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Abstract

Starting from the second Painlevé equation, we obtain Painlevé type equations of
higher order by using the singular point analysis.

1 Introduction

Painlevé and his school [20, 21, 14, 15] investigated second-order first-degree equations of
the form

y' = F(z,y,y), (1.1)

where F is rational in %/, algebraic in y and locally analytic in z, and has no movable
critical points. This property is known as the Painlevé property and ordinary differential
equations (ODE), which possess it, are said to be of Painlevé type. They found that,
within a Mobius transformation, there exist fifty such equations. Distinguished among
these fifty equations are the six Painlevé equations, PI, ..., PVI. Any other of the fifty
equations either can be integrated in terms of known functions or can be reduced to one
of these six equations.

Higher order first-degree in the polynomial class and higher order higher degree equa-
tions of Painlevé type were investigated by Fuchs [13, 15], Briot and Bouquet [15], Cha-
zy [5], Bureau [3, 4], Exton [11], Martynov [17], Cosgrove [8, 9], Kudryashov [16], Clarkson,
Joshi and Pickering [6] and also in the articles [22, 23, 19, 18]. The Riccati equation is
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the only example for the first-order first-degree equation which has the Painlevé property.
The best known third order equation is Chazy’s natural-barrier equation

y" = 2yy" — 3y + (6y' —y°)°, (1.2)

36 — n?
The case n = oo appears in several physical problems. The equation (1.2) is integrable
for all real and complex n and n = oco. Its solutions are rational for real n in 2 < n <5,
and have a circular natural barrier for n > 7 and n = oo.

In this article the second Painlevé hierarchy is investigated by using the Painlevé ODE
test or singular point analysis. It is possible to obtain the equation of Painlevé type of any
order, as well as the known ones, starting from the second Painlevé equation. Painlevé
ODE test which is an algorithm introduced by Ablowitz, Ramani, Segur (ARS) [1, 2] tests
whether a given ODE satisfies the necessary conditions to be of Painlevé type.

The procedure to obtain higher order Painlevé type equations starting from the second
Painlevé equation may be summarized as follows:

I. Take an n** order Painlevé type differential equation

y(") =F (z,y,y’, e ,y("71)> , (1.3)

where F' is analytic in z and rational in its other arguments. If y ~ yo(z — 20)® as
z — 29, then « is a negative integer for certain values of yy. Moreover, the highest
derivative term is one of the dominant terms. Then the dominant terms are of order
a — n. There are n resonances ro = —1,71,72,... ,rp—1, with all 7, i = 1,2,... /(n — 1)
being nonnegative real distinct integers such that Q(r;) = 0, j = 0,1,2,...,(n — 1).
The compatibility conditions for the simplified equation that retains only dominant terms
of (1.3) are identically satisfied. Differentiation of the simplified equation with respect
to z yields

y("H) =G (z,y,y', e ,y(”)> , (1.4)

where G contains the terms of order @ —n — 1, and the resonances of (1.4) are the roots
of Q(rj)(a+r —n) = 0. Hence equation (1.4) has a resonance 7, = n — a additional to
the resonances of (1.3). Equation (1.4) passes the Painlevé test provided that r, # r;,
i=1,2,...,(n—1) and is a positive integer. Moreover the compatibility conditions are
identically satisfied, that is 2z, yr,,-.. ,¥yr, are arbitrary.

II. Add the dominant terms which are not contained in G. Then the resonances of
the new equation are the zeros of a polynomial Q(r) of order n + 1. Find the coefficients
of Q(r) such that there is at least one principal Painlevé branch, that is, all n+1 resonances
(except 79 = —1) are real positive distinct integers for at least one possible choice of (v, yp).
The other possible choices of (o, yog) may give the secondary Painlevé branch, that is, all
the resonances are distinct integers.

ITI. Add the nondominant terms which are the terms of weight less than o — n — 1,
with coefficients analytic in z. Find the coefficients of the nondominant terms by the use
of the compatibility conditions and transformations which preserve the Painlevé property.

In this article we consider only the principal branch, that is, all the resonances r; (except
ro = —1) are positive real distinct integers and the number of resonances is equal to the
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order of the differential equation for a possible choice of («,yp). Then, the compatibility
conditions give full set of arbitrary integration constants. The other possible choices
of (a,yo) may give secondary branches which possess several distinct negative integer
resonances. Negative but distinct integer resonances give no conditions which contradict
integrability [12]. Higher order equations with negative but distinct integer resonances
might be investigated separately. In the present work we start with the second Painlevé
equation and obtain the third, fourth and some fifth order equations of Painlevé type. All
of the third order and some of the fourth order equations are found in the literature, but
for the sake of completeness we present the known equations with appropriate references.
A similar procedure was used in [18] to obtain the higher order equations of Painlevé type
by starting from the first Painlevé equation. The procedure can also be used to obtain the
higher order equations by starting from PIII, ..., PVI. These results will be published
elsewhere.

. . (3)
2 Third order equations: Py

The second Painlevé equation, PII, is
y' =2+ 2y +v. (2.1)

The Painlevé test gives that there is only one branch and the resonances are (—1,4). The
dominant terms of (2.1) are 3” and 2y> which are of order —3 as z — z. Differentiation
of the simplified equation 3" = 2y3 gives

y" = ay*y, (2.2)

where a is a constant which can be introduced by replacing y with Ay, such that 6\% = a.
Addition of the polynomial type terms of order —4 gives the following simplified equation

y" = aryy” + asy? + azy’y’ + asy?, (2:3)
where a;, i = 1,... ,4 are constants. Substitution of
y=1yo(z —20)" L+ B(z — 20)" 1, (2.4)

into the simplified equation (2.3) gives the following equations, Q(r) = 0, for the reso-
nance r and for yg, respectively,

Q(r)y=(r+1) {r2 — (aryo+ 7)r — [agyg —2(2a1 + a2)yo — 18]} =0, (2.5a)
asyy — asyp + (201 + az)yo + 6 = 0. (2.5b)

Equation (2.5b) implies that, in general, there are three branches of Painlevé expansions
if ay; # 0. Now one should determine yg;, 7 = 1,2,3, and a; such that at least one of
the branches is the principal branch. There are three cases which should be considered
separately.

Case I. a3 = a4 = 0: In this case yg takes a single value, i.e. there is only one branch.
Equation (2.5a) implies that ro = —1 and ryre = 6. Therefore there are the following four
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possible cases:

a. yo1 = —6/az : (r1,r2) = (1,6), a1 =0,

b. Yo1 = —2/&1 : (1”1,7“2) = (2,3), a; = ag,

C. Yo1 = —12/(11 . (7“1,7"2) = (—2, —3), a) = —2&2/3,

d. Yo1 = —14/&1 . (7"1,7“2) = (—1, —6) (26)
The case d is not be considered since r = —1 is a double resonance. The compatibility

conditions are identically satisfied for the first two cases. To find the canonical form of the
third-order equations of Painlevé type, one should add nondominant terms the coefficients
of which are analytic functions of z, that is, one should consider the following equation
for each case

y" = aryy” + agy”® + Ay + Aoy’ + Asy’ + Asy' + Asy® + Agy + Az, (2.7)
where Ag(z), k=1,...,7, are analytic functions of z. Substitution of
6 .
y=1yo(z—2)"" —l—Zyj(z—zo)]_l, (2.8)
j=1

into equation (2.7) gives the recursion relation for y;. Then one can find Ay such that the
recursion relation, i.e. the compatibility conditions for j = rq, 79, are identically satisfied
and hence y,,, yr, are arbitrary.

I.a: The Painlevé property is preserved under the following linear transformation

y(z) = p(2)u(t) + v(z), t=p(z), (2.9)
where u, v and p are analytic functions of z. By using the transformation (2.9) one can
set Ay = As, A1 =0, and as = —6. The compatibility condition at the resonance r; = 1

gives Ay = As. The arbitrariness of 47 in the recursion relation for j = 6 and the recursion
relation yield that

1 1
Al —A2=0, A{—-As46=0, Al 3AsAr = 6’42’ Az =0. (2.10)
According to the equation (2.10a) there are three cases should be considered separately.

