Journal of Nonlinear Mathematical Physics Volume 10, Number 4 (2003), 555-569 ARTICLE

Toda Equations and o-Functions
of Genera One and Two

Shigeki MATSUTANI

8-21-1, Higashi-Linkan, Sagamihara 228-0811, Japan
E-mail: RXB01142@nifty.com

Received February 14, 2003; Accepted April 05, 2003

Abstract

We study the Toda equations in the continuous level, discrete level and ultradiscrete
level in terms of elliptic and hyperelliptic o and v functions of genera one and two.
The ultradiscrete Toda equation appears as a discrete-valuation of recursion relations
of v functions.

1 Introduction

Recently Kimijima and Tokihiro found solutions of the discrete and ultradiscrete Toda
equations in terms of elliptic and hyperelliptic 6 functions [17]. In this article we present
another type of solution of another type of the discretization of the Toda equation [7] and
its ultradiscretization [15] associated with algebraic curves of genera one and two.

Elliptic and hyperelliptic o functions are related to nonlinear differential equations from
the beginning [2, 10, 19]. We study the Toda equations at the continuous level, discrete
level and ultradiscrete level in terms of ¢ functions and v functions of genera one and two.
We show that these equations have solutions expressed in terms of ¢ and ¢ functions.
Here the v functions are defined by rational functions of the ¢ functions.

In [13] it was shown that the ¢ functions can be related to discrete nonlinear equations,
such as the discrete Painlevé equations. This article can be considered as one of a series
in which relations between 1 functions and discrete nonlinear difference equations are
unfolded.

Further, as was mentioned in [14], the ultradiscrete sometimes can be regarded as
a valuation of a related field. This article shows that, in the case of the Toda equation, it
can be also realized as a discrete valuation of a function field over a Jacobi variety.

In Section 2 we concentrate on the genus one case and give concrete solutions. We
investigate the genus two version in Section 3. It is shown that all solutions of the Toda
equations in this study are connected with the addition formulae of the o functions.
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2 (Genus one case

In this Section we deal with an elliptic curve given by

1
Cy Zgj2:y2:x3+)\2x2+)\1x+)\o

= (z —b1)(x — b2)(x — b3), (2.1)

where the b’s are complex numbers.

2.1 Continuous Toda equation

Firstly we give a p function solution of the continuous Toda equation [16]. We treat the
Weierstrass elliptic o function associated with the curve C, which is connected with the
Weierstrass g function by

2
p(u) = —% log o (u). (2.2)

A local parameter u in C1 is given by
() g
u= [T (2.3)
o 2y

and p(u) is equal to x(u). Here co is the infinity point of Cj.
The addition formula of the ¢ functions is given by

(v+u)o(u—v)

o
— —_— p— 2.4
() — ()] = T (24)
By differentiating the logarithm of (2.4) by u twice, we have
d2
— o Loglp(u) — p(v)] = p(u +v) = 2p(u) + p(u —v). (2.5)
For a constant number ug, by letting v = nug +t, v = up and b := p(up), we have
d2
— 2 loglp(nuo +1) —b] = [p((n + 1)uo + 1) — 3]
— 2[p(nug +t) — b] + [p((n — Dug +t) — b]. (2.6)
Further by letting ¢, := log[p((n + 1)ug + t) — b], we have
d2
—W(qn) = It — 209" 4 -1, (2.7)

This is identified with the continuous Toda lattice equation. In fact, by letting ¢, =
Qn — Qn—1, Qp obeys the nonlinear differential equation of a nonlinear lattice [16]. It is
clear that this elliptic solution comes from the addition formula (2.4). In § 3.1 we show
that a genus two solution of the Toda equation can be expressed by a similar form.
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2.2 Discrete Toda equation and v functions

Though there are several models of the discrete Toda equations, we concentrate on a model
given in [7]. In this subsection we give elliptic solutions of the discrete Toda equation.
The elliptic 9 function is given by

Vn(u) = alnu) (2.8)

o(u)"
and, due to the addition formula (2.4), it satisfies the recursion relation [18],

