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Abstract

It is shown how the bilinear differential equations satisfied by Fredholm determinants
of integral operators appearing as spectral distribution functions for random matrices
may be deduced from the associated systems of nonautonomous Hamiltonian equations
satisfied by auxiliary canonical phase space variables introduced by Tracy and Widom.
The essential step is to recast the latter as isomonodromic deformation equations for
families of rational covariant derivative operators on the Riemann sphere and interpret
the Fredholm determinants as isomonodromic 7-functions.

1 Differential equations for Fredholm determinants
in random matrices

In the theory of random matrices, it is known that in suitably defined double scaling limits
the generating functions for spectral distributions are given by Fredholm determinants
of certain integral operators [14, 17, 18, 19]. For example, in the universality class of
the Gaussian Unitary Ensemble (GUE), in the bulk of the spectrum, the probability

of having exactly {mj,...,m,} scaled eigenvalues in the sequence of disjoint intervals
{([a17 a2]7 R [a2n71a aQTL]} is
(_1)m 877’17_5 ~
E e = = ; 1.1
(ma, ;M) m!l---my! 8)\71711 e ONT N = =1 m zj:mja (1.1)

where 7° is the Fredholm determinant

75 = det <1 - KS> (1.2)

of the integral operator K : L*(R,C) — L2(R,C) with the sine kernel

(ke @)= Yo [ O g, (1.9
=1 e

2j—1 W(ZE - y)
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Rescaling at the (soft) edge of the spectrum, the corresponding quantity is given by the
Fredholm determinant

A= det (1 - f(A> (1.4)

of the operator with the Airy kernel [18]

( ) ZA / 2 Ai(x))Ai' (y) — Ai(y)Ai’(l‘)U(y)d% (1.5)

azj—1 r—=Yy

where Ai(z) is the Airy function. If the measure is taken to be the one associated with
either the Laguerre or Jacobi orthogonal polynomials, rescaling at the (hard) edge leads
to the Fredholm determinant

B .= det (1 - f(f) (1.6)
of the operator with Bessel kernel [6, 19]

( ) Z/\/ Ja(V2)VyJs (VI) = Ja (VI) VET4 (V)

(lg] 1 2(:I" - y)

v(y)dy, (1.7)

where J, () is the Bessel function with index a.

It was shown by Tracy and Widom [17, 18, 19], extending earlier results of the Kyoto
school [11], that all these Fredholm determinants can be computed by quadratures in terms
of solutions of certain associated nonautonomous Hamiltonian systems in which the end
points {a;} play the role of multi-time deformation variables. Moreover, these Fredholm
determinants may be interpreted as isomonodromic 7-functions [9, 16, 10, 5] in the sense
of [12, 13].

More recently, Adler Shiota and van Moerbeke [2, 3] have shown that the Fredholm
determinants 74, 75 7., satisfy hierarchies of bilinear differential equations with respect to
the endpoint parameters. These follow from combining Virasoro constraints satisfied by
certain associated KP 7-functions with the bilinear equations they also satisfy with repect
to the KP flow parameters {t1,ts, ...}, evaluated at the zero values of these parameters.
The approach of [2, 3] was based on the application of vertex operators, integrated over
the intervals {[az;—1,az;]}, to suitable “vacuum” KP 7-functions, effecting thereby a con-
tinuous version of Darboux transformations, yielding new KP 7-functions, such that the
Fredholm determinant equals the ratio of the two.

For the Airy kernel, the first equation in this hierarchy may be expressed as

DYFA — 4D\ DyFA + 2Dy F + 6 (D2FA)? = 0, (1.8)
where
FA:=Ins4 (1.9)
and
o0
Dy, = a?@, m € N, (1.10)
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while for the Bessel kernel, it is
DIF? —2DIFP + (1 - o®) DIFY + DDy FP
- %DQFE — 4(DyFB) (D2FPB) + 6 (D?FP)? =0, (1.11)
with

FB.=In7B. (1.12)

«

No analogous equations were derived for the sine kernel, although in the special case where
the intervals [ag;_1, ag;| are chosen symmetrically about the origin, the Fredholm determi-
nant 7° may be expressed [14, 19] as a product 7275, of two Bessel kernel determinants.

In the case of a single interval, it is easy to see that equations (1.8) and (1.11) just give
the 7-function form of the Painlevé equations P;; and Py, respectively, to which the Tracy—
Widom systems reduce in the case of the Airy and Bessel kernels. It seems reasonable to
expect that analogous results hold for the general case, involving an arbitrary number of
intervals. The purpose of this work is to show how the hierarchies of equations derived
in [2, 3| can in fact be deduced directly from the Tracy—Widom Hamiltonian systems
for both the Airy and Bessel cases, and to also apply this approach to the sine kernel
case. The main step is to recognize that the Hamiltonian systems imply isomonodromic
deformation equations for associated families of rational covariant derivative operators on
the Riemann sphere. It is known [12, 13] that such isomonodromic deformations give rise
to bilinear equations for indexed sets of isomonodromic 7-functions related by Schlesinger
transformations. The fact that for the systems associated with the Airy and Bessel kernels
such equations may be written in terms of a single scalar 7-function is due to the presence
of a pair of conserved quantities, allowing the elimination of the additional variables by
fixing the level sets of these invariants. In the sine kernel case this is not possible, and
the associated bilinear equations therefore involve coupled systems for 7° together with
a pair of additional variables (77, 75).

