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Abstract

A one phase Stefan problem in nonlinear conduction is considered. The problem is
shown to admit a unique solution for small times. An exact solution is obtained which
is a travelling front moving with constant speed.

1 Introduction

One and two phase Stefan problems for the linear heat equation have been the subject
of many studies in the past [1, 2]. Indeed these problems have a great physical relevance
since they provide a mathematical model for the processes of phase changes [3, 4].

The boundary between the two phases is a free boundary: its motion has to be deter-
mined as part of the solution.

More recently the previous analysis was extended to nonlinear diffusion models. In [5, 6]
exact solutions were found in parametric form for a class of Stefan problems in nonlinear
heat conduction.

Moreover one and two-phase Stefan problems for the Burgers equation were solved
in [7, 8] and explicit travelling wave solutions were obtained.

It is the aim of this paper to formulate and solve a one-phase Stefan problem for the
nonlinear heat equation:
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on the semiinfinite domain = € (—o0, s(t)) characterized by the following set of initial and
boundary data

=dpp,  Ox,t), >0, (1.1)

¥(z,0) = Yo(z), x € (—o0,b) (1.2a)
and , 190(()) =0 <0,b>0,

19(—00,75) =01 >0, t>0, ﬂ1>|’l90($)| > |ﬁ2|, ﬁx(—oo,t) =0, (1.2b)

9(s(t),t) = P2, t>0, with s(0) = b, (1.2¢)

V. (s(t),t) = —5(1). (1.2d)
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Equation (1.1) a well know mathematical model for heat conduction in solid crystalline
hydrogen for situations with one-dimensional spatial symmetry [9]. The one-phase Stefan
problem (1.1)—(1.2) is associated to a phase change (fusion) in such a system.

In the above relations 1, §2 and b are constants; the unknown function s(t) describes
the motion of the free boundary and has to be determined together with ¥(x, ¢). Moreover,
equation (1.2d) is a condition on the flux at the free boundary, arising from heat balance
(energy) considerations.

In the following we assume Yg(z) to be a continuously differentiable function of its
argument.

Our analysis is based on the approach followed in [7] for the solution of a one-phase
Stefan problem for the Burgers equation.

In the next Section we reduce the problem (1.1)—(1.2) to a nonlinear integral equation
for the independent variable ¢.

In Section 3 we prove existence and uniqueness of the solution for small intervals of
time; in the last Section we show that the system admits an exact solution which travels
with a constant velocity proportional to the velocity of the free boundary.

Some details of the proof presented in the third Section are given in the Appendix.

2 Linearization

In order to linearize equation (1.1) we introduce the transformation

1
57
whose compatibility z,; = z4,is easily proved via (1.1). Under this transformation equa-
tion (1.1) is mapped into

wt = wzz (2.2)

on the domain —oco < z < z(t) with z(t) = z(s(t),t) and 2(0) = b.
(2.2) is the linear heat equation for the dependent variable v(z,t) with initial datum
given by

P(z,t) = 9z, t), z = z(x,t), Zy = 2t = —Vy, (2.1)

¥(2,0) = ¢o(20) = Jo(x), (2.32)
where
20 = 20(x) = /x ﬂo(lm’) da’. (2.3b)

The boundary conditions (1.2b) and (1.2¢) take now the form
w(—OO,t) = 19(_00>t) = 517

P, (—00,t) = ¥y (—00,t)¥(—00,t) =0 (2.3¢)
and

lﬂ(f(t% t) = /827

¥=(2(t), 1) = —PB25(t). (2.3d)
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The Stefan problem for the nonlinear equation (1.1) has then been mapped into a clas-
sical Stefan problem for the heat equation (2.2) with initial datum (2.3a), characterized
by the boundary conditions (2.3d) at the free boundary.

We say 1(z,t), Z(t) form a solution of the above Stefan problem for t < 0, 0 < ¢ < 00,
when: (i) ¢(z,t) is a solution of (2.2) satisfying (2.3), it exists and is continuous together
with its derivatives for —oo < z < Z(t), 0 <t < o; (ii) s(t) is a continuously differentiable
function for 0 <t < 0.

In the following we outline a method to prove the existence and uniqueness of the
solution for small times, ¢t < o.