La.i: A; = 0: From equation (2.10) all coefficients Ay can be determined uniquely.
The canonical form of the third order equation for this case is

1 1 1
y" =6y + (c1z + )y + =2t + =12 + B2 + 3z + (2.11)
72 18 12
where ¢;, i = 1,... ,4 are constants.

If ¢; = co =0, then (2.11) can be written as
u” = 6u® — 32 — ¢y, (2.12)

where u = —y’. If ¢3 = 0, then the solution of (2.12) can be written in terms of elliptic
functions. If ¢3 # 0, (2.12) can be transformed into the first Painlevé equation.
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If ¢; =0 and ¢y # 0, (2.11) takes the following form by replacing y by vy and z by dz
such that v§ = 1 and ¢30® = 6

y" = —6y'% + 6y + 322 + &3z + &4, (2.13)

where &3 = ¢30°, ¢4 = c46*. Equation (2.13) was given in [5] and [3].
If ¢y # 0 and ¢ = 0, replacement of y by vy and z by §z in (2.11) such that v§ =1
and c10% = 12 yields

y" = =6y + 122y + 22" + &3z + @, (2.14)

where &3 = c30°, ¢4 = c46*. Equation (2.14) was given by Chazy [5] and Bureau [3]. It
should be noted that (2.11) can be reduced to (2.14) by the replacement of z by z—(c2/c1)
and then replacing y by vy and z by 0z such that y6 = 1, ¢;6% = 12.

La.ii: A5 = Without loss of generality the integration constant ¢ can be set to
Z€ero.

From (2.10) the coefficients Ay, can be determined and the canonical form of the equa-
tion is

(Z+ G+o?

y/// _ _6y/2 + 622 (y/ + y2) + (6123 + 622_2) Y+ 0322 + C4Z_1

1 1 3 3
+ 8 (Ec%z + 261622 + 4032' 2), (2.15)
where ¢;, i = 1,... ,4, are constants.

If ¢; = o =0, (2.15) is a special case of the equation given by Chazy [5]. If ¢; = 0 and
ca # 0, (2.15) takes the following form by replacing y by vy and z by dz such that v6 =1
and cyd = 24

y" = —6y"? + 6272 (y +y? +4Ay) + 2% +Er Tt + 24272 (2.16)

where &3 = ¢30% and &, = ¢46°. Equation (2.16) is given in [3].
If ¢; # 0 and ¢y = 0, then equation (2.15) takes the form

6 . - 21
y" = —6y'? —|— (y +9?) + 1823y + 28 + é32° + €1, (2.17)

where C3, ¢4 are constants. Equation (2.17) was given in [3].
La.iii: If one replaces A5 with 6 A5, Ag with 6Ag and A7 with 6A7, then equations (2.10)
yields

Al —6A2=0, Al -6A546=0, Al —2454; = AL (2.18)
Integration of (2.18a) once gives

(AL)? =443 — oy, (2.19)
where a7 is an integration constant. Then

As =P(2,0, 1), (2.20)
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where P is the Weierstrass elliptic function. If Ag = 0, (2.18c) implies that A; satisfies
Lamé’s equation. Hence

A7 = 1 E1(2) + o F1 (2), (2.21)

where ¢ and cg are constants, F1(z) and Fij(z) are the Lamé functions of degree one of
the first and second kind, respectively. They are given as

_ +a) o(z—a)

Eily) = o—#¢@ Fi(2) = %@ a) 2.22
1(Z) € O'(Z) ) 1(2) € O'(Z) ) ( )
where ( is the (-Weierstrass function such that ' = —P(z), o is the o-Weierstrass function

o'(2)

such that o) = ((z) and a is a parameter such that P(a;0,a;) = 0. Then the equation

(@) (2 +a) + 52624(@@, (2.23)

" — _6 12 6 .O / 2 ~ -
y Y2 +6P(20,01) (v +y*) + Gre o o)

where ¢ = 6¢; and & = 6¢y. Equation (2.23) was considered in [5]. If Ag # 0, P(2;0, 1)
also solves equation (2.18b). Then (2.18c) implies that A satisfies the nonhomogeneous
Lamé’s equation. Hence,

A7(Z) = kl(z)El(z) + kQ(Z)F1 (Z), (2.24)

where

ke (2) = ki —/%ﬂ(ﬂdt, o (2) —k2+/7ﬂ(vtv;—?£)a1)El(t)dt (2.25)

with k; and kg are constants of integration and W(z) = E1F| — E{F}.

I.b: The coefficients Ag(z), k = 1,...,7, of the nondominant terms can be found
by using the linear transformation (2.9) and the compatibility conditions. The linear
transformation (2.9) allows one to set aa = —2, Ai(z) = 0, A2(z) = As(z) and the

compatibility conditions give that As(z) = Ag(z) = 0 and A4(z) = As(2). So the canonical
form of the equation is

Y =<2 (g +y'2) + As () + ) + Ar, (2:26)

where A4 and A7 are arbitrary analytic functions of z. If one lets u = 3’ + 32, then (2.26)
can be reduced to a linear equation for u. Equation (2.26) was given in [3].
I.c: Without loss of generality one can choose a; = 2. Then the simplified equation is

y" = 2yy" -3y, (2.27)

which was also considered in [5, 3].
Case II. a4 = 0: In this case yq satisfies the quadratic equation

azys — (2a1 + az)yo — 6 = 0. (2.28)

Therefore there are two branches corresponding to (—1,y0;), j = 1,2. The resonances
satisfy equation (2.5a). Now one should determine yo; and a;, i = 1,2, 3 such that one of
the branches is the principal branch.
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If yo; are the roots of (2.28), by setting
P(yo;) = — [asyp; — 2(2a1 + az)yo; — 18], j=1,2, (2.29)
and if (rj1,7;2) are the resonances corresponding to yo;, then one has
rjirje = P(yoj) =pj,  j =12, (2.30)
where p; are integers such that at least one is positive. Equation (2.28) gives that

_ 6
y01y02’

a3 = 2a1 + as = ag(ym + yog). (2.31)

Then (2.29) can be written as

P(yo1) =6 (1 - @> o Plyo2) =6 (1 — @> : (2.32)
Yo2 Yo1
For p1ps # 0, the p; satisfy the following Diophantine equation
1 1 1
T — 2.33
pr p2 6 ( )

Now one should determine all finite integer solutions of Diophantine equation. One solu-
tion of (2.33) is (p1,p2) = (12,12). The following cases should be considered: i) If p; > 0,
p2 > 0 and p; < po, then p; > 6 and po > 12. ii) If p; > 0, pa < 0, then p; < 6. Based on
these observations there are the following nine integer solutions of Diophantine equation,
viz

(pl,pg) = (12, 12), (7, 42), (8, 24), (9, 18), (10, 15),
(2,-3), (3,-6), (4, —12), (5, —30). (2.34)

For each (p1,p2), one should write (r;1,7;2) such that rj; are distinct integers and rjirj; =
pj, J = 1,2. Then yo; and a; can be obtained from (2.31) and (2.32) and

ri1 + rj2 = a1yo; + 7, 7 =12, (2.35)
There are the five following cases such that all the resonances are distinct integers for both
branches. The resonances and the simplified equations for these cases are

9 6
[Ma:a; =ay =0, yy = o (r11,712) = (3,4), Yoz = —yo1 : (r21,722) = (3,4),
y" = asy®y, (2.36)
1 3
ILb: yo1 = T (r11,m12) = (2,4), o2 = e (r21,722) = (4,6),

7

y" = a1 (yy" + 2y + 2a19%Y) (2.37)
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3 6
e yor = ——: (r1,7r12) = (1,3),  wo2 = ——: (r21,722) = (—2,3),
al ai
1
y/// =a <yyl/ + y/2 _ §a1y2y/> 7 (2.38)
2 6
ILd: yor = —— : (r11,712) = (1,4), yoo = —— : (ro1,722) = (=3,4),
al a
1
y" = a (yy” +2y% - ialyzy’> , (2.39)
1 6
ILe: yor = —— ¢ (r11,712) = (1,5),  wo2 = —— ¢ (r21,722) = (—5,6),
aq a
y/// = ay (yy// + 5y/2 _ a1y2y') ] (2.40)

For each case the compatibility conditions for the simplified equations are identically
satisfied. To find the canonical form of the third order equations of Painlevé type, one
should add nondominant terms with the coefficients which are analytic functions of z.