_ wm—lwn ¢m¢n+1

n+m%m—n — : 2.9
w * w 1/Jm¢n—1 wm-l—lwn ( )
Further v, can also be computed using the Brioches—Kiepert relation [3, 9],
o) 9w - e D(u)
_ e (n)
T o) o) o) (u)
e D) M) - 3 (w)

Here derivatives of u are denoted by ’ and (™. By noting % = Qy%, the ¥ function
is a polynomial of x and y over the complex number C. In fact the v function can be
explicitly obtained as,

S

(u) =1,
Yo (u) = -2y,
3(u) = 3z + 4dox® + 6X 122 + 1200z — M2 + 4Xo )\,
Ya(u) = —dy [2° 4+ 2002” + 5z’ 4+ 20002” + (20A200 — 5A1?) 2°
+ (8A2% X0 — 2A2M1% — 4XA0)  + 4Aad Ao — AP — 8A¢?. (2.11)

<

For 1, n > 4, we have the recursion relations

Vont1 = Yoo — 3 1 Pn_1,
Von = Yn(Uns2thi 1 — Vi 1Pn—2) /2. (2.12)

Thus we know that

n(u) € Clx, Ao, A1, A2] for odd n,
n(u) € Clz, Ao, A1, A2y for even n. (2.13)

When n is odd, 1, is a polynomial of x whose order is (n? — 1)/2 and, for an even n, the
order of z for v, /y is (n? — 4)/2. For specific curves, we give explicit forms of v, in the
Appendix.

We comment on the properties of ¢ functions. We note that o(u) is characterized by
the property that it has no singularity with respect to u € C and its zeros are identified
with a lattice points generated by the periodicity 2w of p(u), p(u + 2w) = p(u). In
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other words the zero of o is congruent to the origin of the local parameter u modulo the
lattice. Accordingly, as 9 function is a function over the curve C, we conclude that a point
satisfying

Yn(u) =0 (2.14)

is a point for which nu is equal to the lattice point again. In other words we have n-cyclic
points as zeros of ,. Conversely it can be shown that the polynomial of z and y whose
zeros multiplied by n are lattice points must be 1, modulo constant factors.

Hence, if n is a factor of m, i.e., n|m, it is clear that 1y, is divided by ,,,

Un|¥m. (2.15)

For mutually coprime numbers p, ¢ and an integer ng, we introduce

¢ij i= Vnotpitqj- (2.16)

By letting n = ng + pi + ¢j we have

UnipUn—p = Vathps1¥p-1 — Yotbni1¥n-1,
Virq¥Pn—q = ¢%¢q+1¢q71 - ¢3¢n+1¢n71- (2.17)

The components ¢, 11%¥,—1 in both formulae give a relation, viz

(Qf)n—i-pwn—p - Qbiwp—i-lwp—l) ¢§ = (¢n+q'¢n—q - ¢%¢q+1¢q—1) ¢z (2'18)

Noting n = ng + pi + qj (2.18) can be regarded as an evolution equation for ¢ and j
when we consider 1y, ¥, and 1441 as initial values. Let us assume that 14, 1, and
Yp+q are not equal to zero by choosing the parameter u. By letting § := 1,/1, and

c(l—=9):= —prrqufq/(wq)z we have
oMo — e (1= 8) 070 — 6./10,7 = 0. (2.19)

For later convenience we do not fix ¢ and define

i g
Vi (%) e (2.20)

Then we obtain
N2
(c + 62V, 7 )

(c + 62ViJﬁl> (c + 521431)

(c—i—‘fij)?
(c+Vij+1) <c+Vij71)

log = log (2.21)

When ¢ = 1, this equation is one of discrete versions of the Toda equation, which appeared
in [7].
The condition ¢ = 1 means that

Vptqp—q + Vptp — Yg¥q = 0, (2.22)
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which is an equation of (p? + ¢ — 2)-order with respect to . In other words, for a point u
satisfying (2.22), we have a solution of the discrete Toda equation in [7] in terms of
functions. ' 4

Further we introduce U,” := (VZ I+ C) which satisfies

(Uij)2 _ <c(1—52) +(52Uij)2 C (2.23)

(7)) (™) (ca-0)+0ud,) (c1-0)+007,)

We investigate this equation with general ¢ and go on to call it the discrete Toda equation
in this article. We note that this solution is due to the recursion relation (2.9) which comes
from the addition formula (2.4).

