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Abstract

Conditions necessary for the existence of local higher order generalized symmetries and
conservation laws are derived for a class of dynamical lattice equations with explicit
dependence on the spatial discrete variable and on time. We explain how to use the
obtained conditions for checking a given equation. We apply those conditions to the
study of a special class of differential difference equations interesting from the physical
point of view.

1 Introduction

In this paper we consider lattice equations of the form:

Uy, = fn(ta '[Lny Up, Un41, Unfl) (11)
Ofn 0 fn
G A0 G0 W, (1.2)

Here u,, = uy(t), dot denotes the derivative w.r.t. the continuous time variable ¢, and { f,, }
are an infinite set of a priori different functions of five variables: f,, = fy, (¢, wn, Tn, Yn, 2n),
such that all the functions depend on ¥, and z,. Classical representative of the class is
the Toda like equation:

iy, + Qtly, + 2020 = et TUn _ glnTUn—1 (1.3)

which will be discussed in the applications.
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Conditions (1.2) are necessary as in Theorems 1 and 2 below we will need to divide

by the functions 827{11 and 837{:. This request means that our results do not apply to
equations like
iy = w2 + (14 (=1)™) ups1 + (1 — (=1)") up1, (1.4)

which are the compact representation of systems of coupled equations. In fact, by the
change of variable,

Up = U2n+1, Wp = U2n, (15)
eq.(1.4) reads
By = 02 + 2w, Wy, = w2 + vy, (1.6)

and can be written as a nonlinear ODE of fourth order for v,,.

The main aim of this paper is to derive five conditions, necessary to prove the existence
of local generalized symmetries and conservation laws of high enough order. The existence
of infinite hierarchies of local generalized symmetries and conservation laws is a very
common property of 141 dimensional equations integrable by inverse scattering method.

We present in Section 2 the necessary conditions for the integrability of equations of
the class (1.1, 1.2). These conditions are very convenient for testing the integrability of a
given equation, and in Section 3 we will explain how to apply them to some differential
difference equation. In Section 4 we present some conclusive remarks.

In our work we follow the standard scheme of the Generalized Symmetry Approach
(GSA) (for a review, see the articles [1-6]; the application of the method to discrete-
differential equations was developed in [7-9]). By the GSA method we require that an
equation (1.1) possesses local generalized symmetries and conservation laws of sufficently
high order. This is always the case for integrable equations, even on the lattice [10-13].
The case when an equation together with its generalized symmetries and conservation laws
do not depend explicitly on ¢ and n has been considered in [8], where an exhaustive list
of lattice equations of the form

Uy = f(una Up, Un+41, Unfl) (17)

has been presented (see also [6], [14]). In [9] we can find the discussion of the explicit
dependence on the discrete variable n for Volterra type equations

Up = fn(un7 Un+41, un—l)a (18)

satisfying conditions (1.2).

Explicit dependence on time in the framework of the GSA (both in the discrete and in
the continuous cases), as far as we know, has never been considered in the literature.

We apply the obtained integrability conditions to few particular cases. The results ex-
plain why some interesting classes of equations cannot have hierarchies of local generalized
symmetries and conservation laws. For example, the class of equations

Up, :An(t7 Un, unJrl) +Bn(t7 Un, unfl)v (19)
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with A,,, B, satisfying conditions (1.2), cannot satisfy the obtained integrability condi-
tions. By the change of variables (1.5), eq.(1.9) can be rewritten as

Up, :an(ta Un, wn+1)+bn(ta Un, wn)a

.. 1.10
wn :Cn<t7 wn7 Un)+dn(tv w’ﬁn v’n—l)v ( )

with obvious conditions for ay, b,,c, and d,, derived from eq.(1.2). The transformation
(1.5) preserves the local structure of the generalized symmetries and conservation laws
(see the details below and in [9]) and thus the integrability conditions obtained here can
be applied to eq.(1.10). Then also the class of equations (1.10), which contains some
physically interesting equations [17], contains no integrable lattice systems. Comparing
the results obtained here with those of paper [9], where some examples with an essential
dependence on the discrete spatial variable n have been found in the case (1.8), we see
that the case (1.1, 1.2) seems to be more restrictive.