In Section 2, equations (1.8) and (1.11) are first derived directly from the Hamiltonian
systems of [18, 19]. In Section 3, it is shown how the isomonodromic deformation equations
following from the associated Hamiltonian systems may be used to derive the full hierarchy
of 7-function equations for all these cases. In section 4, these results are related to the
rational classical R-matrix approach to isomonodromic and isospectral systems developed
n [1, 8.

2 Deduction of 7-function equations

from the Hamiltonian systems

To establish notation, following [17, 18, 19], we define the quantities:

woj =20/ N (I = K) ' p(ag;),  wajpr =2/ NI — K) 'p(ag;1), (2.1a)
= Z\/7 I— 1¢ (ag;), yoj+1 = /A (I — K) " Mp(agjt1), (2.1b)

z0 = 2ZA / (2)(1 — K) ™" (x)da, (2.1c)

az2j—1
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a2;j—1

wi= Y% [ ola)t - K)ola)da, (214)

where, for the case of the sine kernel K =K% ,

o(x) = sin(mc)’ Y(x) := cos(mx). (2.2)

™

while for the Airy kernel K = K4,

_ dAi(z)

o) = Aifw), o) =

and for the Bessel kernel K = K B

x—dJa (V) . (2.4)

Ba) = JaVE), () = 2

(An odd number of variables may also occur if we set one of the a;’s equal to some
fixed constant, say 0 or oo, and eliminate the corresponding pair (g;,p;).) As shown in
[17, 18, 19], the logarithmic derivatives of the associated Fredholm determinants are given
by:

OFS g2 1~ (zjyk — yjok)?
GS = — D 242 2N IR T ITk) 25
J 8aj 4x]+y] 4; aj—ak ( )
oy

for the sine kernel,

OFA 1 1 o (zjyp — yjzr)?
A _ .2 N2 o JYk — YTk
Gj = a;, Y + 7 (@0 = aj)af — yozjy; — 7 }; p—— (2.6)
kit
for the Airy kernel, and
OFB 1
B 2 2 2
ajGq.; = a; 3;; =Y "1 (o® — a; + x0) 7
1 1 n ak(xjyk —ijk)2
N — = 2.7
+ U0t — ; pa— (2.7)
kit
for the Bessel kernel.
For use in what follows, we also define the quantities
2n
Ry =D, F® =) al'G], meN (2.8)
j=1

for the sine kernel case,

J

2n
R) :=DnF*=>"al'G}, meN (2.9)
j=1
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for the Airy case and

2n
RE, =DnF} =) a’Gl;, meN (2.10)
j=1

for the Bessel case. For all three cases, we define the following sequence of bilinear forms
2n 2n 2n

P, = Zagny?, Qm = Za}nx?, S 1= Za;-”mjyj, m € N. (2.11)
j=1 j=1 j=1

As explained below, the {G;‘}’s and {Gﬁ ;}'s may be viewed as sets of Poisson commu-
ting, nonautonomous Hamiltonians on an auxiliary phase space with canonical coordinates
{x0,y0,2;,y;}, such that the quantities defined in (2.1) satisfy the corresponding systems
of Hamiltonian equations. These equations will then be shown to imply equations (1.8)
and (1.11).

2.1 The Airy kernel system

The system of dynamical equations for this case is given [18] by

oy 1 (zit — U
Oz _ _Llmyw —ypme)oe (2.12a)
Oay, 2 a; — ay
s 1 (zit — U
Oy _ 1 (xy ijk)yk, P4k, (2.12b)
day 2 a; — ay
O 1 A — g
9% _ 2 (T — yjTr) Tk + 2y, — yoz;, (2.12¢)
Oaj 24 a; — ay,
ket
Ayj 1~ (wjye —yizr)ye | 1
St=5 ~(a; — wo)x; Y 2.12d
8aj 2 ; a; — ay, + Q(CLJ .’L‘o)l'j + Yox;Yj, ( )
k£
Oxg Oyo 1,
9x0 _ 9% _ 1o 2.12
8aj L5 ﬁaj 4$] ( e)

Viewing the a;’s as multi-time parameters, and the quantities {zo,y0,x;,y;} as canoni-
cal coordinates, this is a compatible system of nonautonomous Hamiltonian equations
generated by the Poisson commuting Hamiltonians {G;‘} defined in (2.6). There is an
additional functionally independent Hamiltonian, defined by