IT.a: By using the linear transformation (2.9) one can set 24; + A3 = 0, A2 = 0 and
as3 = 6. The compatibility conditions at j = 3,4, for the both branches allow one to
determine the coefficients Ag. The canonical form of the equation for this case is

1
y" = 6y*y — <§C?z2 — oz — 63) y + ey
1,, 1

1
- (c%z - 02) y— 10122 + SC1c2% + €163, (2.41)

where c1, co, c3 are constants. If one replaces z — g—% by z, y by vy and z by dz such that
1
76 =1 and ¢16? = —2, then (2.41) yields

u" = 6ulu 4+ 12zun’ + 4 (22 + k) u' + 4zu + 4u?, (2.42)

where u = y — z and k is a constant. Equation (2.42) was considered in [5, 3], and its first
integral is PIV.

If ¢ = co =0, (2.41) can be solved in terms of elliptic functions. If ¢; = 0 and ¢z # 0,
(2.41) gives

y" =612y + ¢ (z + Z_3> Y + coy. (2.43)
2

If one introduces t = z + 22, then the first integral of (2.43) is PIL

II.b: By using the linear transformation (2.9) one can always choose 24; + A3z = 0,
Ay = 0 and a1 = —1. Then the compatibility conditions for the both branches, that is
the arbitrariness of yo1 and y41 for the first branch and y40 and yg2 for the second branch,
imply that all the coefficients Aj of nondominant terms, are zero. So the canonical form
for this case is

y" = —yy — 20/ + 2% (2.44)

Equation (2.44) was given in [5, 3].
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II.c: By using the linear transformation (2.9) one can always set A3 = A5 = 0 and
a1 = —3. Then the compatibility conditions at j = 1,3 give that A; = ¢1/2, As = ¢1,¢1 =
constant and A, = Ag. Then the canonical form of the equation is

1
y" = =3yy" =3y =3y + Sery” + ey’ + A + Ay + Ar. (2.45)

The first integral of (2.45) gives that
v = —3uv’ — u® + Biu+ B, (2.46)

where u = y—(¢1/6), and B; and By are arbitrary analytic functions of z. Equation (2.45)
was considered in [5].

II.d: One can always choose A3 = A5 = 0 and a1 = —2 by the linear transforma-
tion (2.9). The arbitrariness of y;; and yy4; for the first branch and y4o for the second
branch imply that A; = As = A7 =0 and A} = 244. The canonical form is

1
Y= =2yy" = 4 - 2%+ Awy + S A, (2.47)
The first integral of (2.47) is

/2 3
y' = vy 2y’ — LA Agy + E, ¢ = constant. (2.48)
2y 2 y
The equation (2.47) was considered in [5, 3].

II.e: By the linear transformation (2.9) one can choose A; = A3 = 0 and a; = —1.
Then the compatibility conditions give that As = A5 = 0, Ag = A}/3 and Ay = — A} /3.
After the replacement of y by —y and A4 by 3A4 the canonical form of the equation for
this case is

y" =y +5y"% — y*y + 34wy + Ay + Al (2.49)
Equation (2.49) has the first integral

8 2 3
(W' — vy — v+ Ay + A})" = 5 —v) (y’ + % + §A4>

+4(y —y?) (2A0y® + Ay + A)) + 4432 + 4A, Ay + 44,2 + ¢, (2.50)

where A4 is an arbitrary function of z and c¢ is an arbitrary constant of integration.
Equation (2.49) was also considered in [5, 3].

Case IIIL. a4 # 0: In this case there are three branches corresponding to (—1,%o;),
j =1,2,3, where yo; are the roots of (2.5b). Equation (2.5b) implies that

4 3
as 1 6
Zy()j PR Zinij = a—4(2a1 + az), H?JOj = T (2.51)
Jj=1 7] J=1
If the resonances (except rg = —1, which is common for all branches) are rj;, i = 1,2,

corresponding to yo; and if one sets

P(yo;) = — [asyd; — 2(2a1 + a2)yo; — 18],  j=1,2,3, (2.52)
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then (2.5a) implies that

2
HY’J‘Z‘ = P(yoj) = pj, (253)

where p; are integers and in order to have a principal branch at least one of them is
positive. Equations (2.51) and (2.52) give

Yo2 Yo3 Yo1 Yo3

=6 <1 _ y_> <1 _ y_> (2.54)
Yo Yo2

and hence, the p; satisfy the following Diophantine equation
3
1
P (2.55)
=1 Pi
Moreover equation (2.54) gives that

63
[I»i= —W(ym — yo2)*(yo1 — y03)” (yo2 — yo3)?, (2.56)

if a1 # 0, that is, if p; > 0, then either ps or ps is a negative integer. One should consider
the case a; = 0 separately.
III.a: a; = 0: In this case the sum of the resonances for all three branches is fixed and

2
Sori=7 j=123 (2.57)
=1

Under this condition the solutions of the Diophantine equation (2.55) are (p1,p2,p3) =
(10,10, —30) and (10, 12, —60).
IIL.a.i: (p1,p2,p3) = (10,10, —30): Equation (2.54) can be written as

P1(Yo2 — Yo3) = ko1, P2(Yo3 — Yo1) = kyo2, p3(yo1 — yo2) = kyos, (2.58)
where
6
k= ————(yo1 — y02) (o2 — ¥03) (Yo1 — Yo3)- (2.59)
Yo1Yo2Y03

For k = £10v/5 the system (2.58) has the nontrivial solutions yo;, 7 = 1,2,3. For these
values of yp; the resonances and the coefficients a;, 7 = 2, 3,4, are

y01=1/(1—\/5>: (r11,712) = (2, 5), y02:V(1+\/S): (ra1, 722) = (2, 5),

yo3 = 6v 1 (r31,m32) = (—3,10),

2 _ 2 _ 1 _
a2_;7 a3_ﬁ’ a4_@’ v = constant, (2-60)
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for both values of k. For these values of yp; and a; the simplified equation passes the
Painlevé test for all branches. The linear transformation (2.9) and the compatibility
conditions at the resonances of the first and second branches are enough to determine all
coefficients Ag(z) of the nondominant terms. The canonical form of the equation for this
case is,

" =12y"% + 722y + 54yt + ¢, (2.61)

where ¢; is an arbitrary constant. Equation (2.61) can be obtained with the choice of
v = 1/(1—+/5) and replacement of y with 6y/ (1 —+/5). Equation (2.61) was given
in [5, 8].

IIl.a.ii: (p1,p2,p3) = (10,12,—60): For this case equation (2.58) has nontrivial solu-
tion yo; for k = +20+/3. Then Yo;j, a; and the corresponding resonances are as follows:

Yo1 = - ( 1+ \[) (r11,712) = (2,5),  yo2 = i? P (a1, m22) = (3,4),

yoz———( 6i\/_> (r31,792) = (—5,12),

7+£3V3 40 £14v3 TE£3V3 4
ag =3—v, angV, CL4:TV,

11 v = constant. (2.62)

By using the linear transformation (2.9) one can choose v = +v/3 and A; = Ay = 0. All
other coefficients Ay of the nondominant terms can be determined from the compatibility
conditions at the resonances of the first and second branches. The canonical form for this
case is as follows:

w_ 2T+ 21\f o 1204423
y y') + —— vy
11
231 + 143/3
2 2
_— 2.
+c ( +y ) 133 c (2.63)
or
1
" = 6y*y —I-— (9:&7\[) (y'+y2)2— 2 <4$3\/§> c1y’
— o (9£7V3) & 2.64
44(3$5\/_>01y 352(9 V3) e, (2.64)
where ¢ = 44c/ (3 F 5v/3). Equation (2.64) was considered in [8].
ITIL.b: a; # 0: Since p1,p2 > 0, ps < 0, equation (2.56) can be written as
p1paps = 607, (2.65)
where n is a constant and p3 = —p3. Then the Diophantine equation (2.55) yields
pip2 = p3(p1 + p2) — n® (2.66)

and, since (p1 — p2)? > 0, then

(p1 + p2)® — 4ps(p1 + p2) + 4n” > 0. (2.67)
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Therefore 0 < p3 < n. Hence one may assume that n is a positive integer. When p3 = n,
equations (2.65) and (2.66) give (p1,p2,p3) = (6,1, —n) as the solution of the Diophantine
equation. For the case of p3 < n, if one assumes that p; < pe (if p1 = p2, (2.66) implies
that p; and py are complex numbers), then the Diophantine equation (2.55) implies that
p1 < 12. Equations (2.55) and (2.66) give that

(p1p3)? = n?[6p1 — (6 — p1)p3], (p1p2)? = n®[6p1 + (6 — p1)po] (2.68)

for p1 < 6 and for 6 < p; < 12 respectively. Equation (2.68) imply that [6p1 — (6 — p1)ps]
and [6p1 + (6 — p1)p2] must be squares of integers. By the use of these results, p; the
multiplication of the resonances for the branches corresponding the yo;, j = 1,2, 3, are

(p1,p2,p3) = (4,6, —10), (5,870, —26), (5,195, —21), (7,41, —1722),
(7,38, —399), (7,33, —154), (8, 22, —264), (8, 16, —48),
(9,15, —90), (10, 14, —210), (11, 13, —858). (2.69)

For each values of (pi1,p2,p3) given in (2.69) one should follow the given steps below for
(4,6,—10).

