spatial derivatives of w.

In a soliton hierarchy, usually the first conserved functional corresponds to the Neumann
type constraint, the second conserved functional corresponds to the Bargmann type con-
straint, and the other conserved functionals correspond to the Ostrogradsky type con-
straints.

Let us focus on the Bargmann type adjoint symmetry constraints. Upon solving the
adjoint symmetry constraint (2.19) for u, we are assumed to have

Make the replacement of u with @ in the Lax systems (2.17) and (2.18), and then we
obtain the so-called spatial binary constrained flow:

o) = U@ Ao, oY = —UT(@A)p", 1 <s <N, (2:21)
and the so-called temporal binary constrained flow:
6t = V(@ 0)9®, v = —VOT (@A), 1< s < N. (2.22)

These two constrained flows still require the nth system of evolution equations u;, =
K, (u) as their compatability condition. Therefore, u = wu gives rise to an integrable
decomposition of the system uy, = K, (u), if (2.21) and (2.22) are Liouville integrable.

Note that the constrained flows (2.21) and (2.22) are nonlinear, although the original
Lax systems (2.17) and (2.18) are linear with the eigenfunctions and adjoint eigenfunctions.
In view of this property and the involvement of the original spectral problems and the
adjoint ones, the above process of carrying out the Bargmann adjoint symmetry constraints
is called binary nonlinearization [7, 13].

The whole manipulation above shows us that binary nonlinearization can also result
from adjoint symmetry constraints. Actually, if the underlying system of evolution equa-
tions possesses a Hamiltonian structure, then adjoint symmetries generate symmetries
under the Hamiltonian transformation and thus adjoint symmetry constraints also yield
symmetry constraints which are required in binary nonlinearization. However, noting
that adjoint symmetry constraints do not require the Hamiltonian structure for systems
of evolution equations, they can be applied to non-Hamiltonian systems of evolution equa-
tions, for example, the Burgers type systems of evolution equations, for which symmetry
constraints don’t succeed.
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3 Application to multicomponent AKINS equations

3.1 Multicomponent AKNS hierarchy

Let us consider the following 3 x 3 matrix spectral problem

=2\ a1 @
Oe = U(u, N, U(u,\) = ri A 0 | =UA+Uy, % = % =0, (3.1)
rg 0 A
where ) is a spectral parameter and
¢ = ($1,02,03)", u=p(U1) = (q1,q2,71,72)", = (q1,q2), v = (r1,72)"" (32)

Since Uy has multiple eigenvalues, (3.1) is degenerate. Under the special reduction of
g2 =12 =0, (3.1) is equivalent to the AKNS spectral problem [14], and thus (3.1) is called
a multicomponent AKNS spectral problem.

To derive an associated soliton hierarchy, we first solve the adjoint equation W, =
[U, W] of (3.1) following the generalized Tu scheme [15]. We suppose that a solution W is
given by

W = o0 3.3
_[cd]7 (3:3)

where a is a scalar, b7 and ¢ are two-dimensional columns, and d is a 2 x 2 matrix. Then
the adjoint equation W, = [U, W] is equivalent to

ag = qc —br, by = —=3\b+ qd — aq, (3.4a)
¢y =3 c+ra—dr, dy =1rb—cq. (3.4Db)

We seek a formal solution as
a b o0 o [ qk)  pk)
W = =N WAk = AP 3.5
o)t E e @
with 8®), ) and d*) being assumed to be
B0 = 0717, e = (e, 7, d = (@ oo

Thus, the condition (3.4) becomes the following recursion relation:

b =0, =0, ol =0, d =0, (3.6a)
b = %(—bék) +qd® —aMg), k>0, (3.6D)
kD) — Lo o 4 gy g s o) (3.6¢)

3
agk) = qc(k) — b(k)r, d;k) = rpk) — c(k)q, k> 1. (3.6d)
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We choose the initial values as follows
a® =—2 4O =, (3.7)
where I5 is the second-order identity matrix, and require that
Wilu=0 =0, k> 1. (3.8)