2.3 Periodic solutions of discrete Toda equation

For general ¢ in (2.20) we consider a periodic solution of (2.23). It is obvious that, when
p = 0, Yn, = 0. Thus there may exist a point, uy, such that
Yi(u1) = Ynyi(ur). (2.24)
In fact we have solutions of (2.23) for a curve y? = 2%(z + 1/4) and its point x = —1 (see
the Appendix). The 1 function has values as in Table 1.
Table 1. ¢, at z = —1

n [0 1 2 3 4 5 6 7 8 9 10 11 12
Yo |0 1 —/-3 2 —v/-3 1 0 -1 v-3 -2 -3 -1 0

For (p,q) = (3,2) and ng = 0, i.e., 6> = —3/4 and c(1 — §?) = 1/4, we have a periodic
solution of (2.23).

Table 2. UZ-.j (p =3, g =2 case)

J\i 0 1 2 3
0 o 0 oo 0
1 1/3 3 1/3 3
2 |1/3 3 1/3 3
3 0

oo 0 o

For (p,q) = (2,3) and ng = 0, i.e., 6> = —4/3 and ¢(1 — §?) = 1/3, another periodic
solution of (2.23) is given in Table 3.

Table 3. Uij (p =2, g =3 case)

Nl o 1 2 3

0o 0 0 oo
1 |1/4 -2 -2 1/4
2 oo 0 0 oo
3 [1/4 —2 —2 1/4
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2.4 Ultradiscrete Toda equations

In this subsection we investigate the ultradiscrete version of the Toda equation using
functions.
For the elliptic curve C7 a local parameter ¢ should be characterized by

for a generic point zq in Cfh, : t=1x— xg,
for a finite branch point b; in C;, : t=+/x —b;, (2.25)
for the infinity point oo in Cf, o t=1//x.

Let a localization of the commutative ring R = C[z,y]/(y*> — f(z)) at up be denoted
by R,,. Let K,, be a field of Laurent transformations at ug of rational functions. The
valuation of the field K, is given that for f € K,,, let val(f) = oo if f = 0, and if f is
given by

F(w) = alu —ug)™ + O ((u = up)™ ) (2.26)

for a # 0, let val(f) = m [6]. Denoting set of integers by Z, the discrete valuation is
known as a map

val : Ky, — Z + oo, (2.27)

which satisfies

val(fg) = val(f) + val(g),
val(f + ¢) > min(val(f), val(g)). (2.28)

For example the inequality in (2.28) appears due to a case, k = m and a = —b for
f=alu—u)™+-- and g = b(u — ug)* + --- with (a,b # 0). Inversely, as long as we
avoid such a case, we can regard the second relation in (2.28) as an equality.

R,, can be expressed as

Ruy = { f € Kuy | val(f) > 0}. (2.29)

Ry = {f € Ky, | val(f) = 0} is a multiplication group in R,,. An element in R} is
called unit. The subset m := { f € K, | val(f) > 0} of R,, is a unique maximal ideal in
R,, and thus we have a filter structure,

m* > mA*L (2.30)

Here the multiplication among ideals is given as a set of sum of multiplications of elements
in the ideals. Due to the filter structure there naturally appears a nonarchimedean distance
given by

|f = 9lya) = exp(—val(f — g)). (2.31)

Thus an element f in m is a smaller element than unity, i.e., |f|,5 < 1. When § behaves
like a small parameter [7], we regard it as an element of m, i.e.,

0= Z—Z(u) € m. (2.32)
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We now consider the point satisfying

i Vptq(w)p—q(u)

2 X
c(1-6%) = (0 €Ry. (2.33)
Define
fij = —val(Uij), d := —val (6%). (2.34)

When we expand them as Uij<52 =a(u—ug)™+--- and ¢ (1 — 6%) = b(u—ug)* + -+ with
a,b # 0, we assume that for any 7 and j, k is not equal to m or a is not equal to —b if
k = m. Then (2.23) becomes

fij+1 o 2fij + fij_l
= max (O, flil + d) — 2max <0, fij + d> + max (O, flfl + d) . (2.35)