1
Gt =y — 20— ;Qo, (2.13)

which also Poisson commutes with all the G]A’s. Since GS‘ is not explicitly dependent on
the parameters {a;}, it follows that it is a conserved quantity. Since all the quantities
{z0,Y0,2j,y;} defined in (2.1) vanish in the limit {a; — oo, V j}, the invariant G{' must
vanish on this particular solution. Therefore we may express xg in terms of the other
variables as

1
Tro — yg — ZQO (214)
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The quantity R{ defined in (2.9) will just be denoted

2n
1 1 1
R:=Ry=> G}="P - 11+ Zngo — y0So — EQ%, (2.15)
j=1

where (2.14) has been used. In terms of R, equation (1.8) becomes
D3R — 4D1R + 2R + 6(DyR)? = 0. (2.16)

It follows from the Poisson commutativity of the Hamiltonians {Gf}j:17,,,72n that their
Hamiltonian vector fields applied as derivations to R give zero, and hence along any
integral surface of egs. (2.12), the derivatives of R with respect to the a;’s are just given
by its explicit dependence on these parameters. This just comes from the @} term in
expression (2.15), and therefore we have

ok _ 1. (2.17)
Oaj 47

Comparing with (2.12e), this implies that
G4 =y —R (2.18)

is a second conserved quantity. Since in the limit {a; — oo, V j}, both yo and R vanish,
G4} must vanish for all values of the parameters, and therefore the invariant relation

yo=R (2.19)

is satisfied by this solution. Applying the operators Dy, D; to R, it follows from (2.17)
that

1

DoR = —ZQ(), (220&)
1

DiR=—1Q. (2.20D)

Egs. (2.12) also imply that application of Dy to {Qo, So, Zo, Yo, @1} gives

1 1
Doo = 450 — 2yoQo,  DoSo = 5Q1 — 5%0Qo + 25, (2.21a)
1
Dozo = =50, Doyo = —; o, (2.21Db)
DoQ1 = Qo + 451 — 2y Q1. (2.21c)

Further application of Dy and Dj, using (2.20a), (2.21) and (2.14), therefore gives

1
D(%R = §y0Q0 — So, (2.22&)
1

1 1
DR = —5Q1 + 205 — §y§Q0 - ZQ% —2P. (2.22b)

Substituting (2.15), (2.20), (2.22b), into (2.16) and using (2.14) shows that all terms
cancel, verifying the equation.
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2.2 The Bessel kernel system

In this case, the system of dynamical equations is given [19] by

Oz 1 (zjyr — yjox) Tk .
Dt R k 2.23
8ak 2 aj — ay 9 J 7é ) ( a)
8& =5 (396 = Y5TR)9e 5y (2.23b)
aj, aj — ay
8iL‘j 1 " ak(:rjyk — yj.ka):tk 1
2= 2 + ~yox; 2.23
4 861]' 2 ; a; — Qg + Yi + 4y0.%'1, ( C)
k#j
Oy 1= ap(@jye — yize)ye | 1, o 1
- Z(a? —a; = oy, 2.23d
k#j
Oz Yo L,
9z _ 9% _ 1.2 2.23
da; Y 9q; T 4T (2.23¢)

This is again a compatible system of nonautonomous Hamiltonian equations generated
by the Poisson commuting Hamiltonians ajGaBJ defined in (2.7), provided the Poisson
brackets are defined by

1

J

There again exist two additional conserved quantities for this case. The first is defined
by
B L, 1
GO =20+ Zy(] + Yo + ZQla (225)
as may be seen directly by differentiating with respect to the a;’s, using (2.23). Since all
the quantities appearing in (2.25) vanish in the limit {a; — 0, V j}, this difference must
vanish, and therefore the invariant relation

1

1
xo = —Zyé — Yo — ZQl (2.26)

is satisfied for this solution. The second conserved quantity is

2n
GE = yo+ 42 aij,j = Yo + 435,1
j=1
1

:y0—4

1
(o + m0) Qo + ZQl + 5050 + 4Py + Qo Py — 55, (2.27)
Again, due to the Poisson commutativity of the Hamiltonians defined in (2.7), the Hamil-
tonian vector fields generating the a; deformations when applied to the term Rﬁl give
zero, and therefore only the explicit dependence of this term upon the parameters need be
taken into account when verifying that differentiation of the sum gives zero. Since all the
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quantities appearing in (2.27) vanish in the limit {a; — 0, V j}, the invariant GZ must
also vanish on this particular solution, and we therefore have the relation

= —4R}, = —4D,F}

1 1
= Z (Oz + 1‘0) Qo — ZQI —y0So — 4Py — Qo P + Sg (2.28)

The quantities Ra 15 RgQ are given by

RE, =D FP = Zaj

1 1
T (o 4+ 20) Qo + 7 Q1 + Jy0So + o + Qopo - 537 (2.29a)