This requirement (3.8) means to identify all constants of integration to be zero while using
(3.6) to determine W, and thus, with a(?) and d(©) given by (3.7), all matrices Wy, k > 1,
will be uniquely determined. For example, it follows from (3.6) that

bgl) = (i, Cl(l) =Ty, a(l) = 07 dgjl) = 05

1 1

@__ 1 o 1 o _ @__ L1

bi = _5q17$7 ¢ = grz,xv ar’ = g(chrl +QQr2)a dz‘j = _grz%v
1 1

bv(;g) = §[Qi,m —2(qir1 + q2r2)qil, 01(3) = §[Ti,:c:c —2(qir1 + qar2)ri).

Noting (3.6d), we can obtain a recursion relation for b*) and ¢(¥):
ck+1) (k)

prm— > .
plk+1)T v pkT |’ k21, (3.10)

where VU is a 4 x 4 matrix operator

2
. (0= 0 tqp) o —r0~1q ro~rT + (ro~1rT)T
=g k=t ) . (3.11)
~¢'07 g~ ("0 )" (=04 X g0 )+ gt 07T
k=1

As usual, for any integer n > 0, choose
n .
VO = (W) = WA, (3.12)
j=0

and then introduce the time evolution law for the eigenfunction ¢:
¢tn — V(n)¢ — V(n) (u’ uz’ . 7u(n_1); )\)QS‘ (3.13)

The compatibility condition of (3.1) and (3.13) leads to a system of evolution equations

qT _3b(n+1)T
utn = , t == KTL = 36(n+1) . (314)
The first nonlinear system in this soliton hierarchy (3.14) is given by
1 .
Qity = _g[Qi,mz —2(q1m1 + qer2)qi], 1 <i <2, (3.15a)
1 .
Tity = 7lTige — 2(q1r1 + qer2)ri], 1 <i <2, (3.15b)

3
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which is the multicomponent version of the AKNS system of nonlinear Schréodinger equa-
tions. Therefore, the soliton hierarchy (3.14) is called the multicomponent AKNS soliton
hierarchy.

In order to generate the Hamiltonian structure of the multicomponent AKNS hierarchy
(3.14), we apply the trace identity [16]:

) ou 0 oU
— |t —)dr = X""— |\t —
5u/r(WaA” 8)\[ r(Wau)]’
with « being a constant to be found, which yields

(n)
c

b(n)T

6H, - n n
S Gy, M = / (=2a™ 4+ dYY + d53)) dz, Gy = [

] , n>0. (3.16)

Actually, we have

oU >
(W55) = =2+ tr(d) = Y_(~2a¥) + a4+ a )+,
k=0
and
ou, | ¢ | L

Inserting these into the trace identity and considering the case of k = 2, we get v = 0 and
thus we have (3.16). Now it follows from (3.16) that the multicomponent AKNS equations
(3.14) have the following bi-Hamiltonian formulation

0H, 6H,
u, = Kp=JGy=J 5u+1 =M, (3.17)
where the Hamiltonian pair (J, M = JV) reads as
0 =3I
=1 .| (3.18a)
2
- ) -
qTaflq + (qTaflq)T (8 _ Z qkailrwfg _ qTafer
M= , k=t . (3.18h)
(0— Z rka_lqk)lg —rd g ro~ T + (ro~rT)T
L k=1 _

3.2 Adjoint symmetry constraint

Let us go on to consider the problem of adjoint symmetry constraints for the multicompo-
nent AKNS equations u, = K» defined by (3.14) or (3.15). A direct computation shows
us that the Gateaux derivative operator of Ky is given by

9 Iy 0 o[ ¢"rt "¢
Ky == + - , (3.19)
3
0 —rr

1
3(—552—1‘617“)

—1I> T —rq
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and thus its adjoint operator is given by