We first observe that by integrating the second relation in (2.3d) we get

J—h— L / 0. (2 , (2.42)

which in turn implies

(1) / V(2 tat', (2.4b)

with
s q )
h(t) = /0 Jo@) dx’. (2.4¢)
Next we turn our attention to the solution of (2.2). We introduce the fundamental
kernel of the heat equation

_ 11 (= —¢)°
K(z—f,t—7)-2ﬁmexp[ =) (2.5)
and integrate Green’s identity for the heat equation
81/1 0K 0
“ C ) — 2 (K = 2.
ag( o€ wag) a7 K¥) =0, (2.6)

over the domain —oo < £ < 2(7), e < 7 < 7—¢ and let ¢ — 0. Using ¢(z(7),7) = (2 and
K(z—=£,0)=46(z — &), we obtain

(z,t) / K(z—&t)o(€ d{——/ K(z—zZ(1),t — 7)¢,(2(1), 7)dT

4 /0 Ke(2(), ¢ — 7)dr, (2.7)

with z(¢) and h(t) given by (2.4b) and (2.4c) respectively.
In the right hand side of (2.7) ,(2(t),t) is unknown; it is convenient to take the
z-derivative of both sides in (2.7) and evaluate it as z — z(¢) ™.
By putting v(t) = v, (2(t),t), we obtain:
b

v(t) = (1 + 2—162) ) [—wo(b)K(z(t) —b,t) + K(z(t) — &, 1)) (€)deE

1/t ~ B t )
_ @/0 K (2(t) — 2(7),t —7)dT — B2 | K (2(7),t —7)dr|, (2.82)
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with

5(t) = h(t) — é /0 v(7)dr. (2.8b)

Thus the solution of the Stefan problem (2.2), (2.3a), (2.3d) has been reduced to the
solution of the nonlinear integral equation (2.8a) and (2.8b) for the independent variable ¢.

Once the existence and uniqueness of the function v(t) is established for 0 < t < o,
there follows via (2.7) the existence and uniqueness of ¢(z,t) (and of ¥(x,t)) for 0 <t < o.

3 Contraction Mapping

In order to analyze existence properties of v(t) for 0 < ¢ < o, we denote by Sjs the closed
sphere ||v]| < M in the Banach space of functions v(¢) continuous for 0 < t < ¢ with the
uniform norm ||v|| = Lu.b. [v(¢)|. On the sphere Sy, define the transformation

w="Tuv, (3.1)

where T'v coincides with the right hand side of (2.8a). We first prove that 7" is a mapping
of Sy into itself. From (2.8b) we obtain

1 t M 1 B
@ / v(r)dr| < |ﬁ2| (1—1—@> o = Bjo, (3.2)

where (2.4c) have been used. From (2.8b) we also get

[2()] < [h(8)] +

() = ()] < 110~ h(t)| + | [ vir)ar
‘]ﬂ‘i <1+ﬁ> t—¢| = Bt —t]. (3.3)

We now turn our attention to the right hand side of (3.1). We first note that
K(2(t) — b,)| < Bao, (3.4)

where By is an appropriate constant depending on b. Next we consider the integral terms
in the right hand side of (3.1). We can write:

b
‘ / K(2(t) — €.6)6)(€)de

Sl 1 (2(t) — &) Ivhll _
< llboll /wm% exp <—T> d§| < \/% = Ay, (3.5a)
and
B [ Kolal).t = )i | < ol =z exp [25(0)/41] < || oo (35b)
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Moreover we get

62/ K, ( ("), t —tyw(t)dt
2 =)y M1 )
—wmf/ pm3“<wwﬁM7 (350

where (3.3) has been used.
We now use the inequality (1 + @) > 1 and define M as M = 24; + 1. When (3.1)
is used together with (3.4) and (3.5) we get

[w]| < M (3.6)

provided we choose o = min(o1, 02) with o1 : (|B2|+[t0(b)|) B2o1 < 1 and 09 : M B1/53 <

1Belv/m 2|\/_ ; thus the mapping is closed.
Next we wish to prove that T is a contraction; i.e. given two solutions of (3.1) with
|lv— || =9, it follows that ||tv —t2|| = ¥ with 0 < ¥ < 1. Using (2.8b) we have for small

enough J
s(t) 1
dr'| <
/ (t) 190( )

where (2.4c) has also been used.
Similar estimates hold for z(t), which will be useful in the following. From (2.8b) we
see that z(t) is bounded