This is identified with the ultradiscrete Toda equation in [15].
Let us consider solutions of the ultradiscrete Toda equation (2.35). By letting g, :=
val(in),

57 =9l — 297 + 9.7 (2.36)
For the curve y? = 2% 4+ 1/4, and ug at z(up) = (—1/4)'/3, we have g; as in Table 4:

Table 4. g, at y =0

n|0 1 2 3 4 5 6 7 8 9 10 11 12

gn|loco O 1 0 1 0 1 0 1 0 1 0 1

Then we have a solution of (2.35) forp =3, ¢ =2and ng = 0: d = —2, val (c (1 — (52)) =

0,
Table 5. fij (p =3, ¢ =2 case)
Nl1l 2 3 4 5
0 oo -2 2 -2 2
1 2 -2 2 =2 2
2 2 -2 2 -2 2
3 2 -2 2 =2 2

Next we deal with a curve y? = 3

given in Table 6.

— z and a point ug(x = 0). The values of g; are

Table 6. g, at x =0
n|0 1 2 3 4 5 6 7 &8 9 10 11 12

gnloo 0 1 4 5 8 13 16 21 28 33 40 49
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When (p,q,n0) = (5,2,0), we have val(c(1 — §2)) = 0, d = 14 and Table 7.

Table 7. ff (p =5, g =2 case)

N1 2 3 4

0 |oo 18 14 18
18 14 18 18
2 |14 18 18 14

In this case, []ya > 1.

3 Genus two case

In this section we investigate genus two solutions of the Toda equations using the hyper-
elliptic o functions and v functions.

The hyperelliptic o function was defined by Klein after the prototype had been discov-
ered by Weierstrass [1, 10, 19]. Let us fix a hyperelliptic curve with genus two,

Oy i y? =2 + Mt + A32® + Aax® + Mz + Ao, (3.1)

where \;, ¢ = 0,1,...,4 are complex numbers. For a point in the symmetric product space
of the curve Cy, ((x1,y1), (22,92)) € Sym?Cy, its corresponding point u = (uy,uz) in the
Jacobi variety Jy is given by

(@1,91) o (22,92) (@1,91) g (22,92) 2
wim [T [y [T [T 3
00 Y o Y o Y o Y

Here co means the infinity point of the curve Cs. At the point, p functions of genus two
are defined as

T1,T2) — 2192
. (21 —)m)g 2 pn=aw em=mtm (3.3)

P11 =

2 . .
where f(z,2) :== ) 2727 (Agjq1(z + 2) + 2X95). It is known that there is a global function

7=0
over C? such that
82
i = — 1 , 3.4

which is the o function of genus two.

3.1 Continuous Toda equation

Though there were found solutions of the continuous Toda equation in terms of the 6 func-
tion related to a hyperelliptic curve of genus g in [5], in this article we give another type
of expression of solutions in terms of ¢ functions related to a curve with genus two.
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The additive formula of ¢ function of genus two is given by [2],

o(v+u)o(v—u)

EOKOEE —(p11(u) = p11(v) + pr2(w)p22(v) — P12(v) P22 (). (3.5)
By letting
Q(u,v) := —(p11(v) — P11(v) + Pr2(w)p22(v) — P12(vV)P22(u)), (3.6)
we have
82
~ Pudu; log(Q(u, v)) = pij(u +v) — 20i5(u) + pij(u — v). (3.7)

Let us fix u = nug +t, v = up, constant numbers b;; := ;;(uo) and

0?2 0?2 0?2
A = v .
o0t b2z 90ty bl2at28t2 (3.8)

Then we have a relation,

Q((n+ Dug + t,ug) — 2Q(nug + t,ug) + Q((n — 1)ug + t, up)
= —Alog Q(nug + t, up). (3.9)

By considering the relations (3.3) we let ug correspond to a point ((Z1,91), (Z2,792)) €
Sym?Cy and then have

boa = T1 + T2, b1z = T1Zs. (3.10)

If the points are mutually conjugate or identical, i.e., T1 = Zo,

o _ 9\

Hence for ¢ := t; + t2 /71,
qn :=logQ(nc+t,c), (3.12)

obeys the continuous Toda equation,

d2
—apth = entl — 2efn 4 ein—1, (3.13)