When (pi1,p2,p3) = (4,6,—10), p1 = 4 implies that possible integral values of ry;,
1= 1,2 are (7“11,’/“12) = (1,4), (—1, —4) Then

rj1 + rj2 = a1yo; + 7, Jj=123, (2.70)

implies that yp; = —2/a; and yo1 = —12/ay for (ri1,712) = (1,4), (-1, —4) respectively.
On the other hand yo; satisfies equation (2.58) for k = £20. For k = 20, yo2 = —9yo01/14,
but the resonance equation for the second branch

ra; — (T+ a1yo2)rai + p2 = 0, 1=1,2, (2.71)

implies that 7 + a1yo2 be an integer. So, in order to have integer resonances (ra1,r92) for
the second branch, ajyg2 has to be integral. A similar argument holds for the third branch,
but for £ = 20, both yo; and ygo are not integers. Also for & = —20 the resonances for
the second and third branches are not integers. Following the same steps one cannot find
the integral resonances for the second and third branches for all other cases of (p1, p2, p3)
given in (2.69).

When (p1, p2,p3) = (6,n, —n), equation (2.58) has a nontrivial solution yg; for k = £n.
We have yo1 = 0, yo2 = yo3 for k = n and yo1 = 12v, yo2 = v(6 — n), yo3 = v(6 + n) for

k = —n, where v is an arbitrary constant. Since yg; = 0 for k = n, this case is not be
considered. For k = —n, 2a; + a2, a3 and a4 can be determined from equation (2.51) to
be
180 — n? 12 1
9 _ - = (2.72
Gt =g ey BT T ame . M T T oaEe gy 27

Since p; = 6, then all possible distinct integral resonances for the first branch are (ry1,712)
=(—1,-6), (—=2,-3), (1,6), (2,3). Because of the double resonance, ro = r1; = —1, the
case (—1,—6) is not considered. When (r11,712) = (1,6), equation (2.70) implies that
a; = 0. This case was considered in case IIl.a. For the other possible resonances, (—2, —3)
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and (2,3), one can obtain the a;, i = 1,2, 3,4, and yo;, j = 1,2,3. Once the coefficients of
the resonance equation (2.5a) are known one should look at the distinct integer resonances
for the second and third branches. We have only two cases, such that all the resonances
are distinct integers for all branches. The resonances and the corresponding simplified
equations are as follows:
) 12
MLbi: gor === (rin,ri2) = (=2,-3),

1
Yo2 = _a_1(6 — n) : (7“21,7“22) = (1an)7

1
Yoz = —a—1(6 + n) : (T31,T32) = (]" _n)7
3(12 +n?) 5 12

mno_ " _ 2,1
yooa [yy Tome—n2)Y T 36—z Y T o602

adyt|, n#1,6.(2.73)

It should be noted that as n — oo the simplified equation reduces to (2.27).

. 2
IILb.ii: yo1 = o (r11,m12) = (2,3),

1 n
yor == - <1 - E) 2 (r21,m22) = (6,1/6),
1 n

468 — n? 432 108
36 — n2 y/2 - 36 — n2 aly2y/ + 36 _ ng a’%y4 9 n # 6, 36 (274)

y/// =a |:yy// +

The canonical form of the equations corresponding to the above cases can be obtained
by adding the nondominant terms with the analytic coefficients Ag, k=1,... ,7.

II1.b.i: By using the transformation (2.9) one can set A3 = A4 = 0 and a; = 2. The
compatibility conditions at the resonances imply that all the coefficients are zero except
Ag and A7 which remain arbitrary for n = 2. For n = 3 A7 is arbitrary and all the other
coefficients are zero. For n = 4,5 and 6 all coefficients A, are zero. However, it was proved
in [7] that for n > 4 the equation does not admit nondominant terms. The canonical forms
of the equations for n = 2 and n = 3 are

3 3 1
y" = 2y’ + 5y/Z . §y2y/ + §y4 + Agy + Ar, (2.75)
7 16 4
" g 4+ L2 — 2.1 414 2.76
y vyt gyt = Yy gy + A (2.76)

respectively. Equations (2.75) and (2.76) were given in [5] and [8], and both can be
linearized by letting y = —2u’/u and y = —3u’/2u respectively.

ITL.b.ii: The linear transformation (2.9) and the compatibility conditions at the reso-
nances of the first and second branches give the canonical form as

26 — 2m?

" ! 12

- _9 o2 4

y 44 m2—1 Y m2—1

20 + ) v* + 45 (v + v°)

-1 1
- mT <A'5' - §A§> +c1z+ ¢, (2.77)
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where m = 6/n, m # 1,6, ¢; and cg are arbitrary constants and Aj is an arbitrary function
of z. Equation (2.77) was given in [5] and [8] and is equivalent to

2 2
/ 2 m” —1 m” —1 " 2 1
= As — =6 — . 2.78
y+y 15 A W u u” + (= 1)(clz+02) (2.78)
. (4)
3 Fourth order equations: Pjy;
Differentiation of (2.3) with respect to z gives the terms ¥4, yy/”, v'y", v2y", vy'%, v*y/,
all of which are of order —5 for « = —1, as z — zg. Addition of the term y°, which is also
of order —5, gives the following simplified equation
y W = argy” + asy'y" + asy’y" + asyy? + asy’y’ + aey’, (3.1)
where a;, i = 1,...,6, are constants. Substitution of (2.4) into (3.1) gives the following
equations for resonance r and for yg, respectively,
Q(r)=(r+1) {7’3 — (11 + alyo)r2 — [agyg — (Tay + a2)yo — 46] T
— asyp + 2(2a3 + as)yg — 6(3a1 + az)yo — 96} = 0, (3.2a)
asys — asys + (2a3 + a4)yd — 2(3a1 + az)yo — 24 = 0. (3.2b)

Equation (3.2b) implies that in general there are four branches of Painlevé expansion, if
ag # 0, corresponding to the roots yo;, j = 1,2,3,4. Now one should determine yy; and a;
such that at least one of the branches is the principal branch. Depending on the number
of branches there are four cases. Each case should be considered separately.

Case 1. a5 = ag = 0, 2a3 + a4 = 0: In this case there is only one branch which
should be the principal branch. There are following two subcases which will be considered
separately.