2 Integrability conditions

Here we derive the necessary conditions for the integrability of equations of the class
(1.1,1.2). At first those which follow from the existence of local generalized symmetries
and then the additional ones following from the existence of conservation laws. At the
end of the Section we discuss how to use those conditions for checking if a given equation
is integrable and for classifying integrable cases.

2.1 Definitions

We are interested in considering local lattice equations with local symmetry structure.
This means that the equation, its symmetries and conservation laws are expressed in
every point n in terms of functions of many variables with no integrals or sums. Moreover
we consider symmetries and conservation laws described only by restricted functions, i.e.
functions g, such that:

gn = gn(ta u’l’b-i—il ) un+i1—17 R un+i27un+j17un+j1—17 e un-‘er)ﬂ (2]‘)

where i, = ix(gn), jr = Jjk(gn) are some fixed finite integers for any given g, (i1 > is,
jl Z j2)7 and

O9n O9n

gn
# 0, .
8un-i—jz

8un-i-iz

gn,
8un-‘ril

£ 0, #0

70,

8un—i—jl
for at least some n. For example,
gn =1+ (=1)"upt1 + (1 — (=1)") (4 + tn—1)

is a restricted function with i1 =i9 =1, j1 =0, jos = —1.
A local generalized symmetry of eq.(1.1) is an equation

Un, 7+ = Gn, (2~2)
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with g, a restricted function (2.1), compatible with eq.(1.1). Moreover we assume that,
both in eq.(1.1) and eq.(2.2), u, = uy(t, 7). The compatibility condition between eq.(1.1)
and eq.(2.2) implies

Pu, P,

orot2 _ at2or (2.3)

and means that eq.(1.1) and eq.(2.2) have a set of common solutions. Eq.(2.3) can be
rewritten as:

D- fu = Dygn = 0, (2.4)

where D; and D, are the total derivative operators with respect to ¢ and 7 respectively and
the differentiation of the functions f,, and g, is carried out taking into account egs.(2.2,
1.1). For example

Ign Ogn_ . Ign
Dign =" +Zag Un+k+zag Jrtk- (2.5)

The variables w1, U,1k are considered to be independent (here and everywhere below)
and then eq.(2.4) is a constraint for the functions f,, and g,.

In accordance with the ideology of the GSA, we rewrite eq.(1.1) as a systems of two
first order (w.r.t. time t) equations, introducing the new variable v, = ,. Instead of
egs.(1.1, 2.2) we thus have the following compatible system of two vector equations

Un = I'n, Un,‘r = Gna (2'6)

_ Un, _ Un _ In
() 2-(3) o (1)

with h,, = D;g,,. Condition (2.4) implies
D:D.U, — D;D;Uy, = Dy;Gn — D+ F, = 0, (2.7)

and this is the compatibility condition for the system (2.6).
From egs.(1.1, 2.2) we get that

Fn :Fn(ta Una Un+1a Unfl)a

Gn = Gn(ta UTL+N7 UnJerlv Un+M)7 (28)
where

oG, oG,
OUpy N 0, OUp+m

#0 for some n, (2.9)
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with N = N(G,) and M = M(G,,) functions of ix(g,) and jx(g,). For instance N =
max (41(gn), J1(gn) + 1). The partial derivative of a vector with respect to a vector,
considered in eq.(2.9), is given by the matrix

G, < Ogn/Our,  Ogn/Ovk ) ' (2.10)

oU,  \ Ohy/Ou Ohy/Ovy

The integers N and M are called left and right orders of the symmetry. In the case of the
Toda model

Uy, = elint17ln — gln=ln=1, (2.11)

M = —N and for any N > 1 we can find two different local generalized symmetries. If
N =1, one has an obvious symmetry with G,, = F},, and a symmetry defined by

— — LU —u Up —Up — 2
Un,T—gn—e n+1 "+6 n n1+vn’

