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Is My ODE a Painlevé Equation in Disguise?
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Abstract

Painlevé equations belong to the class v + a1 y'° +3a2 y'* +3as y' +as = 0, where a; =
a;(z,y). This class of equations is invariant under the general point transformation
z=®(X)Y),y = V(X,Y) and it is therefore very difficult to find out whether two
equations in this class are related. We describe R. Liouville’s theory of invariants
that can be used to construct invariant characteristic expressions (syzygies), and in
particular present such a characterization for Painlevé equations I-IV.

1 Introduction

Many phenomena in Nature are modeled by ordinary differential equations (ODEs). After
such an equation is derived for some physical situation, the natural question is whether
that ODE is well known, or at least transformable to a well known equation. For example,
one would like to know if the equation is related to a known integrable equation, e.g, in the
case of a second order ODE, to one of the Painlevé equations, or to one of the equations
in the Gambier[1]/Ince[2] list.

Normally these lists contain only representative equations, e.g., up to some group of
transformations. If the equation is of the form y” = f(x,y,y’) the usually considered
group of transformations is

_ hi(X)Y 4 a(X)
PY3(X)Y 4 pa(X)
However, when we have an equation derived from some physical problem the required

transformation may be more complicated.
Here we consider the following class of equations

z = ¢(X),

3 2
y" +ai(z,y)y" + 3az(w,y) ¥y + 3az(z,y) y + as(z,y) = 0. (1)
This class is invariant under a general point transformation

r=0(X,Y), y=U(X,Y), 2)
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we only need to assume that the transformation is nonsingular, i.e.,

A= 0xTy — Sy Wy # 0. (3)
The point transformation (2) prolongs to
Uy + Uy Y’
vy o= v (4)
Oox +OvY
Y = {[WUy®x — UxBy|Y" 4 [Py Uyy — Uy Dyy V"

F(@xTyy — 20 xy Uy + 20y Uy — Byy Uy )Y
+(=PxxVy —20xy Uy +20xUyy + Py Uxx)Y’
—l-(I)X‘I’XX—@XX\Ifx}/[(I)X—f—q)yY/]g, (5)

and when these are substituted into (1) the form of the equation (cubic in y') stays the
same, but the coefficients a; change as follows:

a4 = L(PyUyy — Byy Uy + O3 Ay + 302Uy A3 + 30y U Ay + U3 Ay), (6)

A
@ = £[3(@xTyy —20xy Uy + 20y Uxy — ByyUx) + Px DT Ay

F2Bx By Uy + DLW )Ag + (Bx U2 1 20y Uy Uy) Ay + Ux U2 A, (7)
a3 = %3 ( Dy x Uy —20xyUx +20xUxy + Py Uyy) + OX Py Ay

+( Uy + Z@X(I)y‘l/x)Ad + (Q(I)X‘llx‘l/y + (I)Y\I/X)AQ + \I’X\I’yAﬂ (8)
ay = %( PxxV¥x +PxVxx + (I)XA4 + 3<I>X\I’XA3 + 3<I)X\If Ag + \I’XAl) (9)

Here A;(X,Y) = a;(®(X,Y), \I’(X Y)) Example: If we apply the transformation x =
X +Y,y = XY to the equation y” = 0 (in which a; = 0), then we find a3 = a3 = 0,
@y = a3 = 2y, i.e., the equation becomes Y + 2 Y(Y'2 +Y’)=0.

Since the Coefﬁments of equation (1) transform in such a complicated way it is in
general difficult to find a characterization of (1) that is invariant under a general point
transformation (2). This classical problem was basically solved more than 100 years ago,
the fundamental works being those by Liouville [3] in 1889, Tresse [4] in 1894, with more
modern formulations by Cartan [5] in 1924 and Thomsen [6] in 1930. Recent wave of
interest on this classical problem started with [7]. [For the restricted problem with z =
O(X) see, e.g., [8]]

2 Relative invariants, absolute invariants and syzygies

The invariants we are looking for must be constructed from the coefficients a; and their
various derivatives. The transformation rules for a; were given in (6-9) and we are now
looking for some combinations that transform in a much simpler way. Let us consider
some expression

Iz,y] = I(a1,...,a4,0za1,...,0za1,0ya1,. .. ,8ya4,8§a1, c).

