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Abstract

Among the recently found discretizations of the sixth Painlevé equation P6, only the
one of Jimbo and Sakai admits a discrete Lax pair, which does establish its integrabil-
ity. However, a subtle restriction in this Lax pair prevents the possibility to generalize
it in order to find the other missing Lax pairs. It happens that the same restriction
already exists in the matrix Lax pair of Jimbo and Miwa for the continuous P6. In this
preliminary article, we remove this last restriction and give a matrix Lax pair for P6
which is traceless, rational in the dependent and independent variables, holomorphic
in the monodromy exponents, with four Fuchsian singularities in the complex plane
of the spectral parameter. Its only minor drawback is the presence of the apparent
singularity which always exists in the scalar Lax pair.
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1 Introduction

Since the discovery [11] of a discrete version of the sixth Painlevé equation P6, many
other equations have been proposed as candidate discrete P6 equations, see the diagram
below (courtesy of the authors of Ref. [19], to which we refer for the notation).

ES
Bl — EI — B — DI — AL — (A, +A)T — (A AN — Al

l l l l | |

|
B} — E} — E} — D — A} — | (2A)° — | Al
N N
A; — Ai

However, as opposed to the ¢ — P6 of Ref. [11] which admits a Lax pair by construction,
they cannot be considered as discrete P6 equations until one has found a Lax pair for each
of them. One can think of two methods to find such a discrete Lax pair:

1. Define a discrete isomonodromy problem (in scalar or matrix form) and solve it.
Since one must probably introduce at least as many singular points as parameters in
the candidate discrete equation, i.e. between 4 and 8, this task is certainly difficult.

2. Choose a continuous pair of P6 (in scalar or matrix form), then discretize both P6
and its Lax pair. The probable drawback is the little hope to obtain more than 4
parameters in the result.

If one chooses to apply the second method, a prerequisite is to select which continuous
Lax pair to discretize. In this article, we perform a critical examination of the existing
Lax pairs, conclude to the necessity to first build a better Lax pair than the existing ones,
and provide a new matrix Lax pair for P6.

The outline of the paper is as follows. In section 2, we point out a restriction in the
discrete Lax pair of ¢ — P6 given in Ref. [11], which makes it inexistent for some values of
the four parameters.

In section 3, we remark that the same restriction already exists in the continuous matrix
Lax pair as given by Jimbo and Miwa [10].

In section 4, starting from the two original isomonodromy problems (the scalar one of
Fuchs, the matrix one of Jimbo and Miwa), we define two ways out of this situation, a
difficult one and an easier one.

In section 5, following the second way, initiated by two of us [3], we give two new matrix
Lax pairs of P6, without any restriction on «, 3,7, d, traceless, and rational in u,u’, z,t.
The better one has only one minor drawback, which is the same apparent singularity than
in the scalar case.
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2 On the discrete matrix Lax pair of q — P6

The unique discrete P6 equation which, up to now, admits a Lax pair has been found
by Jimbo and Sakai [11], as an output to the matrix discrete isomonodromy problem

Y(z,qt) = A(z,t)Y (z,t), (2.1)
A= Ao(CL‘) + Al(x)t + AQ(Q:)tQ,

where x is the independent variable, ¢ is the spectral parameter, and the matrix A defines
four singular points in the ¢ complex plane. One of these is ¢ = oo, and its residue A, is
chosen by the authors as the diagonal matrix [11, Eq. (10)]

Ag = diag(k1, ka). (2.3)

When k1 = ko, one singularity is lost, and the isomonodromy problem cannot yield a
q — P6 equation, as can be checked from the denominator k1 — ko in the discrete Lax pair.

This restriction k1 # ko prevents the Lax pair to exist for a one-dimensional subset
of the four parameters, and it must be removed before any attempt to generalize the
monodromy to more than four singularities, as probably required for the candidate discrete
Painlevé equations with more than four parameters (see diagram above).