IL.a: a; = 0: In this case the equation (3.2.a) gives that the resonances (r1,r2,73)

3 3
(additional to ro = —1) satisfy > r; = 11, [] r; = 24. Under these conditions the only
i=1 i=1
possible distinct positive integer resonances are (r1,r2,73) = (1,4,6). Then (3.2) implies
that ag = 0 and yo = —12/as. Therefore the simplified equation is

y = agy'y”. (3.3)

To obtain the canonical form of the equation, one should add the nondominant terms,
viz ",y vy vy uy' oyt v, 2, v, 1, that is terms of order greater than —5 as
z — zo with coefficients Ag(z), k = 1,...,12, which are analytic functions of z. The coeffi-
cients A, can be determined by using the linear transformation (2.9) and the compatibility
conditions at the resonances. One can choose as = —12, Ay = 0 and 243 — Ag + Ag =0
by the linear transformation (2.9). The compatibility conditions, that is the arbitrariness
of y1, ya, yg, give that

A§—A§:0, A/I—I-A%:Ag/g, A4:6A1, A5:A8:A9:0,
Ag = 2A3, A/7/ — A3A; = 2A1A3A/1 + QA% g, Ap = Ag — Ay As,

A= (A7 — A1) — A1(A7 — Aro), Al + A1A1r = — (A7 — Ayg)*. (3.4)

1
6



296 U Mugan and F Jrad

According to the solution of (3.4a), there are the four following cases:
I.a.i: A3 =0, Ay = 0: Then the canonical form of the equation is

1
W =120y + (12 + ey + ey + o—(1z + )’ + e, (3.5)
1

where ¢;, i = 1,2, 3, are arbitrary constants. Integration of (3.5) once gives

1
y/// _ _6y/2 + (Clz + 02)y + —7202 (clz + 02)4 + c3z + ¢4, (3-6)
1
where ¢4 is an integration constant. If ¢; # 0 and ¢y = 0, then the equation (3.6) takes
the form of (2.14). For ¢; = 0 and c2 # 0 (3.6) yields (2.13).
La.i: A3 =0, A; = 1/(z — ¢): Without loss of generality one can choose the constant
of integration ¢ as zero. Then the canonical form of the equation is

1 6 c 1
y W = 12y + Sy + 2y + (a2 — )y + 2y + o
z z z 24
1 1
— §clcgz2 + Ecgz + %3 (3.7)
If ¢1 = co =0, then (3.7) is equivalent to
1
u = ;(u + c3), y" = —6y"% 4+ u. (3.8)

If ¢; = 0 and ¢y # 0, after replacement of z by vz, y by By, such that 3y = 1 and ;7> = 6
equation (3.7) takes the form

1 6 c
v = 12y Sy S (7 ) 6y e (3.9)
where é3 = c37%. If ¢; # 0 and ¢y = 0, the equation (3.7) takes the form
(4) v L 2 / 3, C
y W = —12'y —I—;(y +6y'%) + 122y + 62 + (3.10)
where ¢3 is an arbitrary constant.
La.ii: A3 = 6/(z — ¢)®: For simplicity let ¢ = 0. Then the canonical form of the

equation is

6
y(4) = _12y/y// 1+ A (y///+6y/2) + (y// +2yy/)

22
z
+ A7y + Awoy® + Any + Aug, (3.11)
where
Ay = 20123 — ¢y ,
z (123 + ¢2)
= # 1clcgz6 + 10203,23 + cicaz — 24c¢1 + 0204z_2 — 602z_3 ,
az3+ca \5 5
12 6 _
Ag=— (201 — oz 3) ,

2 i+
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Ao — 1 clcg 10 czc§ 7 c1e3c4 .5 C2C3C5 .2

c123 4+ co \ 1350 900 60 15

2 2
B 0164 B 6264 -3

+ c52 6 o1 z > )
A = _71 [czcgzm — 48¢228 + MJ + 502042'5 — Cgﬁz4

(c124 + cp2)? ! ! 5 ! 5

+ 4ClC2C422 —42c1c92 — c%c?,z_l + 60%2'_2 — (01z4 + czz)

6 3
X < C;)Cg 20+ C;C?’ 23— 48¢1 + 14 — 209c427% + 60223” , (3.12)

where ¢;, i = 1,...,5, are constants. Equations (3.5), (3.7), (3.9), (3.10) and (3.11) were
considered in [3, 9, 17].

La.iv: A3 = 6P(2;0,): If one replaces As with 6A3 in the equation (3.4a), then
Weierstrass elliptic function P(z;0, 1), where oy is an arbitrary integration constant, is
a solution of the resulting equation. If one lets A; = A!/A;, then the equation (3.4b)
gives Lamé’s equation for A;. Therefore,

1211 = ClEl(Z) + co I (Z), (3.13)
where ¢; and c¢o are constants and Fj(z) and Fj(z) are the Lamé functions of degree
one and of the first and second kind respectively, which were given in (2.22). Similarly
replacement of A; with 6A4;, A3 with 6A3 and A; with 6A7 in the equation for A7 in (3.4)
yields

Al — 6P(2:0,01)A7 = 72 (21121321’1 + A%Ag) . (3.14)

So the homogenous solution of the above equation is nothing but the Weierstrass elliptic
function P(z;0,1). Therefore the compatibility conditions (3.4) allow one to determine
all the nonzero coefficients Ay(z) in terms of the Weierstrass elliptic function P(z).

I.b: a; # 0: Equation (3.2a) implies that rirers = 24. Under this condition there
are four possible cases of (r1,72,73) such that r; > 0 and distinct integers, but there is
only the following case out of the four cases such that the compatibility conditions at the
resonances for the simplified equations are identically satisfied and yg # 0

(7'1,7“2,7"3) = (2,3,4), Yo = —2/&1, a9 = 3&1, az = a4 = 0. (3.15)

By adding the nondominant terms to the simplified equation, using the linear transforma-
tion (2.9) and the compatibility conditions one finds the canonical form of the equation

(4) _ _2yy/// _ Gy/y// + Al (y/// + ny” + 2y/2)
+ As(y" +2yy") + A7 (v + 9°) + Aua, (3.16)

Y

where Ay, A3, A7 and Aj, are arbitrary functions of z. If one lets u = y? + %/, then the
equation (3.16) can be linearized. Equation (3.16) was considered in [3, 9].

Case II. a5 = ag = 0: In this case there are two branches corresponding to (—1,yo;),
Jj = 1,2, where yg; are the roots of (3.2.b) and

2(3@1 + ag) 24

, =——\ 3.17
2a3 + ag Yo1Yo2 %45 + a ( )

Yo1 + Yo2 =
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Let (rj1,7j2,7;3) be the roots (additional to r9p = —1) of the resonance equation (3.2a)
corresponding to yo;. When one sets
P(yoj) = —2(2a3 + a4)yg; + 6(3a1 + az)yo; + 96, J=12, (3.18)

(3.2a) implies that

HT]Z = y(]j =Dy, ] = 11 21 (319)

where the p; are integers and at least one of them is a positive integer in order to have
the principal branch. Let the branch corresponding to g1 be the principal branch, that
is p1 > 0. Equations (3.17) and (3.18) give

P(yor) = 24 (1 - @> =p1,  Plye) =24 (1 - @> = po. (3.20)
Yo2 Yo1
Hence the p; satisfy the following Diophantine equation, if pips # 0,
1 1 1
-4 = = 3.21
p1 p2 24 (3:21)

There are 21 integer solutions (p1,p2) of (3.21) such that one of the p; is positive. Once p;
is known for each p; one can write possible distinct positive integers (711,712, 713) such

that H r1; = p1. Then for each set of (ri1,712,713), ar, k = 2,3,4, and yo; can be

determlned in terms of a; by using

eri = 11 + a1yo;, Z Tk = —agygj + (7a1 + a2)yoj + 46, (3.22)
i=1 ik
for j =1, and the equation (3.17). Then for these values of aj and yo; one should find all
cases such that the resonance equation (3.2a) has distinct integral roots ro; corresponding
to yo2. Only for the following cases a) (p1,p2) = (12,—24) and b) (p1,p2) = (20, —120)
are all the resonances distinct integers for both branches, one of which is the principal
branch. The resonances and the simplified equations for these cases are as follows:

ILa: (p1,p2) = (12,—-24) :

3
yoo =——1 (r,r12,7m13) = (1,3,4),
ai
6
Yoz = (r21,722,723) = (=2,3,4),
(4) " /N 1 2
y M =ar (" +3yy" - §a1y y" — §a1?~/y (3.23)
ILb: (p1,p2) = (20,—120) :
1
Yo = —— : (r11,712,713) = (1,4, 5),
ai
6
Yoo =—o" (ra1, 722, m23) = (—=5,4,6),
y W = ay (yy" + 11y'y" — ary®y” — 2a1yy) . (3.24)
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For case Il.a the compatibility conditions at the resonances of the simplified equation
are identically satisfied. For the case IL.b the compatibility condition at the resonance
ri3 = b implies that y4 = 0 which contradicts with the arbitrariness of y,. Moreover in
the case IL.b, if one lets y = Au such that Aa; = 1, integration of the simplified equation
once yields

u" = wu' +5u'? — v + e, (3.25)
where ¢ is an arbitrary integration constant. Equation (3.25) is not a Painlevé type
equation unless ¢ = 0. It was studied in [3, 17]. Hence we consider case Il.a. Adding the
nondominant terms to the simplified equation and by using the linear transformation (2.9)
and the compatibility conditions of the first branch we can determine the coefficients Ay (z)
of the nondominant terms. The canonical form of the equation for the case Il.a is

y(4) _ _3yy 9y’ " 3y2 " 6yy/2+Ry”

+ 2Ry + Ry + Ay (y +3yy + " — Ry) + Aqo, (3.26)

where R(z) = As(z) — Ag(z) and Az and Ag are arbitrary analytic functions of z. If one
lets

u=y"+3yy +y’ — Ry, (3.27)
then equation (3.26) can be reduced to a linear equation for u. Equation (3.26) was
considered in [3, 9].