Ril,=DoF) = Z e

1 1
=16 (a® + 20) Q1 +7 QQ + y051 + Pr. (2.29b)
It again follows from the Poisson commutativity of the Hamiltonians {GB } that the

derivatives of RBl and Ra o with respect to the parameters are given by their explicit
dependence on these parameters, and hence

1

DIFP =DiR}, = 1_6Q1? (2.30a)
1

DyDI\FP = DoRE | = 5@ (2.30b)

From (2.23), application of D; to {Q1,S1,xo,yo} gives

1 1 1
DiQ1 = Q1 +451 + 5?/0@1, DSy =51+ 3 (a? +20) Q1 — ng + 2P, (2.31a)

1
Dyzo = — 51, Dyyo = _ZQL (2.31Db)

Further application of Dy, using (2.20a), (2.31), and (2.26) therefore gives

1 1
D3FB = (1 n y—o) Q1+ -1, (2.32a)

16 4
DIFD = : 1+—2+—+ Q1

16 2t TR

1y 1, 1
P+ (L) s - Q2 .. 2.32
+21+<2+8>51 G191~ 3592 (2.32b)

Substitution of (2.29b), (2.30), (2.32) into (1.11), and use of (2.28) to replace the term
—4D, FB by g, and (2.26) to eliminate xo, shows that all the terms cancel, verifying the
equation.
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3 Deduction of the 7-function equations
from isomonodromic deformations

In this section, we show how the full hierarchies of equations derived in [2, 3] may be
deduced from the Hamiltonian systems (2.12), (2.23) and also how the corresponding
hierarchy is deduced for the case of the sine kernel. The key step is to recast these
systems as isomonodromic deformation equations for an associated differential operator in
an auxiliary spectral variable z € P!, having rational coefficients with poles at the points
{z = a;}, and to interpret the Fredholm determinants 7°, 74
T-functions.

and 772 as isomonodromic

3.1 The Airy kernel isomonodromic system

The Hamiltonian system (2.12) implies that the compatibility conditions

A;  [AjA

04; A dd oy (3.1a)
Oay, a; — ay

2n
0A; [Aj, Ag]
— =[a;B+C,A;] — Yo Rl 3.1b
8aj [CLJ + C, j} ; a; — ag ) ( )
k]
oC
— =[B,A; 3.1
5o = 1B A (310
are satisfied for the following overdetermined system [9]

\IJA

ih = XA(2)04, (3.2a)
o Aj

owT _ A4 o4, i =1,...2n, (3.2b)
Oa; Z — a;

2n A,
X42):=zB+C ] 3.2
(= sB O+ (3:20)

Aﬁz—l(%% Yi ), (3.3a)

2 2.
—x;  —T;Y;

_ (0 —3 (v 7
pe(Q ). em(t ) s

This implies the invariance of the monodromy of the operator % - X A(z) under changes

in the parameters {a;}. In view of eq. (2.6), according to the constructions of [12, 13], the

Fredholm determinant 74 is just the isomonodromic 7-function of the system (3.1)—(3.2).
Now define the sequence of 2 x 2 matrices

2n
m 1S, Pn
B, = Zaj Aj = ~3 <_Qm _Sm) , m € N, (3.4)
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where the quantities P, Qu, Sy were defined in (2.11). Expanding X4(z) for large z
gives

00 B,,
XA =2B+C+ ) — (3.5)
m=0
Since
Gj‘ = %resz:aj tr ((XA)2 (z)> , (3.6)
and
A 1 1 A\ 2
Gi = 5 TeSz=co~ tr ((X ) (z)) , (3.7)
we have
tr((XA)2 (z)) —z—l—GA—i—Z m+1, (3.8)
where
1 m—1
Z a'G{' = tr (BBm41 + CBm) + = 5t > BiBmok1 (3.9)
k=0

(with the last term absent if m = 0) are the quantities defined in (2.9).
Using the fact that the Hamiltonian vector fields generating the a; deformations give
zero when applied to the Gf’s, and hence also the RA’s, it follows that the effect of

applying the operators Dy, to R,‘i gives just the explicit derivatives,

m—1

DkRA (m+1) tr (BBm+k)+mtr (CBerk 1 + thr Bl+k 1Bm 1— 1) (310)
=1

(with the sum in the last term absent if m = 0 and the second term absent if m + k = 0).
Applying the operator D,, to ¥4, using (3.2b) and (3.4) gives the sequence of equations

oo

B
D0t = -3 kgt e (3.11)
z
k=0

The compatibility of these equations with (3.2a) implies the following equations for the
matrices { By, C'}.

m—1

Dy B = mB k-1 +[C, Bir] + [B, Bumskia] + D (Bl Buyr-i-1], (3.12a)
1=0

D,.C = [B, Bk], k,méeN (312b)

(where the first term of (3.12a) is absent if m+k& = 0 and the last term is absent if m = 0).
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The strategy for deriving the hierarchy of equations for 74 is to now choose a k-va-

lue (k1) in (3.10), (3.12) and use these equations, together with (3.9) to express all the
relevant matrix elements of the B,,’s for m < k in terms of the R.’s for k£ < k; and
the corresponding Dy’s applied repeatedly to them. Equations (3.12), for k& = k; may
then be expressed entirely in terms of these quantities, and hence in terms of repeated
applications of the operators Dy to F4 = In74. An essential step in this procedure is
to also eliminate the additional variables zq, yg from the equations through use of the
invariant conditions (2.14), (2.19).