3 On the (continuous) matrix Lax pair of P6

One must wonder whether such a restriction also exists in the continuous case. The
sixth Painlevé equation P6 is defined as [5, 17]

111 1 1 1 1 1
E = W'+ |= 2 _ | Z /
() “ +2[u+u—1+u—m}u Lc—i_x—l—i—u—x]u
u(u—1)(u — x) x x—1 x(x—1)
x S —
+ x2(x —1)2 a+5u2+’y(u—1)2+ (u—x)2 0

together with the notation, adapted to the symmetry of P6 under permutation of its four
singularities,

(20, ~28,27,1 - 26) = (6%, 63,62, 62). (3.1)

In the matrix isomonodromy problem with four Fuchsian singularities as defined, and
beautifully solved, by Jimbo and Miwa [10], after the definition of the problem

oy

9 _ vy 3.2

a , (3.2)
Moy(x Mi(z M, (x

M = Ot( )+ tl—(l) tx_(x)a Moo + Mo + My + M, = 0. (3.3)

the simplifying assumption that the residue M., at oo is a constant diagonal traceless
matrix,

My = diag(000/2, -0 /2), (3.4)
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ipso facto lowers the number of singularities from four to three when O, vanishes, thus
preventing the isomonodromy problem to yield P6. Indeed, the denominators in the
resulting Lax pair make it inexistent on the subset

(62.,62,02,02) = (1,1,1,1), (3.5)

i.e. a fourth iterate of the Picard case [16] (6%, 62,6%,62) = (0,0,0,0) under the elementary
birational transformation [15, 2] of P6.

Some remedies have been proposed ([12, p. 50] and [13, p. 180]) to this drawback, but
the resulting Lax pair is then not a continuous function of O.

4 All the existing Lax pairs of P6

There currently exist essentially two Lax pairs for P6:

1. the scalar one of R. Fuchs [5, 6], better written by Garnier [7], with four Fuchsian
singularities t = 00,0,1,z and one apparent singularity 3 ¢ = wu; its monodromy
exponents at the Fuchsian singularities are £6,;,j = 00,0,1, 2, with 9]2- defined in
(3.1).

2. the matrix one of Jimbo and Miwa [10] , with four Fuchsian singularities t = 00,0, 1, =
and the associated monodromy exponents £0;, j = 00,0, 1, z,

((@OO - 1)27 @2’@%793) = (92079(2)7‘9%795)7 (4'1)

which does not fully display the permutation symmetry.

The reason for this apparent dissymetry is the requirement of the authors that the
unique zero of the element M in the ¢ complex plane should be a solution u = w12 of P6,
which implies the existence of another Lax pair in which M1 has a unique zero located at
t = ug1, with ug; solution of another P6 equation having the monodromy exponents £0;,

(0 +1)%,05,01,03) = (0%, 65,61,63). (4.2)

The transformation between w2 and us; is birational, and its expression can be found
from Ref. [10],

P4(UI12;U12,95)

uz = (4.3)

Py(u)g;ur2,2)’

in which the two symbols P; denote polynomials of degree four in u),. It is then easy to
generate balanced expressions in which u1s and us; become expressions which only differ
by signs. Let us indeed denote Tq the birational transformation of Garnier [8, 9] (this is

3 A singularity is said apparent iff the ratio of two independent solutions of the associated linear system
is singlevalued around this singularity.



Lax Pairs of the Sixth Painlevé Equation 111

basically the square [1] of the elementary transformation [15]) and S, the operator which
reverses the sign of 6.,. Then one has the diagram

1 —0s Te 0o 3. —0so Te 1+ 0o
6o 1— 6 1—6 6o (4.4)
6, ’ 6, ’ 6, ’ 6, A
0., 0 0, O
U12 U21
Up

in which uy, (b like balanced) denotes a third solution of P6. As a function of uy, both u1s
and ug; just differ by signs and are equal to

R (un) R, (up)
H(“b) R(_it,_ (Ub)RJ (Ub) ’

in which H(up) is some homographic transform of uy,, and the four symbols R(up) denote
the lhs of Riccati equations for up (full details can be found in [2, Egs. (8)-11]).

Another matrix Lax pair has also been found [14, Egs. (116), (118)], with four Fuchsian
singularities ¢ = 00,0, 1,2 but its associated monodromy exponents £0;,j = 0,0, 1, z,
are

(4.5)

(02%,,02%,02,02) = (constant, constant, 0, 0), (4.6)
so it is nongeneric and we will not consider it.
Let us first recall these two Lax pairs (Fuchs, Jimbo and Miwa).
4.1 Lax pair by scalar isomonodromy

This pair [5, 6], as more nicely written in Ref. [7], is characterized by the two homo-
graphic invariants (5, C),