2 1 ILr 0 ol rq —rrT
(Ky)T = (50" +qr) +2 = (KT (3.20)
3 2 —I 3 qTq _qTT,T
We choose a constant diagonal matrix:
Then the commutator
0 (M —7)a (1 —73)e
0,0 = | (2—=7)m 0 0 :
(v3 —71)7r2 0 0

will give rise to a symmetry of the multicomponent AKNS equations (3.15):

(71 —12)a
Ko = p([T,Uy]) = 8; - 3‘3?}; . (3.22)
(V3 — 7172

Go:=J 'Ky = K= 1| s=m)ra | (3.23)
Lo 31 (2—m)a
(v3 —M)q2

which contains three arbitrary distinct constants 1,72 and 3. This also can be shown
by directly checking

Go,tg = _(Ké)T(_;’O:

while u solves u;, = Ka(u). Now the Bargmann adjoint symmetry constraint reads as

N
~ U (u, As) (s
o= uat" (a : ) 5®, (3.24)

s=1
where for a later use, ¢(®) and () are assumed to be

O = (1, has, P35) T, V) = (Y1, s, ¥35)T, 1< s <N (3.25)

Upon introducing the matrix

B = diag(ula 2,0 7,MN)7 (326)
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and through solving (3.24) for ¢ and r, we are led to the potential constraints

5 3 - 3
q; = q; ‘= —<(I)1,B\I’i+1>, Ty =T; = —<(I)Z‘+1,B\I/1>, (327)
Yi+1 — 71 Yi+1 — 71
where 1 <17 <2, ®; and ¥; are defined by
D; = (dir, dins - s din) T, Ui = (Yir, iy -+, hin) T, 1 <d < 3, (3.28)

and (-, -) refers to the standard inner product of the Euclidian space RY. Now the spatial
and temporal constrained flows of the multicomponent AKNS equations (3.15) read as

68 = U@, A)0", Y = —UT (@A), 1< s <N, (3.29)
and
o =VO@A)G, ) = V@A), 1<s <N, (3:30)
where @ = (q1, Go,71,72)" and
-2 0 0 0 @1 @
VA@AN =] 0 1 0| XN+]|rn 0 0|
0 0 1 r 0 0
QT2 + @22 —Qqiz  —Q2z
—i—% T,z —Tr1q1 —Ti192 | - (3.31)
Tz —T2q1  T2Q2

As usual, let us denote by V@ (@, \) the transformed matrix of V2 (@, \) under (3.29),
ie.,

‘7(2) (aa A) = V(2) (a7 )‘) ‘spatial constrained flow (3.29)- (332)

Since V® (w, A) just depends on ¢;s and ;s but not on any spatial derivative of ¢;s and
s, the transformed temporal constrained flow (3.30) under (3.29) becomes the following
system of ordinary differential equations

6 = VO (@,00)¢), v = VAT (@A), 1< s < N. (3.33)

In order to derive the Liouville integrability of the resulting two constrained flows, let
us define a constant coefficient symplectic structure

3 3 N
W' = BdO AdY; =Y > peddis A diis (3.34)
i=1 i=1 s=1
over the Euclidian space RSV and then the corresponding Poisson bracket is given by

3

_ 2 _ Of pa99, Of 199
{f,g}_w(Idg,Idf)—;«a\I/i,B 5. 508 ;)

N of o of 0
=22 m l(azuj; aqﬁgz-s - aéis aj) fr9 € CE®T, -

i=1 s=1
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where the vector field Idf is defined by
Wi(X, Idf) = df (X), X € T(R%N).