Since a; = a;(x,y) this will be a function of x,y. Under the transformation (2) the ingre-
dients a; transform to a@; and the expression constructed from the transformed quantities
in exactly the same way is

I[X,Y] =1(ay,...,a4,0xa1,...,0xa1,0yay, . .., O0vas, 0%dL,. .. ).
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This is now a function of X,Y and if it turns out that

IX,)Y]=A"I[®(X,Y),¥(X,Y)],

i.e., that I transforms, up to some overall factor, as by substitution then we say that I is a
relative invariant of weight n. If furthermore n = 0 or I = 0 we say that [ is an absolute
invariant. Normally the weight of the relative invariant is indicated by a subscript. Later
we will construct several sequences of relative invariants, e.g., i9,, n = 1,2,3,..., then
using them we can construct a sequence of absolute invariants, in this case ja, = i2,/i5.

Although the absolute invariants transform by a simple substitution under (2) they are
normally complicated functions of x,y and therefore in practice useless for classification.
What we need are relationships between absolute invariants, i.e., syzygies.

For example, it turns out later that for one particular equation jg — 654 + 4 = 0.
This relationship is invariant under the transformation (2) and therefore it is an invariant
characterization for that equation. Using this result we can say with certainty that any
equation that does not satisfy this relationship cannot be transformed to first equation by
any point transformation. The reverse is not true: several equations may satisfy the same
Syzygy.

Note also that the syzygy polynomials can only have numerical coefficients, because
parameter values appearing in the equation can be changed with the allowed transforma-
tions.

3 Construction of Invariants

The geometric ideas behind the analysis can be seen, e.g., as follows[6]. Consider a two-
dimensional geometry with the infinitesimal arch length given by

ds® = gpdu'du?, i, j € {1,2},

where ¢ is the metric (a nonsingular matrix possibly depending on the coordinates u?).
The equation for geodesics in this space is given by
d*u’ ;. du® du!
— ——=0,1=1,2, 10
ds? T ds ds ’ (10)

where Ffj are the Christoffel symbols. Instead of arch length s we could use some other

independent variable, for example x := wu!(s). After substituting this and eliminating
djsu; (dd—“;)2 between the two equations (10) we get

3 2
Y+ (—Th)y"” + (T3 — 2T )y~ + (T, +2I%,)y + %, =0,

(= %, y = u?) which is of the type (1). The transformation (2) can now be seen as a
change of coordinates in this space (u!,u?) = (z,y) and the problem is to find invariants
in terms of the above combinations of Christoffel symbols. We will not give the full details
here, just the basic necessary formulae. (For a detailed treatment see [6], but note that the
notation there is different from the present one, in particular 1 < 2 for indices.) Another
formulation using four-dimensional Riemannian metric is given in [9].
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The construction of the relative and absolute invariants proceeds step by step as follows:
First define

o = Opa1 — 8ya2 + 2(61% - CL1G3>, (11)
Il = 0za2 — Oyaz + azaz — ajay, (12)
II;7, = Jd.a3— Bya4 + 2(@% — a2a4>7 (13)

but these are not yet components of a true tensor. Next define

Ly = 0,lla — 0yIl12 — a1lly1 + 2a2lli2 — asllag, (14)
Ly = 0.llia — 0yIl11 — aollyy + 2a3lli2 — ayqllas. (15)

Now one finds that the L; transform as a (pseudo)vector

Lo N Oy Wy LQ[(P(X’Y)v‘II(Xv Y)] '
From this we get the first result (R. Liouville):

The property L1 = Lo = 0 is an absolute invariant and if it holds the equation can be
transformed to Y = 0.