Case III. ag = 0: There are three branches corresponding to yo;, j = 1,2, 3, which are
the roots of the equation (3.2b). If one lets

3
H P(yoj) = asys; — 2(2a3 + as)yp;
6(3&1 + (ZQ)y(]j + 96, 7=1,2,3, (3.28)

where p; are integers and at least one of them is positive, by the use of the same procedure
as was carried in the previous case the p; satisfy the following Diophantine equation:

3
1
P (3.29)
=1 P

if p1paps # 0 and, if a; # 0,

243
[I»i= —W(ym — yo2)*(yo1 — y03)* (Yo2 — yo3)*- (3.30)

Let p1,pa > 0 and p3 < 0. If (7j1,7)2,7j3) are the resonances corresponding to yo;
respectively, then they satisfy equation (3.22) for j = 1,2,3. There are the following two
cases which should be considered separately.
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ITl.a: a; = 0: Equation (3.22a) for j = 1 implies that there are five possible values of
(r11,712,713) and hence five possible values of p;. For each value of p; one can solve (3.29)
such that ps > 0, p3 < 0 and both are integers. Then for each (p1, p2, p3) the equations

(1) (1) () (e
Yo2 Yo3 Yo Yo3

pr =24 (1 - @> (1 - @> : (3.31)
Yo1 Yo2
give the equations (2.58) for yo; for
24
k= ————(yo1 — y02)(Yo2 — ¥Y03)(Yo1 — Yo3)- (3.32)
Yo1Y02Y03

The system (2.58) has nontrivial solution if k2 = —(p1p2 +p1ps+pap3). For each value of k
one can find yo; and a;, ¢ = 3,4,5, in terms of az. Once the coefficients of the resonance
equation (3.2a) are known for all branches, one should look at the cases such that the roots
of (3.2a) are distinct integers for the second and third branches. There is only one case,
(p1,p2,p3) = (40,40, —120), and k = 40+/5. The yp;, the resonances and the simplified
equation for this case are as follows:

4
yor = — (1=V5) & (rin,mamis) = (2,4,5),

a2
4
Yo2 = a—2 (1 + \/g> . (T217r22,r23) = (27475)7

24
Yoz = . i (r31,732,733) = (—3,4,10),

1 1 1
(4) — /o0
Yy as <yy + 8a2y y' + 4a2yy 2+ 64a2y y) (3.33)

The compatibility conditions are identically satisfied for the simplified equation. To obtain
the canonical form of the equation one should add the nondominant terms with analytic
coefficients Ay (z), k = 1,...,12. The linear transformation (2.9) and the compatibility
conditions at the resonances of the first and second branches give the following equation

y W = 244/ + T20%y" + 1ddyy’? + 216y°y'2. (3.34)

Integration of (3.34) once gives (2.61).
IIL.b: a; # 0: In this case the resonances (7;1,7j2,7;3) and yo; satisfy (3.22) for
7=1,2,3 and

2 24

ZCUOJ a5 (2a3 + aa), ZijyOk = _a_5(3a1 + as), Hy()j = —a—s, (3.35)
i#k =1
3
respectively. The p; = [] 7;; satisfy the Diophantine equation (3.29). If one lets
7=1
2 247 2 2 2

n® = ————(yo1 — ¥02)"(Yo1 — Y03)~ (Y02 — Yo3)*, (3.36)

(Y01Y02Y03)?
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then (3.30) gives

p1paps = 24n?, (3.37)
where ps = —ps3 and p; < 48. If one follows the procedure given in the previous section,
(3.29) and (3.37) give that

(p1ps)? = n®[24py — (24 —pU)ps],  (pip2)? = n®[24p1 + (24 — p1)p2), (3.38)

for p; < 24 and for 24 < p; < 48 respectively. So the right hand sides of both equations
in (3.38) must be complete squares. Based on these conditions on p;, i = 1,2,3, there
are 71 integer solutions (pi,p2,p3) of the Diophantine equation (3.29). For each solution
(p1,p2,p3), one can find yo; by solving the system of equations (2.58). Then one can write
possible resonances (711,712, 713) for each p; provided that
3
a1yo1 = Zru —11 (3.39)
i=1
are all integers. There are the following three cases such that all the resonances of all
three branches are distinct integers.

IIL.b.i: (pl,pg,pg) = (15,60, —24) .

2
yor = —— : (ri1,7m12,713) = (1,3, 5),
ay
12
Yo2 = “a : (ra1,7m22,m23) = (—2,—5,6),
8
Yoz = “a (r31,732,733) = (—4,1,6),
11 1 7 1
as = ?al, az = —ia%a a4 = _Za%7 as = ga? (340)
IILb.ii: (p1,p2,p3) = (24,n,—n), n>0, n#24:
2
yor = ——: (r11,7r12,713) = (2,3,4),
ay
1 n n
= - 1__> ’ ’ :<477_>a
Y02 @ ( 7 (ro1,722,723) 6 2
1 n n
=-——11 _> : ) 9 = (4767__)7
Yo3 o ( + 21 (r31,732,733) Y
o — 15552—3n2a e 6912,
27 56 —n2 0 T T h16—n2 v
13824 9 6912 3
U= 76— 2" T 576 — 2 (3.41)
IIL.bdii: (p1,p2,p3) = (24,n,—n), n >0, n#4,24:
12
Yo1 = Ta © (i, iz, ri3) = (-2, -3,4),
1 n n
——(6-"1). — (1,4 —)
Yo2 o (6 4> (ro1,722,723) ( 47 )

n

1 n
= —— — ] = (1.4 __)
Y03 p <6+ 4> (731,732, 733) ( 4 =7
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1152 + 2n? 192
ag = ———5—a ag = ————0a
2T —n2 0 T U B6—n2 Y
4 2
ay = 38 2 3 3 (3.42)

TE6— 2™ BT pre— 2t

For all three cases the simplified equations pass the Painlevé test. To obtain the canonical
form of the equation one should add the nondominant terms with the coefficients Ag(z),

k =1,...,12. The linear transformation (2.9) and the compatibility conditions at the
resonances give the following equations:
I11.b.i:

y W = =29y — 110y — 27" — Ty — Py + As(y + )

1 1 2
- §Ag (v* +4y) + gAg’ - §A6Ag, (3.43)

where Ag is an arbitrary function of z. Equation (3.43) was given in [9)].
ITL.b.ii: The compatibility condition at the resonance r = 6 for the third branch gives

I+ A7 =0. (3.44)

So following two subcases should be considered separately.
II1.b.ii.1: A; = 0: The canonical form of the equation is

6
y(4) — _ny/// _ — T [(mQ _ 9) y/y// _ 8y2y” —16 (yy/Q + y3y/)]
+ As(y” + 2yy) + (A5 + 1) (¥ +97) + Arz, (3.45)
where m =n/24, m # 1,4,6, As is an arbitrary function of z and

2
—1
App = m48 (Ag’ — A3AL — 1 Az + 2632 + 02) ) 1, co = constant. (3.46)

The result (3.45) was given in [9].
ITL.b.ii.2: A; = 1/(z — ¢): Without loss of generality one can set ¢ = 0. The canonical
form of the equation is

y(4) _ _ny/// + m21_ - [(54 _ 6m2) y/y// + 48y2y" + 96 (yy/2 + ySyl)]