2.12
Un,r = Untr = hy, = etnt17Un (Un—‘rl + Un) —elnTtn=1 (Un + U’ﬂ—l)' ( )

In this case no explicit n and ¢ dependence is present, g, = g(un, Un+1, Un—1,Vp) and h, =
(U, Up 1, Up—1, Un, Unt+1, Un—1). An explicit n and ¢ dependent symmetry for eq.(2.11)
has been presented in [13] and is given by

gn =t (U5 + 17U et Ul — 2) 4 (20 — 1)y, + 2wp(t) | (2.13)
where wy,(t) is defined by the following system of equations
wnJrl(t) - wn(t) = Up+1 , wn(t) = et — 1. (2'14)

However, due to the presence of w,(t), the symmetry (2.13) is nonlocal. A local n and ¢
dependent symmetry is presented in [13] for the Volterra equation

an(t) = an(t)[an—1(t) — ant1(t)] (2.15)
and reads:
gn = apf{tlan—1(an—2 + apn—1 + anp —4) — ant1(ant2 + ane1 + ap — 4)] (2.16)

+ap, — (n—1)ap—1 + (n+ 2)ap+1 —4}.
A local conservation law of eq.(1.1) is a relation of the form
Pn = dn+1 — Gn, (2.17)

where p,, and g, are restricted functions. The notion of conservation law is closely con-
nected to that of constant of motion. In fact, if p, has no explicit dependence on n, and
one imposes the periodicity condition u,ts = uy, then the function C,, = Zi:l Ptk does
not depend explicitely on time.

In the vector case, p, and g, are scalar functions of ¢t and of the vectors Uy4;. If

Pn an(t, Un+k17 Un+k1—17 cee Un+k2)7 (218)
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we can introduce its formal variational derivative

—ko
H,

_ % _ apn—l—i 8pn+i _ aanri/aun (2 19)
oU, ou, U, Opn+i/Ovn ) '

i=—k1

In the case of nontrivial conservation law, the vector function H,, # 0 and has the form:

Hy, = Hn(ta Un+m, Un+mfla v Unfm)a (220)
where the matrices Bgffm’ 83anm are different from zero for at least some n and m <

ki — kot

The number m is the order of the conservation law (2.17). The Toda model (2.11)
possesses two different conservation laws for any m > 1. In the simplest case m = 1,
conservation laws are defined by the following conserved densities:

1 1
pp = e¥ntiTin 4 —1172“ P = €Vt (g o) + gvi (2.21)

2.2 Derivation of integrability conditions from formal symmetries

We are going to derive here three integrability conditions assuming the existence of local
generalized symmetries. The theory of GSA for differential-difference equations is given
in detail in [9]. Consequently, we will mainly pay attention to the peculiarity connected
with the fact that we are considering a system of DDE’s.

First of all, we introduce such formal symmetries that the integrability conditions do
not depend on the order of the symmetry.

The Frechet derivative for the vector function (2.8) is defined by the matrix

N

Gr = 8%?” T, (2.22)
=M n+1

where T is the shift operator T'f, = fn+1. F), instead, is given by the following matrix
operator

Fr=FVYT + FO 4 pi=Op=1 (2.23)
with
(1) _ 0 0 ©) _ 0 1 (-1) _ 0 0
E, ( @ 0 ), Ey ( B, v ) Ey 5, 0 ) (2.24)
with
Ofr O fn 0 fn 0 fn
n — ) n — & n— 7 _ 5n: . 2.2
8un+1 ﬂ 8un " c%n 8un_1 ( 5)

'In the case of (2.18), one may have H, = 0, and m may be any number from 0 to k; — ko if H, # 0
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A formal symmetry is defined by the operator

m+1
A(Ln) = Ln,t - [F:;an] = Z Ag)Tiv (2'26)
in terms of the formal series
L,=1L) = Z 197 (M) 20 for some n. (2.27)