A general Hamiltonian system with a Hamiltonian H defined over the symplectic manifold
(RSN w?) is given by

L OH
v,

0H
oP;’

&,y ={®;,H} =B ={¥;,H} =B~! 1<i<3, (3.36)
where t is taken as the evolution variable. For presenting Lax representations of the

constrained flows, we need a square matrix Lax operator
L(A) =T+ D(\), (3.37)
with T being defined by (3.21) and D(\), by

N

D(/\) = (Dij(A))gxg, DZJ<)‘) (bzswj& 1<4,5 <3. (3.38)

)\ )\
Theorem 1. Under the symplectic structure (3.34), the spatial constrained flow (3.29)

and the temporal constrained flow (3.33) of the multicomponent AKNS equations (3.15)
are Hamiltonian systems with the evolution variables x and to, and the Hamiltonians

2 2
3
H?* =2(A®,,BV;) — E (A®;11, BVU;1q) + E 7<<I>1,B\Ifj+1)(<l>j+1,B\111>,
i=1

171 T+
(3.39)
2 2
H' = —2(A%01,BU1) + Y (A*®i 11, BUit1) + Y G(APiy1, BYy)
i=1 i=1
2 12 =
+) F(ADy, BT ) + gz%n 1, BY) = 2 > @iF5(®ipr, BYj), (3.40)
j=1 i=1 ij=1
respectively, where g; and 7; are given by (3.27) and A is defined by
A = diag(Ai, A2, , AN). (3.41)
Moreover, the constrained flows (3.29) and (3.33) admit the Lax representations
(LA))e = [U@ ), L], (L)), = VP (@A), LAV, (3.42)

respectively, where L()\) is given by (3.37) and (3.38), and U (@, \) and V®(u, \) are two
constrained spectral matrices generated from U and V(2.

Proof: A direct but long calculation can show the Hamiltonian structures of the spatial
constrained flow (3.29) and the temporal constrained flow (3.33) with H® and H'? defined
by (3.39) and (3.40).
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Let us then check the Lax representations. By use of the spatial constrained flow (3.29),
we can make the following computation:

N

(L) = 30 3 25 (@90 4 6uf)T)

s=1

U (@, As) PO — 6T T (70, \y))

(W, \s), ¢(5)¢(8)T]

i

N
= [U(u, A), L(A) = I'] = [Up, Z MS¢(5)¢(5)T]

= [U<ﬂ7 /\)7L(/\)] [F U u )‘ UO)ZNSQ5 ]

= [U(@A). L) + [0, Ui (@ %Qj%

In the last step above, we have used [T, Uy] = 0. Now it follows that (L(X)), = [U(w, A), L(\)]
if and only if

N
0,01 (@) = [Uo, ) usd@p7].

s=1

This equality equivalently requires the potential constraints shown in (3.27). Therefore,
the spatial constrained flow (3.29) admit the Lax representation defined as in (3.42).
It is also direct to prove the other Lax representation

(L) = [V (@A), L],

and so we do not go to the detail. Thus, the proof of the theorem is completed. I

Associated with the Lax operator L(\) defined by (3.37), there is a functionally inde-
pendent and involutive system of polynomial functions [8]: {Fis|1 <i<3,1<s < N},
defined as follows

Fi(A) = iFﬂ)fl, 1<i<3, (3.43a)
=0
det(vlz — L(\)) = v* — FL(Mv? + Fa( N — F3(N). (3.43b)

It follows from Theorem 1 that we can have the following result on the Liouville integra-
bility of the constrained flows (3.29) and (3.33).

Theorem 2. The spatial constrained flow (3.29) and the temporal constrained flow (3.33)
of the multicomponent AKNS equations (3.15) are Liouville integrable. Moreover, they pos-
sess an involutive system of integrals of motion being functionally independent: {Fis|1 <

i <3,1<s< N}, defined by (3.43).
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It follows that the potential constraints (3.27) present an integrable decomposition
and thus show the integrability by quadratures for the multicomponent AKNS equations
(3.15). Furthermore, the resulting solutions from (3.27) are involutive solutions to the
multicomponent AKNS equations (3.15), because we can prove that {H?*, H?2} = 0.