—(5t( ! ) — Byot, (3.7)

0= 40 = gy AN

|2

IWNQMN+%(WW@& I%)E&M’ (3.58a)
moreover it is
2(8) — ()] < — W (3.8b)
JFrom (3.1) we now write
) 1\ ¢
w— = (1—1—%) ;Hl (3.9a)
with
H1:¢0(B) [K(é(t) - 67 t) - K(2<t) - B’ t)] ’ (3'9b)
b
Hy= | bo () [K(2(t) — &t) — K(2(t) — & 1)] dé, (3.9¢)
1 t a 2041 / / = —(4! INA (4! /
Hjz = 5 / [K.(2(t) — 2(t),t =t )w(t') — K. (2(t) — 2(t'),t — tho(t)] dt',  (3.9d)

Hy =B /Ot [Ky(2(t),t —t') — Ky (2(t),t —t')] dt’. (3.9¢)
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First we estimate H;. We use the mean value theorem together with (3.7) and (3.2) in
the right hand side of (3.9b); we get

|40
B B30t < B1B =B 0. 3.10
\/— 1B3 W 370 o (3.10)

The estimate of Hs in (3.9¢) is obtained by writing

|Hy| < |90l

y
/ eV’ dy|,
Y

with y = NG and ¢ = (2\)/5 ; we then obtain

1
| Ha| < [[v0]l—=

Nz (3.11a)

(t) = 2(t)| < H%HBx/_é—Bfé (3.11b)

| Ha| < [[¢oll5—7= N

2\/_ 12
where (3.7) has been used.

The estimate of H3 is somewhat more cumbersome; a detailed analysis is given in the
Appendix (see (A.1)-(A.6)).

There obtains

|H3| < Bg\/o o (3.12)

where Bg is defined in (A.7).
We finally turn our attention to the estimate of Hy in (3.9¢). When (2.5) is used, we
get from the integral in the right hand side of (3.9e)

Hil < 37 |exp(=2(0)/4t) - expl(~2(0)/40)] < = BrBay/50 = Bry/ad. (313

where use of the mean value theorem together with (3.2) and (3.7) has been made.
JFrom (3.9a) we now write

2|52
i w|—1+2lﬁlz|

which in turn implies, when we combine together the estimates (3.10)—(3.13):

[[w — ] wll

<sz V7 By, (3.14)

thus we conclude that if o satisfies 0 < min(oy, 02, 03) where

\/EBS <o (3.15)

it follows that T is a contraction operator on Sjs, which admits a unique fixed point
v=Tvin Sy for 0 <t < o.

We have then proven the existence and uniqueness of the solution of the integral equa-
tion (2.8a) for a small interval of time.
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4 A Particular Solution

We now turn our attention to a particular solution of the Stefan problem (1.1), (1.2).
Namely, we consider a moving front solution of equation (2.2)

P(z,t) = P (1 — e_v(z_w)> , (4.1a)
with
V <0, (4.1b)

which is travelling to the left with constant speed V' and is compatible with the boundary
conditions (2.3c). We now impose on (4.1a) the Stefan boundary conditions (2.3d): the
first one implies

Z=>b+Vt, (4.2a)
which in turn gives

. 1 |52|>
z=V=—h|1+—7]). 4.2b
b < B (4.20)
The boundary z(t) and the front solution (4.1a) are then both moving to the left with
the same constant velocity.
When we next use the second boundary condition (2.3d), keeping into account the first
one, we obtain

sy = B= 00y, (4.3)

B2
which shows that the moving boundary s(¢) of the Stefan problem (1.1)-(1.2) is moving
to the left with constant speed s = aV, a = % > 1.
Finally, the solution of the one-phase Stefan problem for the nonlinear heat equa-
tion (1.1) is given by