1=—00

1) are 2 x 2 matrix coefficients and Ly, = S7___i$)T% and [F¥, Ly] = F¥*Ly, — L, F?.
Such series can be multiplied, using the standard rule (lg)Ti)(lg)Tj) = lg)lqﬁ_iT”j. A
series (2.27) is called a formal symmetry if it satisfies the equation A(L,) = 0. Thus a

formal symmetry satisfies the Lax equation:
Ly =[F},,Ly). (2.28)

It can be proved (using a rather long calculation, see [1]) that the existence of an infinite
hierarchy of generalized symmetries implies the existence of a formal symmetry. But, more
simply we can look for approximate solutions of eq.(2.28). We will call a series (2.27) the
Approximate Formal Symmetry (AFS) of order m and length k if the first k coefficients
of A(Ly,) vanish, i.e.

AD =0, m4+1>i>m+2—k
Applying the Frechet derivative to the compatibility condition (2.7), we are led to
D\G; — [F),G;] = D.F, . (2.29)

As by eq.(2.23) F contains only the shifts 7% with i = —1,0,1, eq.(2.29) shows that if
there is a generalized symmetry (2.8) with N > 1, then the series

Lo=G:i+ 0TM 1y orM24 (2.30)

is an AFS of the order and length m =k = N.

. (1) 30
Let us denote lﬁf ) = a?i) b?i) . The following Lemma shows that (as in the case
Cn n

of the Toda model) we can write down generalized symmetries of two types.

Lemma 1. If the length of an AFS (2.27) of order m is k > 2, then

=

bim) = 0, (2.31)
dim = g(m), (2.32)

and ¥ n either a%m) #0 or agm) =0, Cglm)b?(lm—l) £0.
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Proof. From eq.(2.26) it follows that the condition Al = o implies F,gl)liﬁ)l =
l%m)Féi)m and gives two relations. The first of them is
anally = dan m | (2.33)

where a,,, defined in eq.(2.25), due to condition (1.2), cannot be zero for any n. The
(m)

second is anbiﬁ)l = 0 and implies eq.(2.31). The condition A;, " = 0 gives the matrix
equation
ey = FOLIY = EOI 1B, VR, =0 (2.34)

The elements of the right upper corner of the matrix equation (2.34) provide us with
eq.(2.32), and eq.(2.33) takes the form:

anagﬁ)l =a™ o im (2.35)

As ay, cannot be zero, one has only two possibilities: a%m) # 0 for any n and in this case

aﬁ{”), solution of eq.(2.35), is written in terms of oy, and the AFS will be denoted as

an AFS of the 1st type or agm) = 0. In the second case, we use the diagonal elements of
eq.(2.34) and get

clm = anbgizl) = b Dayym1 - (2.36)
One can see that again there are only two possibilities b&m‘l) #%0 or bglm_l) = 0 for all n.

The first case corresponds to what we will denote as an AFS of the 2nd type. The last

case is impossible because in this case we would have also c,(lm) = 0 for any n, but this is

in contradiction with the condition (2.27) for lﬁ[”) N |

So, as in the case of the Toda lattice model (see for example eq.(2.12)), all known
integrable lattice equations of the form (1.1) are such that their generalized symmetries
generate for any order m > 1 two AFS, one of each type. In order to make theory simpler,
we will assume that our equations (1.1, 1.2) have this symmetry structure. It should
be remarked that the same integrability conditions we are going to obtain under this
hypothesis, could be derived using only one generalized symmetry of high enough order.
However, in this case the calculation would be more complicate (cf. [9]).

Integrability conditions are obtained, calculating coefficients of 1st type AFS starting
from the Lax equation (2.28). A 2nd type AFS leads to the same conditions, as will be
shown in Proposition 1. Generalized symmetries provide us with AFS such that m = k,
and we can formulate the following Proposition for an AFS of this kind.

Proposition 1. If L, is a 2nd type AFS such that m = k > 2, then (Ly,)? is an AFS of
the 1st type of order 2m — 1 and length m — 1.