For example, choosing k; = 1, we note that for m = 0, eq. (3.9) reduces to (2.15) while
for k = 0,1 and m = 0, (3.10) reduces to (2.20) and for k = 0,m = 0, egs. (3.12) give
(2.21a), (2.21b). Combining these with the invariant relations (2.14), (2.19) allows us to
express the relevant matrix elements of C, By and B; as

zo = DoR + R?, vo = R, (3.13a)

Qo = —4DyR, Sy = —2RDyR — DR, (3.13b)
1 1 1

Py= R - ZDS’R — RD3R — 5(DOR)2 — R’DyR, (3.13c)

Q1 = —2R — 6(DyR)?* — D3 R. (3.13d)

Substituting these in eq. (3.12b) for k£ = 1 gives (2.16). Similarly, eq. (3.12a) for k = 1,
m = 0 and eq. (3.9) for m = 1 produce the following expressions for the relevant matrix
elements of By and Bs.

S; = —DiDyR — R? — 3R(DyR)*> — RD}R, (3.14a)
3 3
Qs = —2R; — D1D3R — 2(DyR)(D1R) — RDyR — S BDIDoR = S (DoR) (DY) R

+ % (D2R)” — 233 - %R2DS’R —7(DoR)? — ng(DOR)Q. (3.14b)
Substitution of (3.14b) in eq. (3.12a) (or (3.10)) for k = 2, m = 0, thus gives
AD\R — 2Ry — DyDER — 2(DoR)(D1R) — RDoR — ;RDIDOR - %(DOR) (DY) R
+ % (DZR)® - ;Ri" - %R2D§R — 7(DoR)® — gR?(DOR)2 = 0. (3.15)

as the next equation of the hierarchy. The remaining equations may similarly be expressed
in terms of the derivations Dy, acting upon F4.
3.2 The Bessel kernel isomonodromic system

The Bessel kernel case is so similar to the above that only the pertinent equations will be
given, without repeating any details of the procedure. Define for this case, the matrices

2n
Co — Z Aj 2n

_ - A
XB(z):= B =1 J 3.16
=By (3.16a)
= (0 % _ 1y 35(z0+a?)
B = (0 o)’ C, = 4(8 o . (3.16b)

where the A;’s are again defined as in (3.3a).
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The Hamiltonian system (2.23) implies that the compatibility conditions

A, Ai A
04; _ A, ’“]7 j#k, (3.17a)
8ak aj — ag
2n
8Aj ~ ak[Aj,Ak]
aj—2L =[Cy+a;B,A;] =) — 28 3.17b
J aaj [ J J] ; a; — a ( )
k#j
0C, ~
Pa; ~ (B, Aj] (3.17c)

are satisfied for the system

owh
5 = XB(2)vB, (3.18a)
owP A;
=7 yB, j=1,...2n, (3.18b)
Oa; Z—aj
where W5 (z,a1,...,a2,) is again a 2 x 2 matrix, invertible where defined. This again

implies the invariance of the monodromy of the operator % — XB(2) under changes in
the parameters {a;}. In view of eq. (2.7), the Fredholm determinant 72 is again an
isomonodromic 7-function for the system (3.17)—(3.18).

Defining the sequence of 2 x 2 matrices { B,,, m € N} as in (3.4), and expanding X ”(2)
for large z gives

D Ca = Bm
XB(Z):B—I-?—FZW, (3.19)
m=1

and

1 B2 1 GBE-GB +o*> X RE,

§tr<(X ) (Z)) :_12+T+ 1ZmT, (320)
where

B L B B 2 1 2 =
Ry =1 (GE —GF —a?) + 5w (C’a + 2331) : (3.21a)
m—2
~ [~ 1
RE, =tr (BBm n CaBm_l) T+t Y BB, m22 (3.21b)

k=1

are the quantities defined in (2.10) and G¥, GEZ are the conserved quatities defined
in (2.25), (2.27), which vanish on the particular solutions defined by (2.1).