As we showed in the genus one case, this genus two solution also comes from the addition
formula (3.5).
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3.2 Discrete Toda equation

We give relations between the discrete Toda equation and 1) functions of genus two as
follows. Generalizations of the ¢ function in (2.8) to genus two curves are given by two
different definitions; one is defined over the Jacobi variety Jo and another is defined over
the curve Cy. The former is studied by Kanayama [8] and the latter is investigated by
Grant, Cantor, Onishi and this author (see the references in [13]). The definition by
Kanayama is [§]

P (u) = R (3.14)
Further he showed that v, obeys the same recursion relation as (2.9), viz

_ wm—lwn wmwn-l—l
wn—&-mwm—n - Tﬂm?/)nq wm+1'¢}n y (315)

basically using the the addition formula (3.5). Hence 1y obeys a relation which has the
same form as (2.12). Kanayama gave the explicit forms of 1, 12, 13 and 14 in terms of
p functions (3.3) in [8]. We can compute an explicit form of any 1), as a rational function
of the affine coordinates (z1,y2) and (x9,%2) of the curves Sym?Cy even though it is too
large to give its explicit form here.

Due to its form, it is obvious that (3.15) is also related to the discrete Toda equation.
For mutually prime integers p, ¢ and an integer ng, we define quantities,

¢ij = Ynotpitaj (3.16)
§ :=1hg/¥p and ¢ (1 — 0?) = thp1qp—q/¥3. Then (3.15) becomes
0726 e (1-072) 6,70, — 0. h6,% =0 (3.17)

Hence we have a solution of the discrete Toda equation (2.21) in [7] as shown in Section 2.2.

As a simple Abel variety has a division field as its endomorphism in the category of the
Abel variety as it is known as Poincaré’s complete reducibility theorem [11]. Hence, even
though the Jacobi variety Jo is two-dimensional, an isometry ¢ : Jo — Ja is characterized
by an integer. The zeros of v, belonging to Z/nZ determine the isometry. Thus, as long
as we deal with isometries of Jacobi variety, an extension of the v, functions to functions
with double-index must fail. It implies that (3.16) is a natural in the sense of a realization
of the discrete equation in category of the Abel variety.

3.3 Ultradiscrete Toda equation

We consider the Jacobi variety Jo as a commutative ring and its localization ring R,
and/or a field K,,, related to R,,. Similar to the case of genus one, we deal with a point
of curve satisfying

c(1-5%) =t quz)(g’; o) ¢ px. (3.18)
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By letting
, gl -1
f;7 == —val <w> , d := —val (6%), (3.19)

and being supposed that for all of ¢ and j, the valuations of the additions of f’s expressed
by the minimal functions like the equality case in the second relation of (2.28), we find
a solution of the ultradiscrete Toda equation in [15],

fij+1 _ 2fij + fij_l
= max (0, fzj_l + d) — 2max (O, fij + d) + max (0, fzﬁl + d) . (3.20)

Even though the case of genus one gives us trivial solutions, genus two case is expected
to provide us nontrivial solutions because it has larger degree of freedom than the elliptic
curve case.

4 Discussion

In this article we have considered the relations between the Toda equations in the con-
tinuous, discrete and ultradiscrete levels and o functions of genera one and two. We
showed that these solutions, in principle, come from the addition formulae of the algebraic
functions of algebraic curves of genera one and two.

As we started from the curves, all of the solutions are expressed by points at curves (2.1)
and (3.1). As we gave some explicit solutions related to elliptic curves, we can basically
find explicit forms of the other solutions in terms of points of the curves even of genus two,
though they might be slightly complicated. As a next step, we should give more explicit
computations of the ¢ functions on the genus two case by finding a nicer strategy to
handle the huge polynomials. However, it is remarkable that in our solutions, there do not
appear excess parameters except the coefficients \;, ¢ = 0,1,...,4 in (2.1) and (3.1). In
other words we have no ambiguity for the parameters even in genus two case and it means
that we are free from the so-called Schottky problem. This contrasts with the solutions in
terms of the 6 functions over the Jacobi variety [5, 17]. Of course as it might be difficult
to deal with the hyperelliptic integrals, thus we should select the methods according to
the circumstances.