— [(26—2m%) y* + 487y + 24y }

1 1
+_{y//l+2yy//_ 5
z m
1
+ As(y" +2yy') + (Aé, —As—+ qz) (v + y?) + Asa, (3.47)

where Ag is an arbitrary function of z and

m2—1

48

1 1 1 c
_ m Lo / a2 L1 2.3 2
Ag = <A3 zA3 AzAs + 22A3 c12A3 + 5C1% > + o (3.48)

where ¢; and ¢y are constants. The result (3.47) was given in [9].
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IIL.b.iii: If we let m = n/4, m # 1,4, 6, the canonical form of the equation for m = 2
is

3 1 3
y( ) _ ny/// + 5y/y// 2 y// o 3yy/2 + §y3y/ + Al y/// - ny// N §y/2
3 2./ 1 4 / /
+toyy - gy — Ary| + Ary + Ay + A, (3.49)
If one sets
3 3 1
u=y" = 2yy" = Sy + vy - §y4 — Azy, (3.50)

then (3.49) can be reduced to a linear equation for u. It should be noted that (3.50)
)

belongs to P(I and was given in (2.75). For m = 3

20 16 32 16
()_2 " e I e b R I
Y vy +3yy 9 Y¥ 9 %Y —|—27yy
+ Al y/// _ 2yy// _ Zy/2 + EyQy/ + A12 (3 51)
3 9 27 ’ '

where A; and Ajs are arbitrary functions of z. If one sets

u = y/// . 2yy// . gy + 196 2,1 247y47 (3'52)
(3.51) can be reduced to a linear equation in u. Equation (3.52) belongs to P( ) and was
given in (2.76). Equations (3.49) and (3.51) were given in [9]. It should be noted that for
m > 4, integration of the simplified equation once gives the simplified equation of the case
given in (2.74) with an additional integration constant ¢. Thus for m > 4 the simplified
equation is not of Painlevé type if ¢ # 0.

Case IV. ag # 0: In this case there are four branches corresponding to (—1,yo;),
3

Jj=1,2,3,4. If (rj1,7;2,7;3) are the resonances corresponding to the branches, [] rj; = p;

i=1
such that the p; are integers and at least one of them is positive. Then (3.2a) implies that

P(yoj) = a5y8’j —2(2a3 + a4)y(2)j + 6(3a1 + a2)yo; + 96 = pj, j=1,2,3,4. (3.53)

On the other hand (3.2b) implies that

Z y(]j a5 ) Z y()jy(]z - 20’3 s )

a6 J#i
4

2(3a1 +a 24
Z YojYoiYor = %7 Hij =T (3.54)

itk 6 j=1 6

Then (3.53) yields

=24 , 1 =1,2,3,4. 3.55
Plyoy) = 24] ( yo,) j (3.55)

J7#k
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Therefore the p; satisfy the Diophantine equation

4

1 1
E — = — (3.56)
T Dj 24

To find the simplified equation one should follow the following steps: a) Find all integer
solutions (p1, p2, ps, pa) of the Diophantine equation (3.56). b) For each pair (p1, p2) from
the solution set of the Diophantine equation, write all possible (7;1,7;2,7;3) such that
3

[[7i = pj, j = 1,2. c) Determine yo1 and yg2 in terms of aq, if a; # 0, by using
i=1

the equation (3.22a) for j = 1,2. d) Use (3.55) to find yo3 and yos in terms of a;.
e) Eliminate the cases (7j1,7j2,753) j = 1,2, such that aiyor, k¥ = 3,4, are not integers
(see the equation (3.22a)). f) Find a;, i = 2,...,6, in terms of a; by using the (3.53)
and (3.54). Once all the coefficients of the equation (3.2a) are known, look at the cases
such that the roots of (3.2a) are distinct integers for yo3 and yoq.

There are four cases such that all the resonances are distinct integers for all branches.

These cases and the corresponding simplified equations are as follows:

IV.a: (p17p27p37p4) = (67 _4767 _24) :

5
Yyo1 = Ca t(rin, iz, mi3) = (1,2,3),
10
Yo == (ro1,722,723) = (=2,1,2),
15
Yo3 = Ca t (731, 7m32,733) = (=3, -2,1),
20
Yoa =0 (rai,ra2,743) = (=4, =3, -2),

2 3 9 1
y W =q <yy”’ + 20y = sy’ — caayy® + zaly’y - @a‘i’y{’) , (3.57)
IV.b: (pl,pg,pg,p4) = (36, 36, —84, —504) :

5

Yor = ——: (r11,712,713) = (2,3,6),
a2
10
Yoz = — : (ra1,722,723) = (2,3,6),
a2
15
Yos = (r31,732,733) = (=2,6,7),
20
y04 — —a—Q . (T417T4277’43) - (*7767 12)5
v = a |y + 2az (P + ' — ——ay’ (3.58)
5 12527 )| '

IV.c: (p1,p2,p3,p4) = (36,36, —144,—144) :

10
Yo, = o : (r1,m12,713) = (2,3, 6),

Y02 = —Yo1 : (’r21,’l”22,?”23) = (2737 6)?
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40
933 = a_3 : (r31,732,733) = (—3,6,8),
Yos = —Yo3 : (ra1,742,743) = (—3,6,8),
3
y = ag (yzy” +yy'? - %asy‘f’) , (3.59)

Iv.d: (p1,p2,p3,ps) = (20, —120, —60, 60) :

2
Yoo = (r11,r12,m13) = (1,2, 10),
1

8

Yo2 = “ar (r21,722,723) = (—10,1,12),
4

Yoz = Cl_l : (T31,T32,T33) = (_2727 15)7

6
Yoa =~ (141, 742,743) = (=3, -2,10),

17 11 15 1 1

y(4) = <yy///_ ?y'y”%— Ial?f?/”— Ia1yy'2+ §a%y3y1_ 1_6a§)y5> . (3.60)

The simplified equation for the case IV.d does not pass the Painlevé test. So this case
is not be considered. The canonical forms for the other cases can be obtained by adding
the nondominant terms with the coefficients Ax(z), k = 1,...,12 to the simplified equa-
tions. All coefficients Aj, can be obtained by using the linear transformation (2.9) and the

compatibility conditions at the resonances. The canonical forms are as follows:
IV.a:

y(4) — 5yy"” — 10 (y/y// 2y y3y/) _ 15yy/2 A (y/// + 4y + 3y

+ 6%y + y4> + A3 (v +3yy + ) + A7 (v +¥%) + Ay + Ap. (3.61)
If one lets y = v/ /u, (3.61) gives the fifth order linear equation for u. Equation (3.61) was
given in [9].
IV.b:
(4)_75/// 502" + 5un’? — 18 3.62
Y = =5y +5y7y" 4 Syy” —y + (x4 o)y + e, (3.62)
where ¢; are constants. The result (3.62) was given in [9].
IV.c:
y W = 10y%y" + 10yy? — 6y° + c1 (v — 25°) + (c2z + c3)y + ¢4, (3.63)

where ¢; are constants. The result (3.63) was given in [9, 16].

. . 5

4 Fifth order equations: P§I)

Differentiation of (3.1) and addition of the term y% which is also of order —6 as z — zg
gives the following simplified equation of order five

/M 12

y©® = a1yy™ + aoy/y" + azy

+ a7y + asy?y'? + agy*y’ + a0y’ (4.1)

+ asy®y" + asyy'y" + agy”
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where a;, i = 1,...,10, are constants. Substitution of (2.4) into (4.1) into the equation
above gives the following equations for resonance r and for yy respectively,

Q(r)=(r+ 1){7” — (16 + a1y0)r — [a4y0 (11ay + a2)yo — 101} r
— [a7y0 — (Tayq + as)yo + (46a1 + 7Taz + 4as)yo + 326] T
— [agyé —2(2a7 + ag)yg + 3(6aq + 2a5 + a6)y§
— 8(12ay + 3az + 2a3)yo — 600] } —0, (4.2)

a10yy — agyo + (2a7 + as)yy — (6as + 2as + ag)yy
+ 2(12a1 + 3ag + 2a3)yo + 120 = 0. (4.3)
Equation (4.3) implies that there are five branches if ag # 0. If (7’]1,7“]2,7“]3,7“]4) j =
1,...,5, are the distinct integer resonances corresponding to (—1,yo;) and if H Tji = Djs

where p; are integers and at least one of them is positive, then the p; satisfy the followmg
Diophantine equation,

1 1

—=— 4.4
Dj 1207 (44)

Mm

Jj=1

The determination of all integer solutions (p1,p2, ps,p4,ps) of the Diophantine equation
is quite difficult. So, for the sake of completeness, in this section we present special cases
such as single, double and triple branch cases. We also give an example for the case of
the four branches. Since the procedure to obtain the canonical form of the differential
equations is the same as described in the previous sections, we only give the canonical
form of the differential equations for each cases.