4 Application to multi-wave interaction equations

4.1 Multi-wave interaction hierarchy

Let us consider the 3x3 matrix AKNS spectral problem:

A w2 U3

oU, oU
Gz =U(u,A\)p, U= | ua1 ag u | =AUy+ Ui, 0 _ =1

- @Y

U3zl U3z Q3

where a1, s and a3 are distinct constants, and the eigenfunction ¢ and the potential u
are defined by

¢ = (¢1,02,03)", u=p(Ur) = (u21,u12, us1, w13, usz, uz3)’ . (4.2)

To construct a soliton hierarchy associated with the spectral problem (4.1). Similarly, we
first solve the adjoint equation for W:

W, =[U, W], W = (W;j;)axs. (4.3)

We look for a formal solution of the form

W=S"Wal, W= (W)sxs, (4.4)
=0

and then the adjoint equation (4.3) is equivalent to
[Uo, Wo] =0, Wi p = [Ur, Wi] + [Up, Wit1], 1 >0, (4.5)

which gives us the following recursion relation

Wz(z(,)a)v =0, Wz'(jp) =0,7#J, (4.6a)
3
Wik + uis (W) = WD)+ 3~ (ugg W) = waeWyg)) = (ci = a) W™ =0, i #
oy
(4.6b)
3
Wz‘(z‘l,;rl) = Z(Uikwéi+l) — ukiWi%Jrl)), (4.6¢)

k=1
ki

where 1 <1¢,7 <3 and ! > 0.
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We set the initial values

W — B; = const., 1 <17 <3, (4.7)

7

where 3;, 1 <1 < 3, are three arbitrary constants, and require that

Willuo=0, 1<i,5 <3, 1> 1. (4.8)
This condition (4.8) means to take all constants of integration to be zero while using
(4.6) to determine W, and thus all matrices Wy, [ > 1, will be uniquely determined. In
particular, we can have that

J
3
@) Br — Bi
R DY ve afﬁulk“’““ t=isd
k=1
ki
W(z): ﬁi_ﬁj B Bk_ﬂz ﬁk_/B] ' 1< <3
iJ (OZZ — aj)Q_'U/zj,z + ey ; o — 05 ar—a; )’U/lk'Lij, <1 7é RS
k#i,5

It is easy to see that the recursion relation (4.6) can lead to
2u;;0~ uZ]W(l) + (0 — 2u;;0~ 1ujZ)W(l)
N SR LTI 7 140 S PO 7 7 )
+ Z w0 ug Wy, + (upj — w0~ ugg )Wy
k@é:ﬁj
+ Z |:UZ]8 ukj () (Uzk + uij8_1ujk)W,§?} = (ai - Oéj)Wi(jl+1)’
k:;éz,]

where 1 < i # j <3 and [ > 1. This can be written as the Lenard form
MGi_1=JG, 1 >1, (4.9)

where J is a constant operator

0 1
J = diag((al — ag)oo, (a1 — ag)og, (ag — a3)00>, oo = [ Lo ] ; (4.10)
and Gy = p(Wj41) is given by

These two operators J and M can be shown to be a Hamiltonian pair (see [17] for defini-
tion).
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We go on to introduce the associated spectral problems with the spectral problem (4.1):
dr, =V, VI =y \) = (X"W), = Z WA, (4.12)

Noting (4.5), we can compute that

U, V] = AUy + U1, > X"
=0

—ZU07WZ )\n+1 I+ZU1,VVl )\n l
=0

= Z[Uo, Wi A"+ Z[Ul, WA,
=0 =0

where we have used [Up, Wy] = 0. Therefore, under the isospectral conditions
A, =0, n>1, (4.13)

the compatibility conditions of the spectral problem (4.1) and the associated spectral
problems (4.12) become

Ultn = an - [U17 Wn] - [U07 Wn—l—l]-
This gives rise to the so-called 3 x 3 AKNS soliton hierarchy
ug, = Ky :=JGp, n>1, (4.14)

where J and G,, = p(W;,41) are defined by (4.10) and (4.11), respectively.
Similarly, applying the trace identity [16], the soliton hierarchy (4.14) has a bi-Hamiltonian
formulation
6H, 1 6H,