The fact that the Hamiltonian vector fields generating the a; deformations give zero
when applied to the ng’s, and Rg m s again implies that the effect of applying the

operators Dy to the Rgm’s is to evaluate only explicit derivatives with respect to the
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parameters, giving

1 ~
DyRE, = ~tr (BBk) ,

2
DyRE,, = mtr (§3m+k_1> 4 (m — 1)t (CaBp2)
m—2
+ Y 1tr(Big—1Bnoi1),  m>2 (3.22)
=1

(with the sum in the last term absent if m = 2).
Applying the operator D,, to ¥B, using (3.4) and (3.18b), again gives the sequence of
equations

[e.9]

Bk
D WP =3 Z;’”fl B meN. (3.23)
k=0

whose compatibility with (3.18a) implies the following equations for the matrices { By, Cy},

m—1

DiBum = mB k-1 + [Car Brik—1] + [B, Bunikl + D [Bi, Bnyr—i-1], (3.24a)
=1

DiCo = [B,By), kmeN, m>1. (3.24D)

The hierarchy of equations for 72 is derived in the same way as for the Airy case. For
example, egs. (3.21) for k = 2 reduce to (2.29), while (3.22) for £k = 1,2, m = 1 reduces
to (2.30), and egs. (3.24) for k = 1,2, m = 1 give (2.31). Combining these with the
invariant relations (2.26), (2.28) allows us to express the relevant matrix elements of Cy,
By and Bs as

w0 = —4 (DlRﬁl +(RB))? - 4Rf}1) . yo=—4RB, (3.25a)
Q1= 16D R}, (3.25b)
Sy =8RE D1R, — 4D\ R | + 4DIRE |, (3.25¢)
P = R%, +o’RE, + 4 (R2,)°DiRE, — 4(D1RE,)?

+4R5 | DIRE, — DyRY |, (3.25d)
Q2 = 16DyRY,. (3.25¢)

Substituting these in eqs. (3.24) for £k = 2 gives (1.11). Similar calculations for higher
values of k yield the further equations of the Bessel hierachy.
3.3 The sine kernel system

For this case, the quantities defined in (2.1a)—(2.1b) satisfy the system of dynamical equa-
tions defined in [11, 17]

Oz 1 (zjyx — YjTr) T .

= k 2
8ak 2 (Ij _ (Lk ) .7 7é b (3 68’)
Oyj 1 (xjye — yjxr)yr (3.26h)

day, 2 a; — ay
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Ox 1 = (zjyp — yjzR)x

j Yk — YTk )Tk

— = — 2y 3.26

8aj 2 ; aj _ ak + y]? ( C)
k#j

Oyi 1~ (wjye — yjan)yr  ©°

R T 3.26d

6aj 2 ; a; — ay 2 L ( )
kot

This is again a compatible system of nonautonomous Hamiltonian equations, generated
by the Poisson commuting Hamiltonians {Gf } defined in (2.5). They imply that the
compatibility conditions

0A; _ [Aj, Ax]

— j#Ek, (3.27a)
0A; 22 [Ay, Ay ‘
Bg, A; ke LAt k 3.27b
Pa; = [Bs, Aj] — ; pr— i# ( )
k#j

are satisfied for the system

ows
S X5(2)0, (3.28a)
vS A
o _ 4 VL j=1,...,2n, (3.28Db)
da; z —aj
where
2n A
X%(z):==Bsg+ Yy ——, (3.29a)
= zZ — aj
0 =
Bg := (_2 g) , (3.29D)

with the A;’s again defined as in (3.4). As in the previous cases, this implies the invari-
ance of the monodromy of the operator 2 — X9(2). In view of eq. (2.5), the Fredholm
determinant 77 is an isomonodromic 7-function for the system (3.27)-(3.28).

Expanding X*(z) for large z gives

00 Bm
=B+ Y 2m (3.30)

with the matrices {B,,, m € N} again defined as in (3.4), and

%u((}(s)z( )) = - +Z mﬂ, (3.31)

where

m—1

1
ZamGs v(BsBp) + 5 tr > BiBp-g-1, meN (3.32)
k=0
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Applying the operators Dy, to Rfl again just differentiates explicitly with respect to the
parameters, giving

m—1

DR, = mtr (BsBmir—1) + Y _ ltr (Bieg—1Bm_1-1) (3.33)
=1

(with the first term absent if £ +m = 0 and the sum in the last term absent if m = 0).
Applying D,, to ¥°, using (3.30) and (3.28b), gives the sequence of equations

D, U5 = 3 Bm*’“qfs N 3.34
m —_Z 2k+1 me N, ( )
k=0

whose compatibility with (3.28a) implies the following equations for the matrices { By, },
m—1

Dy B = mBu k-1 + [Bs, Bmikl + Y [Bi, Bmik—i-1]- (3.35)
1=0

The hierarchy of equations for 7° is derived in the same way as for the Airy and Bessel
cases, except that we no longer have two conserved quantities like G(?’B, G{fo’B. To derive
a closed system of equations, we are obliged to include two further dependent variables T;_Lg,
which we choose as the nonvanishing entries of the matrix [Bg, Bo]r°

79 = <2P0 - —Qo) R el (3.36)

The remaining component of By, which cancels in the commutator [Bg, By], is

2
RS = tr (BsBy) = Py + %Qo =0, (3.37)

where the first equality follows from choosing m = 0 in (3.32). This provides a single
conserved quantity that vanishes for the particular solution defined by (2.1a)—(2.1b).