O+ (S/2) =0, (4.7)
Oyt + CO — (1/2)Cp = 0, (4.8)
with the cross-derivative condition,
X=8,4+Cu + CS; +2C:S =0, (49)
where
ot —1)(u—x)
—C0= (t —uw)a(z —1) (4.10)
: (Bru)? = B+ fa(u)
S 3/4 Biu’ + Bo u(u —1)
T T w—wr Tt =) =) +fa®), (1)
 x(r—1) B 1
51——m, 50——U+§, (4.12)
b d
fa(z) = Z% YT G _Cx)Q P (4.13)

(2a,-26,27,1 = 26) = (4(a+b+c+d+1),4a+1,4b+ 1,4c + 1). (4.14)
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4.2 Lax pair by matrix isomonodromy

Let us introduce the Pauli matrices oy,

0 1 0 —i L0 ;
01:(1 0)’02:<z‘ 0>’03:<0 —1>’Uj0k:6jk+w‘jklgl’ 1)

0 1 00
+ - _
“=(00) ()

The Lax pair
0 = Ly, 0Op = M, (4.16)

Z=10,—L,d,— M] =0. (4.17)

obtained by matrix isomonodromy [10] can be easily rewritten [12] in traceless form and
with entries (L, M) which are all algebraic (not only with algebraic logarithmic deriva-
tives). This traceless, algebraic form is the following.

M:c MO Ml Mx
I = _ Loo, M =— 4+ — , 4.18
t—a:+ t +t—1+t—x ( )
(O — 1) (u —x)
Lo = - . 4.1
2x(x — 1) 73 (4.19)
U+ 2 _ g2\ T
2My = 2003 — —0 —I—(zO—HO)EU, (4.20)
u—1 z—1 _
2M, = 2103+x_10+—(zf—9%)u_10, (4.21)
-1 U—
oM, = [((@2—2% (- ) - LT o+
(8- -@-DI7 )0 - =0
—(@oo + 20 + 2’1)03, (4.22)
1 2
= D' — (u— 1) (u — O (u —
= e T | @ - D = (- O )

(O + 0)a(u— 1)(u— ) + 03(x — Dulu — o) — O2e(z — Du(u 1)] ,

T 20.(x —_11)U(u —x) [ (w(x = 1/ — u(u—1 = O (u —2)))

T

+(02%, + 602 (z — Du(u — z) — z(u— 1) (u — z) — 02x(z — u(u — 1)] ,

xz(x—1) "
2050t(t — 1)(t — z)u(u — 1)(u — x)

[t(u — 1) (z(z — D' + u(O(u —2) — (u—1)))

Z|E =

—(t = Du(z(r — D' + (u—1)(On(u —z) — u))} o3

n z(x —1)
202 t(t — 1)(t — z)(u(u — 1)(u — x))?

X
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Piisso11(tu,u,2, 00,03,0%,02)0, (4.23)
(20, —28,27,1 — 20) = (O — 1)2,62,62,0%), My, = —My — My — M,,

in which the symbol P denotes a polynomial of its eight arguments with degrees indicated
by its eight indices.

The question is: from either one of these two Lax pairs, can one build a “better” Lax
pair?

The matrix form seems preferable to the scalar one because the apparent singularity
t = u, unavoidable in the scalar case as shown by Poincaré [18, pp. 217-220], can be
suppressed in the matrix case [10]. There are however other criteria, which will be discussed
in section 6.

One can think of two strategies to build such a “better” matrix Lax pair:

1. In the matrix isomonodromy problem, remove the assumption that the residue My,
at oo is diagonal, and perform again the whole resolution, i.e. eliminate all the
deformation parameters (free functions of z in the definition of M) but one, and
establish the differential equation for this single remaining deformation parameter.
Finally, integrate this second order, probably second degree, equation using the
appropriate tables [4]. This is easy in theory, but certainly difficult in practice.

2. Convert the scalar pair to matrix form. Such a converted pair has already been given
by two of us [3], but without preserving the Fuchsian nature of the four singularities
in t.

Let us define a shorthand notation for the various matrix Lax pairs of P6, based on
their structure of singularities in the complex plane of the spectral parameter ¢. The type
of a matrix Lax pair will be denoted by (ng, nyr, na), in which the three integers represent
the number of singularities of the respective types : Fuchsian, nonFuchsian, apparent. The
type of the pair (4.18) is (4,0,0).