Wz, t) = <%> h ; (4.4)

where, in virtue of (2.1), z(z,t) solves

x = /Z P(2, t)de, (4.5)
0

with ¢ (z,t) given by (4.1a) and the speed V specified by (4.2b).
We emphasize that the above solution is a very special solution of the Stefan prob-
lem (1.1), (1.2). Indeed, it corresponds to particular case when the nonlinear integral

equation (2.8) reduces to a linear integral equation of Volterra type in ¢, as implied by
substituting back (4.2a) into (2.8a).
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Appendix
In order to estimate Hs, starting from (3.9d) we write
_i_ ! ,ﬂ,f(t)—é(t') § _g/ oy
= [ /0 at o) =D ke (5(0) — 20,0 - )
! 1o (4l Z(t) —g(t’) > S(4 /
—i—/o dt V(t)ﬁK(z(t)—z(t),t—t)] , (A.1)
with K(z —§&,t — 1) given by (2.5).
Next, we put
H; = (J1 + Jo + J3), (A.2a)
B o
J=— /0 dt {(ﬁ(t’) R S NE R (N t’)} , (A.20)
_ ! ! / ,§(t) - Zi(t/) Z(t) - E(t’) 2 2041 !
Jg——/o it {u(t) [ e ]K(z(t)—z(t),t—t)}, (A.2¢)
Ty = — /0 dt'{u(t’)z (ti = f,(t/) K(5(8) — 2(£),t — ¥
(2(t) — &(t)* — (2(t) — 2(t"))?
X [1 — exp {— 2= 1) }} } (A.2d)
By using (3.3) we estimate Ji:
1ot B = (| ar B
< <= [ o) - v | =8| < <ﬁﬁ> 5 (A.3)
The estimate of J5 uses (3.8b) and the mean value theorem:
1t N 2(t) —z(t)  z(t)—z(t)| dt’
’J2§\/—_/‘” v Lt =’
. dt’
< [ 0 -0 < (352 o A
Finally, for the estimate of Js, we call
_ (GO = E)? = (5() — #())?
@=- At —t')
_ G0 = 2() = () = 2@)IEE) — 2(t)) = (2() = 2()] (A.5a)

Then from (3.3) and (3.7) we have

1

4B133\t t'|od,
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which gives

|Q‘ < B1Bs3o). (A5b)

We also note that we can estimate @ via (3.3):

1

Q < =] [(Z(t) = 2(t))* + (2(t) — 2(t"))?]
< %Bﬂt —t| < %B%a < B3, % < 1. (A.5¢)

Using }1 - e_Q‘ < |Q|el? and (3.3) we estimate J3:

1 7 zZ(t) — z(t) 1 _
Js| < —— ¢ 1—e Qldt
|3_2\/7—T/0 v(t')| PR \/m‘ € ‘
M
<7 B2BsePio3/25 < (’ﬁTf’BlBger \/E) 3, (A.6)

where the definition of ¢ following (3.6) has also been used.
Combining the estimates of J;, J2 and J3, we have from (A2.a)

1 B 3M 1 | 32| B2
|Hg| = — <++BlBge 1 \/56536\/55 (A.7)
1Bol \Vm 7 |B2| 4
References

[1] Rubinstein L I, The Stefan Problem, American Mathematical Society Translations, Vol. 27,
American Mathematical Society, Providence, RI, 1971 (and refs. therein).

[2] Friedman A, Free Boundary Problems for Parabolic Equations. I. Melting of Solids, J. Math.
Mech. 8 (1959), 499-517.

[3] Kolodner I I, Free Boundary Problem for the Heat Equation with Applications to Problems
of Change of Phase. I. General Method of Solution, Comm. Pure Appl. Math. 9 (1956), 1-31;
Kyner W T, An Existence and Uniqueness Theorem for a Nonlinear Stefan Problem, J. Math.
Mech. 8 (1959), 483-498.

[4] Crank J, Free and Moving Boundary Problems, Clarendon, Oxford, 1984.

[5] Rogers C, Application of a Reciprocal Transformation to a Two-Phase Stefan Problem,
J. Phys. A18 (1985), L105-L109;

Rogers C, On a Class of Moving Boundary Problems in Nonlinear Heat Conduction: Appli-
cation of a Backlund Transformation, Internat. J. Non-Linear Mech. 21 (1986), 249-256.

[6] Natale M F and Tarzia D A, Explicit Solutions to the Two-Phase Stefan Problem for Storm-
Type Materials, J. Phys. A33 (2000), 395-404.

[7] Ablowitz M J and De Lillo S, On a Burgers—Stefan Problem, Nonlinearity, 13 (2000), 471-478.

[8] Ablowitz M J and De Lillo S, Solutions of a Burgers—Stefan Problem, Phys Lett. A271 (2000),
273-276.

[9] Rosen G, Phys. Rev. B19 (1979), 2398-2399;

Rosen G, Phys. Rev. B23 (1981), 3093-3094.