If we define a; and 0,, 9, to have weight %, then L; are of weight % Continuing with

L; and adding one derivative or a; we find at weight % another pair

Zy = —LyyLy —3L1,Lo + 4Ly Lo, + 3agL? — 6a3L1 Ly + 3a4L3, (17)
Zy = LogLo+3LoyLy —4LyLyy + 3a1 L} — 6agLy Lo + 3a3L3, (18)

that transforms similarly:
Zo oy Uy ZQ[(p(X>Y)7lIl(X7Y)]

Using these two we get the first semi-invariant

vs = 3[Z1Ly— ZoL4]
= LQ(L18$L2 — L28$L1) + Ll(LQayLl — Llang)
—alL:{’ + BG/QL%LQ — 3@3L1L% + CL4L§, (20)

which is of weight 5, i.e., transforms as 75 = A’ vs.
Observation: For all Painlevé equations vs = 0.

Our ultimate aim is to provide an invariant characterization for the Gambier/Ince list
of 50 equations. It contains some equations with L; = Lo = 0, and other equations besides
Painlevé’s that have vz = 0, but it also contains many with v5 # 0. [We note in passing,
that in the standard form all Painlevé equations also have the properties a; = 0 and
Ly =0, but these are not (semi)invariant characterizations.|
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Let us now continue with v5 = 0, i.e. Z1Lo = Z5L1. Let us define

Ry = L410,Ly — Ly0,L1 + asL? —2a3L1Ly + asL3, (21)
wp = [L?(HllLQ — ngLl) + Rlax(L%) — L%&le + L1R1(a3L1 — a4L2)]/L11. (22)
[If Ly = 0 there is a similar expression with Lo as divider.] The expression w; is a

semi-invariant of weight 1.
Observation: For all Painlevé equations wi = 0.

The Gambier/Ince list contains also equations with v5 = 0, w; # 0.
We continue further with v5 = 0, w; = 0. A sequence of semi-invariants can now be
constructed starting with

io =2Ry/L1 + 0y Ly — O0yLq, (23)
with higher members given recursively by

in(ms1) = L1 Oyiom — Lo Oiog + 2miog (0 Lo — 9y L1). (24)
If 45 # 0 a sequence of absolute invariants is given by

Jom = i2miy - (25)

In the next section we will use the js,, to characterize Painlevé equations I-IV.

At this point we can see that the classification using jo,,, cannot be sharp. Consider
the special case vy + as(z,y) = 0. Then II1; = —0yaq, IIip = Iy = 0, L1 = 8§a4,L2 =
0,1/5 = 0, w1 = O, and

iz = —0yas, ig(my1y = L0y (iam/LY™),

The semi-invariants therefore depend only on 85614 and its higher y-derivatives and are
insensitive to the possible linear in y part in ay.

4 Invariant characterization of P; — Py

The first steps were given above: All Painlevé equations have the properties 1) at least
one of Ly, Ly is nonzero, 2) vs = 0, 3) wy = 0.! If the candidate equation fails any of these
properties it cannot be transformed to a Painlevé equation using the transformation (2).
Here we want to go further and derive conditions which differentiate between Painlevé
equations. The following results have been derived using the symbolic algebra language
REDUCEJ10]. It should be noted that we give here only the lowest degree syzygy.

4.1 Painlevé 1
Any equation of the form

y" =6y* + fi(z)y + fo(z), (26)

has the property i2 = 0. In principle i3 is only a relative invariant, but since its value in
this case is 0, this property is an absolute invariant. Equation (26) contains Painlevé I for
which f; =0, fo = x. For all other Painlevé equations is # 0.

!This was first observed by V. Dryuma in late 1980’s
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4.2 Painlevé 11

All equations of form

y' =2y + fi(x)y + folz), (27)

have the property is = 12,i4 = 288 and therefore j;, = 2 is the syzygy for this class of
equations. [In fact it is easy to see that jy(,,41) = 2 m!] Painlevé II is contained as the
special case fi = x, fy =const.