Further it is interesting that the ultradiscrete equations can be defined on the Jacobi
varieties associated with nondegenerate algebraic curves over a field with character zero
using the concept of discrete valuation. (In [14] we show that the ultradiscrete equations
can be defined over fields with nonvanishing character.) It means that, if we find a recursion
relation over an algebraic variety, we might have its ultradiscrete version by taking its
discrete valuation.

Finally we comment on the higher genus case. Unfortunately since the addition formula
is not simple [1, 4], we could not deal with o functions associated with a curve with a higher
genus as mentioned above. We hope that we can obtain such solutions in future. We note
that the paper [4] may have some effects on the study.
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Appendix

Let us deal with 32 = 23 +1/4, y* = 2% — 2 and y*> = 2%(z + 1/4) and show explicit
function forms of their v functions.

Al =2%+1/4

Y1 =1, (A1)
o = =2y, (A.2)
Y3 =3z(1+ ) (1 —a:+w2) =3z (1—1—:33) , (A.3)
Y4 = o (—1 + 102° + 229) , (A.4)
Vs = —1 — 252% — 152° 4 952° + 5212, (A.5)
Y6 = Patb3 (2 + 2%) (1 — 3z + 327 + 2%)

x (14 3z 4 62° + 112° + 122" — 32° + 29) | (A.6)
Py = (1 — 3+ 73:6)

x (1 —48z% — 7412° — 19242° — 3632"% + 1412"° + 2'%) | (A.7)
Ps = g (—1 — 1042° — 9522° — 41242” — 343022

— 15442 — 73362 + 6162" + 227%) (A.8)
g = 33 (1 — 322 + x3) (1 + 32% + 22% + 921 + 32° + x6)

x (1 + 92% + 32° 4 182° — 2425 + 92° + 27)

X (1 — 922 4 62> + 81z* — 452° — 3925 + 32427

+ 1532% — 14227 + 4862'° + 3962 + 58212

+ 3242 + 1982 — 4821° + 812'% — 927 + &%) | (A.9)

1
Y10 = 9205 (1 —1772° — 4742°% — 70702" — 10480522

— 542232210 — 8629412 — 14040722* — 3680552%!

+293802%" — 5528420 + 117323 + 2%9) , (A.10)
Y11 = —1 — 24223 + 6052° 4+ 1027292° + 227030122 4 17393277210

+ 5938937428 + 18988183522! 4 110626338922 4 486951496922

+ 1059551975923 + 805472100423 — 2231978123¢ — 476005203323

— 857947269322 — 15961237712 + 661339142*® — 6204531325

— 11536032°* + 23221257 + 112, (A.11)
P12 = Y34 (-2 +2%) (1 — 32 + 322 + 2%)

x (14 3z +62° + 112° + 122" — 32° + 29)

X (—2 — 322° — 842% — 13427 + 3312)
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7/]13 =

Y1a =

P15 =

x (1 + 62 + 1227 + 42% + 452" + 362° + 602°

+ 7227 — 452° + 5827 — 48210 + 122! + 212)

x (1 — 6z + 242° — 642° 4 752" + 4562° — 6202° + 2522" 4 20702°

—16182° — 307220 + 32162 4 40032 — 969623 4 141621

+ 113962 + 154821¢ — 5058217 + 46028 4 16322 + 16532

+69222! + 19227 — 1227 + 21) | (A.12)
(14 162° 4+ 962° 4 132° + 132'?)

x (1 — 3542° — 1724725 + 9242027 — 62644172 — 916309742

— 41403873528 — 63169001122" + 359651233824 + 4311851697227

+ 21596750571923° + 5336615275142 + 58273242115323¢

+ 28411881369623% 4 45092477528424% 4+ 1313707269872

+ 1846766455056 + 4034748545552°! — 2631109733272°4
—225347627012°7 + 685417938z%° — 111537892253 — 79843825¢