5 Conversion of the scalar pair to matrix form

Consider the traceless Lax pair

<ax - (fii —LL131)> <z;> =0, (5.1)

(o= (3 ) (1) =0 62

The elimination of one component, say 1, defines the scalar system

M M-

<a§ — 2L, 4+ My — MP — My —2t — M12M21> Py =0, (5.3)
Moy M>q
L L

(890 — M—22113t + L — M11M—2211> g = 0. (5.4)

By identifying the scalar pair (5.3)-(5.4) and the pair of Garnier (4.7)—(4.8), one can
compute the elements Lj; and M, as follows [3].
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The coefficients of the scalar Lax pair (5.3)—(5.4) have simple poles at My; = 0. Let us
first convert the double pole t = u of the coefficients of the pair of Garnier into a simple
pole, by the transformation

U=t — uwp, (5.5)
(af—t_luatJr <§+ (tP’_/i)2>>\I:—o, (5.6)
<am B g(:_(tu_) “)Ct)> U =0, (5.7)

with S given by (4.11) and C by (4.10).
The six coefficients (Lji, Mjj) of the Lax pair are then obtained by identifying the
singularities Ms; = 0 in (5.3)—(5.4) and t — « = 0 in (5.6)—(5.7). This results in

U = 1), (5.8)
and
Bru’ + Bo
My = 22T .
YT -1 (5.9)
My — M3 My, 1 (/S 3/4
My, — Mo _ - 2 1
12 t—u (t—u)?2 t—u 2+(t—u)2 ’ (5-10)
M21 :t—u, (5.11)
L21 = —(t — u)C’, (5.12)
' — (C+ (t —u)C)
L1 =-CM 1
1 =—-CMn+ 20— ) (5.13)
—L Miq 4 + Loy M
Ly — 11,6t + M1z + La1Mi2 (5.14)

t—u

(formula (5.10) corrects a misprint in Eq. (58) of Ref. [3]).

The resulting matrix pair [3] has the type (0,4,0), which is unfortunate since no sin-
gularity at all is Fuchsian.

With other choices of the formulae (5.5) and (5.8), one arrives at quite different matrix
Lax pairs. The results are the following.

5.1 A matrix Lax pair of type (4,0,1)
With the choice

G —tlj(i— z) <%¢1 n ¢2) 7 (5.15)

the four singularities t = 00,0, 1,z remain Fuchsian, but the apparent singularity ¢t = u
remains, the resulting matrix Lax pair has the type (4,0, 1),
M, L, My M, M, M,
P—e i—a it i (5-16)
Pa-12 5 (u-2)? 60 (u(u— ) - a(u—1)
u
2u(u — 1) (u — x)? 2z(x —1) 2z(x — 1)

L, =

1
4
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62 6? (1—62) (u(x —1) +x(u—1)) P
Toun 1) 2(u— 1)’ >("3_ )
1 !/
—§u01, (5.17)
2 2 u—z
[ = <%03—01+(1—%)7> ﬁ (5.18)
1/ 23(x—1)2 , 22%(x—1), 0=z o u? — 2
Mo = 4 <2u2((u—93)2u2 u(i—x))u_g[)ﬁ) (03_72)+ 2z
_ <%u’+u) o1 + “222902% (5.19)
1 2% (x —1)3 , 2x(x —1)2  , 0% (x—1) o
My = Z(2(u_1)2(u—x)2“2+(u—1)(u—m)“ _El(u—1)2>(“3_72)
2—u—z)(u—=x) z(x—1) ,
+ 2= 1) 03+<72(u—93)u +(u—1)>01
u—1)%+ (z —
( 12)(;_(1) 1) 2 (5.20)
(u—1x)* Lo — 03z (x — o
1 (uu—x —xu—l)) 2z -1)2 5, 22(z-1) ,
M. = 4 2u2(u —1)2(u — x)? u” u(ufl)u
2 2 2 (z— —02)x(z — o
+9§o _%QJF 92 ((u—ll)) +8 2(95)—(95)2 D) (03_72)+%Ul’ (5:22)

2E = L ( 205 — 22 + 2301)
Z1 2
21 = —4t(t —1)(t —u)(u — Du?(u— z)?,
2z = zu(z—1) (z(z—1)((t — z)u—2(t — 1)u' + 2u(t — z)(u — 1)(u — z)),
23 = 2x(x— Du*(u—1)(u—2z)(t —u),

and the monodromy exponents £0;, j = 00,0, 1,z take symmetric values

—4 det(res M)’tz(oo,o,l,x,u) = (0207 9(2)7'9%7 99%7 1)7 Mo = —Mo — My — M. (523)