4.3 Painlevé 111

The following results are valid for Cases 12,13,13; in the Ince/Gambier classification, they
all have four parameters, «, 3,7, §:

12
y
y"—?—7y3—ay2—ﬁ—5/y=0,
12 /
y y 1
y' ==+ = =’ - —(aw+8) - d/y =0,
y o x

2
Yy - v
y" — e (ay® + B) — e**(vy® +6/y) = 0.

1: If any 3 of the parameters «, 3,7, ¢ are zero, then jy(,,41) = m!
2a: If y=0=0o0r a =8 =0 then
Jo — 6js+4=0. (28)
These two cases are connected: = = %XQ, y = Y? takes (a, 3,0,0) — (0,0, a, 3).
2b: f a=~vy=0o0r =09 =0 then
2js — 1356 — 22 + 57jy — 2153 = 0.
Transformation x = X,y = 1/Y takes (0,43,0,0) — (—03,0,—6,0).
2c: f B=vy=0o0r @« =6 =0 then
2js — 23j6 — 42 + 87js — 1152 = 0.
Transformation z = X,y = 1/Y takes (a,0,0,d) — (0, —c, —6,0).
3: If a6 + 3%y = 0 (which contains 2a,2b) then we get a degree 12 relation
419 — T6510 — 1696 + 684054 — 260055 — 564057
459058 + 22205476 + 45053 — 155j47s — 11552 = 0.
4: For the generic case we obtain

414 — 112419 — 2315104 + 1274510 — 385js56 + 4795574 — 79105 + 325552
435705677 — 390607674 + 3024055 — 1533055 + 7812052 — 7173654 + 15264 = 0.



Is my ODE a Painlevé equation in disguise? 73

4.4 Painlevé IV

Let us again consider a more general form

1 3 1
y' = 2—ny2 +e1 593 + 4(e2z + e3)y* + 2(eax® + 57 + €6)y + 6757

Painlevé IV corresponds to e; = ea = ey = 1,e3 = e5 = 0, 5 = —a, ey = —32/2. The
classification is sensitive only to ey, es, €3, 7.

1: If e =eg=e3=e;=0then L1 =Ly =0
2a: If eg = e3 = e7 = 0 then Jyny1) = (%)mm!
2b: If e2 = e3 = €1 = 0 then jo(,41) = (%)mm!
2c: If e; = e7 = 0 then jo(41) = 2"'m!
3a: If ez = 0 then

jg — 11j6 — 24 + 4654 — 753 = 0.
3b: If e; = 0 then
5js — 9576 — 136 4 28644 + 2152 = 0.
3c: if eg = e3 = 0 then
8125710 — 216575 — 24957674 + 13096 + 1287252 — 3616054 + 11904 = 0.
4: Generic case:

314 + 1955710 — 2771044 — 120512 + 31488 — 13100854 + 57952j¢ + 10360052
—15062js — 40486456 — 1877273 + 5236447 + 99052 + 377553 j6 — 75jejs = 0.

5 Conclusions

We have presented here the first results of a project aiming to derive syzygies for every
equation in the Gambier/Ince list. The biggest problem in finding the characteristic
expressions is that we have to solve huge sets of rather complicated nonlinear algebraic
equations. For Painlevé V the generic expression is of degree higher than 26 (which is as far
as we checked) and for Painlevé VI presumably still much higher. When this classification
is eventually finished:

e We get an algorithmic method for finding out if a given equation of type (1) has any
change of being transformed into one of the equations in the Gambier/Ince list.

e We also get a classification of the equations into essentially different sub-cases (c.f.
[11, 12]).

The first results that have already been obtained suggest some interesting open ques-
tions:

e Is the type of “integrability” different in the classes a) v5 = w; =0, b) v5 =0, wy #
0, and c) v5 # 07

e What does the degree of the minimal syzygy tell us about integrability?
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