=K, = =M . n>1, 4.1
Utn d ou ou = (4.15)

where the Hamiltonian functionals H; are defined by
~ 1
o= l/(a WD 4 aaWh 4 Wit Nda, 1> 1. (4.16)

The first nonlinear system in this soliton hierarchy (4.15) is the multi-wave interaction
equations [18]

3
Uijt, = %Uzj,x + Z (gz B _ P by )ulkuk], 1<i#£j<3, (4.17)

— i — O . —
k#i,j

which contain three-wave interaction equations arising in fluid dynamics and plasma
physics [19], if U is chosen to be an anti-Hermitian matrix.
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4.2 Adjoint symmetry constraint

Let us assume, for simplicity, that

Bi — B;

ozi—aj

Cij =

A direct computation shows

s i =cij —cp, 1<i#7<3, 1<k#1<3.

210z 0 d3231u23 0 0 d3231usz1 ]
0 120z 0 ds132u32  d3132u13 0
Kl = d2321u32 0 310z 0 d2321u21 0
0 do123u23 0 130z 0 d2123u12
0 dig12us1  diz12ui2 0 320z 0
L di213u13 0 0 d1213U21 0 230z
and thus its adjoint operator reads as
[ —C210; 0 da321u32 0 0 d1213u13 |
0 —c120; 0 do123u23  di312u31 0
(K1Y = d3231u23 0 —C310; 0 d1312U12 0
0 dz132u32 0 —c130; 0 d1213u21
0 dg132u13  dag21uz: 0 — 320, 0
L ds231u31 0 0 d2123u12 0 —c230; |

where K is defined by (4.14).

(4.18)

(4.19)

. (4.20)

To carry out binary nonlinearization, we need to present an adjoint symmetry for the
multi-wave interaction equations (4.17). It is easy to see by using (4.20) that the first

vector function,

T
Go = (612U21, C12U12, C13U31, C13U13, 023U327023u23) )

among the vector functions G,, n > 0, defined by (4.11), is an adjoint symmetry of the
multi-wave interaction equations (4.17). However, for the multi-wave interaction equations
(4.17), we can introduce a more general Lie point adjoint symmetry:

GO = J_lp([F7U1])7 I'= diag(71772773)7

where 1,79 and 73 are arbitrary distinct constants. Noting

_ ) B ) B ) ) .
Go = (C1au21, C12u12, C13U31, C13U13, C23U32, C23U23)" , Cij =

this can be directly proved by checking

Gog, = —(K1)Go,

Vi —
Oél'—Oéj’

(4.21)

(4.22)
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while u solves u;; = K7. In particular, Gg is an example of G with T' = Wy, if 3; # 3,
1 <17 # j < 3. Now make the following Bargmann type adjoint symmetry constraint

N

~ oU (u, As) (s

GO:E usw(S)Ti(au )gz)(), (4.23)
s=0

where s, 1 < s < N, are arbitrary nonzero constants, and the eigenfunctions and adjoint
functions are assumed to be

O = (1, bas, D35) T, V) = (Y1, s, ¥36) T, 1< s <N (4.24)

The above constraint (4.23) is equivalent to

N
T, U1 = [Uo, Y _ peDyp)7].
s=1

When N and pu vary, (4.23) provides us with a set of adjoint symmetry constraints of the
multi-wave interaction equations (4.17).
We still use two diagonal matrices:

A= dla’g(Ah 7AN)7 B = dlag(:“’l? ,,LLN) (425)

Solving the Bargmann adjoint symmetry constraint (4.23) for u, we obtain

wij =i = (@, BW), 1< i#j <3, (4.26)
Yi =5
where B is given by (4.25), and ®; and ¥; are defined by
®; = (dir, iz, din) ", Wi = (Yir, iz, hin) T, 1 <0 <3, (4.27)

Two constrained flows for the multi-wave interaction equations (4.17) read as

o) = U@ Ao, i) = ~UT(@ A, 1<s <N, (4.28)
and
o) = VO, ) = VT (@A), 1< s <N, (4.29)

where w is defined by
U = p((Tij)3x3) = (U1, U2, Ust, U1s, Usa, Uz3)"
and V() is defined by
ga wly) Wiy
VO ) =ao + W1 = | Wi goa wild | wil = %u] (4.30)
Wi W' B ]

Similarly to Theorem 1, we can prove the following result for the multi-wave interaction
equations (4.17).