The canonical form of the equation can be obtained by adding the nondominant terms
!, 0 2,1

y Dy vy vy w3y R v wy v v v YT w3 Y 2, g, 1 with

coefficients Ag(z), k =1,...,19, which are analytic functions of z, respectively.

Case I. If q; =0,1=4,...,10, there is only one branch and there are two cases such
that the resonances are distinct positive integers.

La:

Yo1 = —2/a1: (r11,712,713,714) = (2,3,4,5),
(6) — _ny( ) 8y/ 1 6y//2 + A (y +2yy"+6y/ //) 1 Ag (y//+2yy//+2y/2)
+ Au3(y" +2yy") + Aie (¥ +y2) + Aio, (4.5)

Y

where Aj, As, Aj3, Aig, A1g are arbitrary analytic functions of z. Equation (4.5) can be
linearized by letting u = y' + v2.
Lb:

yor = —12/ag : (r11,712,713,714) = (1,4,5,6).

In this case the linear transformation and the compatibility conditions give A; = 0, i =

,7, A11 = A19 = A5 =0 and

1
A — §A3 = 0. (4.6)
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Depending on the solution of (4.6) there are following two subcases.
I.b.i: Ag = 0. The canonical form of the equation is

1
y(5) = —12¢/y" —12¢"% + (c1z 4+ e2)y" + 2c1y’ + E<Clz + 02)2, (4.7)

where ¢; and cg are constants. If ¢; # 0, (4.7) can be reduced to (2.14). If ¢ = 0, (4.7) can
be reduced to a third order equation which belongs to the hierarchy of the first Painlevé
equation, P§3) [18], by integration once and letting y = u'.

I.b.ii: Ag = 12/2%. The canonical form of the equation is
12 /3 24
y(5) — _12y/y/// _ 12y//2 + = _y/// + yy// + 2y/2 + 61,23 + C_Q e y///
22\ 2 22 23

48 4c 24 4c
- =y + <6c1z2 -2+ —4> Y+ (401 + 7‘2) y
z z z z

+ ;y + 6 (clz + ;) R (48)
where ¢; and ¢y are constants.
Case II. a; = --- = a9 = 0: In this case there are two branches. The resonances and
the canonical form of the equation are
-3
You == (r11, 712,713, 714) = (1,3,4,5),

—6
Yo2 = . : (ro1,722,723,724) = (—2,3,4,5),

y(5) _ —3yy(4) - 12y/y/// _ 9y//2 _ 18yy'y” - 6y/3 o 3y2y” + (Ry)///
1
+ 34w [y + 3yy” + 3y + 3y” — (Ry)']
+ Ass (v" + 3yy’ +v° — Ry) + Au, (4.9)

where R = Ag — Ag/3 and Ag, Ag, Ao, A15 and Ajg are arbitrary analytic functions of z.
Equation (4.9) can be linearized if one lets

u=1y"+3yy +y’ — Ry. (4.10)

Case III. ag = a19 = 0: In this case there are three branches. The resonances and the
canonical form of the equations are as follows:
III.a:
-2
Yor = - (r11,7m12,713,714) = (2,3,4,5),

1—n

Yo2 = — : (ro1,7e2,723,724) = (4,5,6,1),

1+n

Yoz = — : (r31,732,733,734) = (4,5,6, —n),

y®) = —2yy® + [(56 — 8n2) y'y" + (54 - 6n2) y'"? + 48y>y"

n? -1
+ 288yy'y" + 96 (y/?) + ySy//) + 288y2y'2] + AS (y/// + 2yy// + y/2)
+ (245 + 12 + e2) (¥ + 2yy") + (A5 + 2¢1) (v +4°) + Aw, (4.11)
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where Ag is an arbitrary analytic function of z and

2
-1
A19 = _nT [Ag/ — ASAg — Alg — Aé(clz + 02) — 261148 + 2(612’ + 62)2] s (412)
and ¢, co are constants, n € Zy, n # 1,4,5,6. If ¢; = ¢o = 0, double integration of (4.11)
yields (2.77).
ITI.b: The resonances are

6—n
Yor = — o : (r11,m12,713,m14) = (1,4,5,n),
6+n
Yo2 = — : (721,722,723, 1m24) = (1,4,5, —n),
12
Yo3 = T t (rs1, 732,733, 734) = (=3, -2,4,5), (4.13)

where n € Zy and n # 1,4,5. It should be noted that, when n > 6, the double integration
of the simplified equation gives the third order equation (2.73) with an additional term
(c12+c2). Therefore the simplified equation is not of Painlevé type if ¢; and ¢2 # 0. Hence
we only consider the cases for n = 2,3. The canonical form of the equation for n = 2 is

3 1
y(5) _ 2yy(4) + 7y/y/// + 5y1/2 _ §y2ym 7 9yy’y” _ 3@/3 + §y3y//

3 3 1
+ §y2y/2 + Ay <y(4) _ 2yy/// _ 5y/y// + §y2y/ + 3yy/2 _ §y3y/>

3 3 1
+ Ag (y/// - ny// _ §y/2 + §y2y/ _ §y4> + A13y//

+ (2413 — A1 A1)y + (A3 — A1Al3 — AgAuz)y + Aw, (4.14)

where A, Ag, A1z and Ajg are arbitrary analytic functions of z. Double integration
of (4.14) yields (2.75).

Forn=3
1 16 32 16
y(5) _ ny(4) + g (26y/y/// + 20y//2 o ?yQy/// N 32yy/y// _ ?3/3 + gy?) 1"
16 5 A 2 8 16 8
- A ()_2 no_“ 10///__2//__ /2 .3,/
+3yy>+ 1[y vy 3 vy 3yy 3yy +9y?/
7 16 4
+ As (y’” — 2y — 3y + 5y - Ezﬁ) + Ay, (4.15)

where Ay, Ag and Ajg are arbitrary analytic functions of z. If one lets

7 16 4
=" _9 no_ 102 2,0 4 4.16
u=yt =29y =y Y = oy (4.16)
(4.15) can be reduced to a linear equation for u. It should be noted that (4.16) belongs

to Pg)) and is given by (2.76).
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Case IV. ajgp = 0: In this case there are four branches and we will only give the
following example.

5
Yoo=—o" (r11, 112,713, 714) = (1, 2,3, 5),
10
Yoo == (ro1,722,723,724) = (=2,1,2,5),
15
Yoz = Ca t (rs1, 732,733, 134) = (=3, -2,1,5),
20
Yoa=— (41,742,743, 724) = (=2, =3, —4,5),

y(5) — _5 <yy(4) F 30" + 20" + 220" + 10yy'y" + 3¢ + 203" + 6y2y'% + y4y/)
+ A <y(4) +5yy/// + 10y/y//+ 1Oy2y’+ 15yy/2 + 10y3y'—|—y5>

+ Au3(y" + 2yy') + Asey + (Als — A3 A1)y
+ (Al — Ay + AJ A1z + 241415 — A1 Arg — AT Ass) + Aqg, (4.17)

where Ay, A3, Ajg and Ajg are arbitrary analytic functions of z. Integration of (4.17)
once gives the special case of (3.61).

In the procedure used to obtain higher order equations of Painlevé type, the existence
of at least one principal branch has been imposed. But, the compatibility conditions at
the positive resonances for the secondary branches are identically satisfied for each cases.
Instead of having positive distinct integer resonances, one can consider the case of distinct
integer resonances. In this case it is possible to obtain equations like Chazy’s equation (1.2)
which has three negative distinct integer resonances. Starting from the first and second
Painlevé equations and by using this procedure one can look for polynomial type equations
of any order of Painlevé type having at least one principal branch.
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