To derive the hierarchy of 7-function equations, we first combine eqs. (3.36)—(3.37),
which allows us to express the matrix elements of By as

s s s
Ty Ty T2
- Py= * - :
QO 72757 0 4757 SO 7S (3 38)
Eq. (3.35) for k =0, m = 0 gives
2
Do Py = —7*5Sy, DyQo = 450, DySp = 2P — 7@0, (3.39)
and substituting (3.37), (3.38) in (3.39) gives
Dom® =0, (3.40a)

Doms =73, Dori = —4rn?r5. (3.40b)
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These equations are the lowest ones in the sine kernel hierarchy; note that they are linear
because of the vanishing of the invariant Rg . To obtain higher, nonlinear equations, we
first note that eq. (3.32) for m = 1 gives

w2 1
R} =P+ ZQI + 1 (Sg - Qob), (3.41)
while (3.33) for £k =0, 1, m = 1 reduces to
DoRY = Ry = 0, (3.42a)

2
DR =P + %Ql. (3.42D)

The first of these just gives the equation
DoyD17° =0, (3.43)

which already follows from (3.40a). The second, combined with eq. (3.41) and eq. (3.35)
for k =1, m = 0 gives the further equation

1 1
TSD%TS — (DlTS)Q = 9Dr% — 1 (T:q)Q ~ 162 (75)2. (3.44)
Equation (3.35) for k =1, m = 0 gives
2
Dls() = 2P1 — %le D1P0 = —7'('251, D]_QQ = 451 (345)

Solving these, together with (3.42b), gives the following expressions for the matrix entries
of Bli

2 2

0= 2DiT° 1 (TN L (rENT 1 (7 (3.462)

1= 02 7s 2m2 \ 75 8rd \ 75 w2 P\ 75 ) '

2 2
1Dy 1 /78 1 (7 1 i

P == _ | = _ T -D — .46b

1= 9755 8(7'S> 3272 <7‘5 +4 Y\ ) (3.46b)

1 o

Combining eq. (3.35) for (k =1, m = 1) and for (k =2, m = 0) gives
DyQo =D1@Q1— @1,  DeFy=D1Pi— P, DSy =D151 — 51, (3.47)
Substitution of (3.38), (3.46) into (3.47) gives the next equations of the hierarchy. Re-

peating this procedure for higher (k,m) values similarly generates the higher equations.

4 Classical R-matrix approach and relation
to isospectral flows

In [2, 3], a key step in deriving the hierarchies of equations for the Fredholm determi-
nants 74 and 75 was to begin with certain bilinear equations satisfied by KP 7-functions
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with respect to the flow parameters {t¢1,ts,...} and to then use Virasoro constraints to
replace the t,,-derivations at vanishing ¢-values by the operators D,,. In this section, we
show how the classical R-matrix approach to the underlying isomonodromic deformation
equations developed in [8] provides a direct link with commuting isospectral flows in the
loop algebra s[(2), without the requirement that these arise as reduced KP flows. This fits
into the broader framework of commutative isospectral flows in loop algebras with respect
to the rational R-matrix Poisson (or Adler-Kostant—Symes) structure [15, 4, 1, 8] (and
allows us to include the sine kernel case, which does not appear as a reduced KP flow).
First we recall [8, 9] that the isomonodromic deformation equations (3.1), (3.17), (3.27)
may be viewed as Hamiltonian equations on the space of sets {A;}j—1, 2, of s[(2) ele-
ments, with respect to the Lie Poisson bracket, extended in the Airy and Bessel cases by
the canonical variables (xo,yo). (The particular form (3.3a) for the A;’s just represents
a canonical parametrization on the symplectic leaves for which the Casimir invariants
{tr AJQ} all vanish.) The formulae (3.2c), (3.16a), (3.29a) define a Poisson embedding of

this space into the space g[(Q)}‘;i of rational, traceless 2 x 2 matrices depending rationally on

the auxiliary loop variable z, with respect to the Lie Poisson bracket on sl(2) corresponding
to the Lie bracket:

X, Y] i= S[RX.Y] + S[X.RY], (4.1)
where

R:=P, - P_ (4.2)
is the classical R-matriz, given by the difference of the projection operators