+57482% + 27?) (A.13)
Potpr (1 — 4823 — 7412° — 19242° — 3632'% + 1412" + 2'%)

x (14 50423 + 242125 + 56762° 4 166356212 + 309847521 4 2259763828

+ 5682627022 — 73281168224 — 582904249227 — 8628621212

+ 133470252233 + 3179075192 — 63253671323 — 77646699242

— 415028552%5 — 20972522 + 88472° + 2) | (A.14)
W35 (—5 + 652° + 6852° + 341027 + 114252

+57352'° + 31452 — 5202 + 2**)

x (1 — 62 + 62 + 4423 + 212* — 212° 4 6762° + 927 — 92 + 56927

+ 284120 — 28412 — 1694212 + 13119213 — 131192 + 10019210

— 4284210 4 4284217 + 45912 — 144621 + 144622°

— 4962°! — 242 + 242 + )

x (1 + 6z + 302% + 1242° 4 2792 — 4952° + 30362° + 2871z" — 27902°

+ 60959z — 1368620 — 19695211 + 469946212 — 20003423 + 128295214

+ 6022292'° — 2440926216 + 305644527 — 4221292 — 980909421

+ 18607485220 + 2016577922 + 8262864222 4 74286585222 4 94839246224

+ 74286585223 + 948392462° + 715494602% + 1505945792

+ 1183491192%7 — 3156510228 + 3027575122 — 363572392 — 13895487023
— 1389186232 + 73952184233 + 20894985234 — 28859229235 + 2289466143

— 28859229235 4 2289466123¢ 4 16500675237 — 244451123 — 223768623

+ 1693800z + 6721562 + 32460622 + 58950213 + 1103424

— 4163 4 6002® — 24217 4 2%%) . (A.15)
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A2 y? =2(2? - 1)
Y1 =1, (A.16)
Yo = —2y, (A.17)
Y3 =3(-2+z)2*(2 + 2), (A.18)
Yy = —4yz? (-6 — 1522 + ;1:4) , (A.19)
v5 = o' (—192 4 16322° — 4962 — 2202° + 52%) (A.20)
Yo = —6y(—2 + 2)2%(2 + )
x (=336 + 91227 — 1348z* — 1002° + 2%) (A.21)
Y7 = 2 (27648 + 48384027 — 2951424 + 25954562° — 11018882°
+ 44784020 — 313762 — 15442 + 7210) (A.22)
g = —8yzt? (—6 — 1522 + x4)
x (—18432 + 6036482 — 2432640z" + 25773122°
— 7023922° + 4774420 — 230702 — 4122 + 2'%) | (A.23)
Yo = —3(—2+ )2 (2 + 2) (16367616 — 1546076162% + 15270543362
— 53017804805 + 41620008962 + 56720793620 — 19386959362
+ 7313214722 — 148947220 + 53670722 — 16400022°
—23162°% + 32%). (A.24)
A.3. 32 =2%(x +1/4)
P =1, (A.25)
o = =2y, (A.26)
Y3 = 23(1 + 3z), (A.27)
Yy = —2yx° (1 4 2z), (A.28)
v5 = a0 (1+ 5a + 5a?), (A.29)
ve = =2y (1 + z)(1 + 3z), (A.30)
vr =2 (1+ Tz + 142” + 72%) | (A.31)
Y = —2yz (1 + 22) (1 + 4o + 227) (A.32)
Yo = 2%9(1 + 32) (1 + 6z + 927 + 32°) (A.33)
P10 = —2yz™ (14 3z +2%) (1 + 52 + 52%) (A.34)
P11 = 2% (1 + 11z + 4427 + 772° + 552* + 112°) , (A.35)
P12 = —2yz% (1 + 2)(1 + 22)(1 + 3z) (1 + 4z + 2?) (A.36)
Y13 = 2™ (1 + 13z + 6527 + 1562° + 1822 + 912° + 132°) (A.37)
Y14 = —2y2” (1 + 5z + 622 + 2°) (1 + 7z + 142® + 72%) (A.38)
Y15 = 2'%®(1 4 3z) (1 + 5z + 52%) (1 + T2 + 142® + 82° + 2*) (A.39)
P16 = —2yz' (14 22) (1 + 4o + 22%) (1 4 8z + 202> + 162° + 22°*) . (A.40)
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