Proof. Let us consider the first two coefficients of the series

(Ln)? = 19000 T2 4 (il D o alm=0glm ety (2.37)

n n+m n+m n+m
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Using eq.(2.36), one can see that the first coefficient in eq.(2.37) vanishes, and the second
one has the form of the leading coefficient of a 1st type AFS. The formula

A(Lnin) = A(Ln)in + LnA(jJn) (2'38)

shows that (L,)? will be an AFS of the order 2m — 1. As m = k > 2, the series A(Ly,)
is of the first order, i.e. A(Lyp) = 1 ADTi. Then the right hand side of eq.(2.38)

with L, = L, has the order m + 1, but the order of the left hand side equals 2m. The
difference of those orders gives us the length m — 1. 1

With no loss of generality, we can derive integrability conditions using only 1st type
AFS of the first order with arbitrary long length.
The inverse series (L)~ is found using the standard definition

m
Ln(Lp) ™ = (Lp) 'Ly =E,  (Ly)™'= Y 101,

1=—00

where E is the unit matrix operator. In the case of 1st type AFS (2.27), m = —m and

(—m m — (—m— m —1;(m—1 m —
0 = @)™ BT = @) T )T
Inverse series will be of 1st type AFS again with the order m = —m and the same length

k = k. This can be easily checked starting from A(L;') = —L;'A(L,)L;". Using the
invertibility and formula (2.38), one easily proves the following Proposition, formulated
for an AFS with m = k.

Proposition 2. If L, and L, are 1st type AFS with orders and lengths such that m =
k>1and m =k =k + 1, respectively, then the series Ln, = (Lp)~ 'L, is a 1st type AFS
with order m = 1 and length k = k.

Starting from generalized symmetries, we have obtained AFS of the first order. Its
length depends on the order of the symmetries and can be arbitrarily long. Such AFS
symplify the calculations necessary to derive integrability conditions. Moreover, in this
case the resulting conditions will not depend on the order of the generalized symmetries.

Theorem 1. The existence of 1st type AFS of order m = 1 and length k > 3 implies the
following conditions:

PP =(T—-1)¢Y, =123 (1)
Ofn Ofn
P —log I p@ — y(2g® 4 2n)
OUpt1 Oy,

Iy

. 1(0f,\> 1 (0fn dfn
3) — 9,02 + 29mip® @y, 2(L(9m) _1(0%n 9Jn
j28 pqy + 2nppy” + —(py”)” + p <4 <8un) 2(8un>t+8un ,

(i)

where qp’ are some restricted functions, and p = u(t) # 0.
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Proof. The existence of a 1st type AFS, L,, of order 1 and lenght k& > 3, enables one to use
the first three conditions of A(L,) = 0, i.e. we can require that Ag) = Ag) = A%O) =0.
We already know that the leading term of L,, (as L, is of the 1st type) is given by

(1)
z;n:(a;l) ?1)>, a® 20 vn.

Cn, Qn

We also may use eq.(2.35) with m = 1 and the results presented in Appendix A to show
that

(1 1)

(
a

ntl _9n 2 £ 0. (2.39)
Ap41 (679

Redefining L,, — 2Ly, eq.(2.26) reads

2
A(Lp) = Lng + 0(t) Lo — [Fy L) = Y ADT . 0=24'/p. (2.40)
The three first coefficients AS ) are equal to zero, and instead of eq.(2.39) we have o = Q.

The condition AQ) = 0 gives:

b — ) + o (6 + b)) = 0, (2.41)
G + cg) + an (0 — bfloll + Ynt+1 — Yn) =0, (2.42)
e+ V(O — ) + an(Bors — B +dY) — G;Oll) =0, (2.43)

with the functions ay,, By, v, defined in eq.(2.25). The sum of eqs.(2.41, 2.42) divided by
«,, read

2(log o)t = (T — 1) (b — ~,, — 2n6).

n

So condition (C1) with i = 1 is satisfied, and

b0 = 2¢V 4, 4 2n0. (2.44)
Y follows from eq.(2.41):
0
= = (T+ )¢V + 7, + (2n+1)0. (2.45)
n
The elements of the right upper corner of the equation AS’) = 0 provide us with the
relation:

B + 600 + ) + al) — d?) = 0. (2.46)
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Let us rewrite eq.(2.43) divided by ay, as

(1) (1)
Cn Cn
(_an ) - (0 = + (log an)e) + d0 — o) + (T - 1), = 0. (2.47)

From eqs.(2.44, 2.45) and condition (C1) with ¢ = 1, we find that the sum of eqgs.(2.46,
2.47) reads

2% + Opn = (T — 1)(a?) — ¢\) — (@V)? — 208 — B, — calt)), (2.48)
with
o (1) o - / 2
on =2¢," + Y, (T —1)ep, = (An+ 1)(0° + 6°).

Multiplying eq.(2.48) by u, we see that also the condition (C1) with ¢ = 2 is satisfied.
From eqs.(2.46, 2.48), one gets aslo) and d7(10) in terms of q,(f). In such a way we will get
formulae analogous to eqs.(2.44, 2.45), but more complicated.
Let us consider the sum of the diagonal elements of the equation A1(10) = 0. It can be
expressed in the form:
(a® + d©); + 0(a® + d®) = (T — 1) Dap-1) ~ 0,

n n n n

the equivalence relation being defined in Appendix A. Multiplying by p?, we see that
(u? (a%o) + d%o)))t ~ 0. This conserved density ,u2(a7(10) + d%o)) is equivalent to 2p,(13). 1

2.3 Formal conserved densities

Now we derive some additional integrability conditions by requiring the existence of local
conservation laws. The theory is very similar to the one of Section 2.2, and we briefly
discuss the main points of it, comparing the results with those of that Section.

In Section 2.1 we gave the definition of local conservation laws (2.17) and of their order.
Applying the operator 6/0U,, introduced in eq.(2.19) to eq.(2.17), we obtain

S /0Uy = 0, (2.49)
and eq.(2.49) can be written in the form:
(Dy + FXNYH, = 0. (2.50)

Here D; is the operator of total time differentiation (2.5), H, is the formal variational
derivative (2.19) of the conserved density p,, and F;T is the transposed of the Frechet
derivative F¥, defined by

1 T

« aFn 7 i —1 1 —

Bl=2 < o0, ) T = (FSOIT + (EO) + (R,
1=—1
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where F )

s have been defined in eq.(2.23), and T denotes matrix transposition. One gets

Frt= O 4 FO 4 pEOp=L

where the coefficients FT’L are given by

(1) — 0 6n+1 (0) _ 0 Bn P(—1) _ 0 anp_1
" 0 o0 )7 " 1oy, )7 0 0 0

with o, Bn, Yn, On given by eq.(2.25).
Let us note that the compatibility condition (2.7) can be rewritten as an equation for
the right hand side G,, of the generalized symmetry:

(De = F)Gp =0, (2.51)

and this equation is very similar to eq.(2.50).

In Section 2.2, instead of solving eq.(2.7) for the symmetries, we considered the formal
symmetry L,, defined by the equation A(L,) = 0, where A(L,,) is defined by eq.(2.26)).
Here, instead of solving eq.(2.50) for the variational derivative of a conserved density, we
consider the formal conserved density. A formal conserved density will be a solution .S,
of the equation B(S,,) = 0, where

m+1
B(Sy) = Snt + SuFy + Fi1S, = > BUTY, (2.52)
with
Sp= > SOT', 8™ £0 for some n, (2.53)

and Br(f), ST(Li) 2 x 2 matrices. We will consider approximate solutions of the equation
B(S,,) = 0 which will be called Approximate Conserved Densities (ACD). The series Sy,

given by eq.(2.53), is an ACD of order m and length k if the first k coefficients BS) of the
series B(S,,) vanish.
After applying the operation * to eq.(2.50), one obtains

2
B(Hy) =Y HYT (2.54)
i=—2
where I?T(f) are some matrix coefficients which form is not essential. The series
S,=H'+ 0T ™ '4 o1 ™24 .. (2.55)

is of the order m (see formula (2.20) and the definition of the Frechet derivative (2.22,
2.8)). For this reason, eq.(2.54) shows that, if p, is a conserved density of order m > 2,
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then the series (2.55) is an ACD of order m and length & = m — 1. So, starting from
a local conservation law (2.17), using the formal variational derivative (2.19) we get an
ACD (2.55) (cf. with eq.(2.30)).