Pyisl(2) —sli(2),  Pyisi(2) — sl (2),

P X — X4, P X—-X_ (4.3)

to the subalgebras £R+(2), ;[_(2) consisting respectively of the nonnegative and negative

terms in the Laurent expanson of X(z) for large z. The space sl(2)}, is identified as

a subspace of ;[(2) through the trace-residue pairing
(X,Y) :=res,—o0 tr (X (2)Y (2)). (4.4)

In this setting, the isomonodromic deformation equations (3.1), (3.17), (3.27) may all
be expressed in the form

X | a(dGy)
9a; —[(dG)) - X+ ==, (4.5a)
(dGj)- = — fja‘, (4.5b)

where X denotes X°, X4 or XZ, and G denotes GJS , G;‘ or Gﬁ 7 respectively. Viewing

the Hamiltonians {G;} as spectral invariants defined on the space sl(2), eq. (4.5a) follows
from the Adler—Kostant—Symes theorem, in view of the relations
OoX  0(dGj)-

8aj B 82 ’ (46)
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where %OTX denotes the derivative with respect to the explicit dependence on the parame-

ters {aj}Jonly.

Rather than using the spectral invariants {G;} as Hamiltonians, we consider the Hamil-
tonian equations generated by the linear combinations RS, R4 or Rﬁm defined in (2.8),
(2.9), (2.10), which are all of the form

A(dRy,)—
0z '

with the respective identifications for X and {R,,}. These are just equations (3.12), (3.24)
or (3.35), depending on the identification, since

DX = —[(dRm)—, X] + (4.7)

1
R, = 5 res, ooz tr X2(2), (4.8)
and therefore dR,,, viewed as an element of s[(2), is just

o0

By,

k=0
implying
- Bm k
(dRm)- =" T . (4.10)
k=0

If, instead of the nonautonomous systems occurring here because of the identifications
of the a;’s as multi-time parameters, we consider the autonomous systems generated by
the same set of Hamiltonians { Ry, Ry, ...}, denoting the corresponding flow parameters
{to,t1, ...}, the resulting equations have the isospectral form

S—X = +[(dRm)+, X], (4.11)
tm
where either of the projections (dR,,)+ may be used, since the differential dR,,, given
by (4.10), commutes with X. Although these systems are generated by the same Hamilto-
nians as the nonautonomous systems (4.7), they of course do not generate isomonodromic
deformations of the operator % — X(z), and in fact are not even compatible with the
systems (4.7); however, they are compatible amongst themselves, generating commuting
isospectral Hamiltonian flows. The close relationship between the autonomous and as-
sociated nonautonomous systems implies a correspondence between the structure of the
resulting hierarchies.

To see this, we substitute the expressions (3.2c), (3.16a) and (3.29a) for X (z) and (4.10)
for dR,, into (4.11) to obtain the systems

m—1
0B,
e [C, Bytk) + [B, Bnsk+1] + »  [Biy Bmtk—i—1], (4.12a)
m 1=0
oC
— BB, kmeN (4.12b)

Ot
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for X = X4,
OB, !
a1 = O Bmak—] + + (B, Buk] + Y [Biy Biuki1]; (4.13a)
mn =1
0C, ~
o = [B, By, k,meN, m>1. (4.13Db)

for X = X5 and

9B _ (B + mzl B ] (4.14)
8tm — S m—i—k e 1y m+k—l—1 .

for X = X°. These only differ from the equations (3.12), (3.24) and (3.35) by the absence
of the term mB,,, 1,1 in the right hand side of (4.12b), (4.13b), (4.14) and the replacement

0

for the derivation on the left hand side. The procedure for deriving hierarchies for such
systems is well known in the isospectral context (see, e.g. [7] for details); the recursive
procedure used in Section 3 above is just the analog of this approach applied to the
isomonodromic systems (3.12), (3.24) and (3.35).

As a final point, it should be noted that almost nothing in the derivation of the 7-
function equations of Sections 2 and 3 depended on the fact that the specific 7-functions
involved were equal to the Fredholm determinants (1.2), (1.4), (1.6). Everything just
followed from the general form of the isomonodromic deformation equations (3.1), (3.17)
and (3.27), the only features specific to the identifications of 74, 75, 75 as Fredholm
determinants being the fact that the matrix residues A; were of rank 1 (as seen from
the parametrization (3.3a)) and the invariants G§', G4, GE, GE vanished. By allowing
these invariants, as well as the constants {det A;}, to take arbitrary values, an identical
procedure leads to equations for the 7-functions of the general isomonodromic systems,
which only differ from the ones derived in Sections 2 and 3 by the nonzero constant values
of the two additional invariants GS‘, Gfo or GOB and GZ. For example, eq. (2.16) is replaced
in the general case by

D3R — 4D1R+ 2R +4 (9% — 90) DoR — 2goo (DR + 2RDyR) + 6(DyR)* = 0, (4.16)

where go, goo are the values taken by the invariants G4, G4, respectively. The other
equations of these hierarchies may similarly expressed in a way that allows arbitrary

values for these constants.
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