124 W X Ma and R G Zhou

Theorem 3. Under the symplectic structure (3.34), the spatial constrained flow (4.28)
and the temporal constrained flow (4.29) for the multi-wave interaction equations (4.17)
are Hamiltonian systems with the evolution variables x and t1, and the Hamiltonians

3
B = =Y ap(A, BY) — Y e, BY,) (@), BY,), (4.31)
k=1 1<k<i<y TR TN
: B8
HY = =3 B(A®), BU) — > U@y, B (P, BYy), (4.32)
k=1 1<k<i<s Tk TN

respectively, where A and B are defined by (4.25), and ®; and ¥;, 1 < i <n, are defined
by (4.27). Moreover, they admit the Lax representations:

(L) = U@ A), LA, (L), = VO (@A), LV, (4.33)

respectively, where L(X\), U(N), and VD(X) are given by (3.37) and (3.38), (4.1) and
(4.30).

Now it is a direct computation to verify the following theorem on the Liouville integra-
bility of the spatial constrained flows (4.28) and the temporal constrained flow (4.29).

Theorem 4. The spatial constrained flows (4.28) and the temporal constrained flow (4.29)
of the multi-wave interaction equations have the common involutive integrals of motion:
Fy, 1 <i<3,1>1, defined by (3.43), of which the functions Fis, 1 <i <3, 1 <5<
N, are functionally independent. Therefore, the constrained flows (4.28) and (4.29) are
Liouwville integrable.

The potential constraints (4.26) present an integrable decomposition

B @y, t), BU(x, 1), L<i#j<3, (4.34)

uij(w,t) = po——
i j

for the multi-wave interaction equations (4.17). This also shows the integrability by
quadratures for the multi-wave interaction equations (4.17), since ®; and ¥; can be de-
termined by quadratures. There are many arbitrary constants involved in the resulting
solutions. Moreover, the solutions generated above are all involutive solutions to the
multi-wave interaction equations (4.17), since two Hamiltonian flows of (4.28) and (4.29)
commute, due to {H?*, H'*} = 0. The results generated from the adjoint symmetry con-
straints (4.23) are the same as those generated from the symmetry constrains [2, 8, 20].

5 Concluding remarks

We remark that for the multicomponent AKNS equations (3.15), the introduction of the
adjoint symmetry Gy is very crucial for the success of making integrable decompositions.
If we choose G as the required adjoint symmetry, then we can not show that the resulting
constrained flows are Liouville integrable. Therefore, adjoint symmetry constraints gener-
alizes the idea of carrying out nonlinearization by symmetry constraints, which was also
seen in the case of the multi-wave interaction equations (4.17).
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We also mention that for the Neumann type adjoint symmetry constraints, we can often
use the Moser constraint technique to show the Liouville integrability for the resulting
constrained flows, although there are some exceptions which can not lead to the Liouville
integrability of the Neumann problem associated with soliton equations. The Ostrogradsky
type adjoint symmetry constraints with involved Lie-Backlund symmetries having non-
degenerate Hamiltonians can also result in the Liouville integrable constrained flows, under
the help of the Ostrogradsky coordinates, but the case of degenerate Hamiltonians needs
particular consideration for introducing canonical variables for the resulting constrained
flows [21]. Like symmetry constraints [22], the whole theory of our adjoint symmetry
constraints also can be applied to the perturbation systems, which are associated with
higher-order matrix spectral problems.
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