5.2 An unrestricted matrix pair without apparent singularity

If one wants to suppress the apparent singularity ¢ = u, one can choose

U= \/t(t —1)(t —z) (Y1 + ), (5.24)

but the singularity ¢ = oo becomes nonFuchsian, and the resulting matrix Lax pair has
the type (3,1,0):

M, M M, 62 — 4 o
L [—g Lee Thet M= e 4 ("3 i)’(5'25)
2 2 2
ng) _ _(u—:n)01+1 x*(x —1) o2 2(u—x)_900(u—1)
x(zr—1) 2 \2u(u —1)(u—x)? x—1 2(x —1)
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62 0? (1—62) (u(x —1) + x(u— 1)) o9
Tou " 1) 2(u— 1)’ ) (03— =)
02, —4\ u—=z o
LY = ( 4 >l‘($—1)(03_ 12>’
RERE v e
a1 p Pl o B o
(4u(u_x)2u + o) + zu 4u>(3 Z.),
" ()
_ $2($_1)3 /2_x(x_1)2u/_ T — u—
T\ Tie = Dw—22 g ¢ @ DE-1
2 _ o u — o
e e R Rt (CR)
1 (1—6Hz(z—1) o (u—x) o
M. = 2 + 4(u —x) ( _72)_41‘( —1)(3+72)’
Z|E = %(22(03—%)+2301),
21 = —2t(t—1)(u—Du(u—z)?,

2 = x(z—1)(z(x—1)(tu—2)—z(u—1)u + 20— z)u(u—1)(u—1)),

zz = xz(zx—Du(u—1)(u—x).
The monodromy exponents £0;, j = 0,1,z at the three Fuchsian points are
—4 det(res M)|,—(0,1,2) = (63,67, 63),
the fourth point ¢ = oo is Fuchsian iff & = 2, in which case

—4det(res M)|t=cc = 9.

6 Discussion. What the optimal Lax pair should be

(5.26)

(5.27)

(5.28)

(5.29)

(5.30)

(5.31)

(5.32)

None of the above two new Lax pairs, with types (4,0,1) and (3,1,0), is yet optimal.

To be optimal, a Lax pair should, in our opinion, obey the following criteria:
1. have exactly four Fuchsian singularities, located at t = 00,0, 1, x,
2. (matrix form only) have no apparent singularity at ¢t = u,

3. exist for any value of «, 3,7, 4,

4. (matrix form only) be “balanced”, i.e., in the basis (04+,0_,03), have components

on (04,0_) which just differ by signs,
5. (matrix form only) be traceless,

6. be rational in (v, u,x),
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7. allow an easy confluence to the lower Painlevé equations.

The various kinds of Lax pairs are compared in Table 1 according to these criteria.

Table 1. Advantages and inconveniences of the various kinds of Lax pairs (the scalar one of Fuchs
and the matrix ones). N/A means not applicable. The ideal situation would be that all entries be
“yes”. The last four columns refer, respectively, to (4.18), (5.9)—(5.14), (5.16), (5.25).

\ | Scalar Fuchs | (4,0,0) | (0,4,0) | (4,0,1) | (3,1,0) |
‘ four Fuchsian singularities ‘ N/A ‘ yes ‘ no ‘ yes ‘ no ‘
‘ no apparent singularity ‘ no ‘ yes ‘ yes ‘ no ‘ yes ‘
‘ arbitrary «, 3,7, 0 ‘ yes ‘ no ‘ yes ‘ yes ‘ yes ‘
‘ balanced ‘ N/A ‘ no ‘ no ‘ yes ‘ yes ‘
‘ traceless ‘ N/A ‘ yes ‘ yes ‘ yes ‘ yes ‘
‘ rational (v, u,x) ‘ yes ‘ yes ‘ yes ‘ yes ‘ yes ‘
‘ easy confluence | yes ‘ no ‘ yes \ yes ‘ yes |

7 Conclusion

Until one has found an optimal matrix Lax pair for P6, it could be wiser, in order to devise
discrete Lax pairs for the discretizations of P6 which still lack one, to take inspiration from
the scalar pair of Fuchs.
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