Introducing the following notation for the coefficients of an ACD (2.53):

(0 @)
s — [ an Pni)
n 77(;) 67(11)

one can prove, as in Lemma 1, that if the length of an ACD is k > 2, then
o =0, A=, (2.56)
and two cases only are possible:

Ist type ACD: 8™ £0 Vn,
2nd type ACD: flm) =0, a%m)éém_l) 20 Vn.

For all known integrable equations of the form (1.1) and for any order m > 1, the existence
of local conservation laws generate two ACD of length m—1, one of each types (see example
eq.(2.21)). In order to obtain here additional integrability conditions, we assume the same
should be true for the conservation laws.

As it has been already said, the integrability conditions (C1) can be derived, using only
one generalized symmetry of high enough order. To get all five conditions, we could use
a generalized symmetry and a conservation law of high enough order (with no connection
between the simmetry and the conservation law and no restriction for the type and order)
or a pair of local conservation laws. However, in such a case, the calculations would be
more complicate. So we use the following scheme.

Given an ACD S,, and an AFS L,, one obtains another ACD by considering their
product S, L,, as

B(SpLyn) = B(Sn)Ln + SwA(Ly) - (2.57)

If the ACD S, is of the 2nd type of order m; and length k1, and the AFS L, is also of
2nd type of order ms and length ko > ki, then the new ACD S, L,, will be of the 1st type,
of order m = m1 + mo — 1 and length k = k1 — 1. This shows that any ACD of 2nd type
can be reduced to one of the 1st type.

Let us consider a 1st type ACD S,, of order m > 2 and length m — 1 and an AFS L,
of the 1st type of order 1 and length greater than m — 1 (see Proposition 2). It is easy to
verify that S, L1 =™ is a new ACD of the 1st type of order 1 and length m —1 (see eqs.(2.38,
2.57)). We will use such an ACD for deriving additional integrability conditions. As the
ACD is of 1st order, those conditions will not depend on orders of local conservation laws.

Theorem 2. If there exists an ACD of the 1st type of order m = 1 and length k > 2, then
we must have
) = (T -1)sW, i=1,2, (C2)

n
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7.<1>:10g< fn /%» r@  50) 4 On

" 6un+1 aun_l 8un

where 37(1) are some restricted functions.

Proof. As S, is an ACD of the 1st type with m = 1, after defining ﬂg) = —77(11) = pn # 0,
we have

(1)
S(l) _ Qp Pn ]
n om0

The equation:

B2 _ g) p()

n n n+1

+ FS)S% =0

obtained from eq.(2.52) with m = 1, gives the relation

Pn—10n = (5n90n ) (258)
with «a,, d,, defined by eq.(2.25). Than one can see that

e
Y =log(5) = (T ~ 1)(log on 1) ~ 0,
n
i.e the first condition of (C2) is satisfied. We can define s%l) = log ¢n_1, where 37(11) is the
restricted function defined by (C2) with ¢ = 1.
Let us consider the second equation, B,,(Ll)
left lower corner elements divided by ¢, gives

= 0. The difference of the right upper and

5n n
Qn = 2(10g (Pn)t + Yn+1 +vn + - 553)-1 - 04_57(10) =0. (2'59)

n $n

Using eqs.(2.58, 2.59), Q,, can be written as

5,0
= 26101 (T4 D + (T = 127~ 250 ) = 2012

This shows that 7“,(12) ~ 0, i.e. the second condition of (C2) is satisfied as well.l

2.4 Discussion of the integrability conditions (C1, C2)

Let us discuss here some consequences of the integrability conditions (C1, C2) which will
be useful for classifying equations and checking their integrability. In particular, we will
present the explicit form of the integrability conditions, and at the end we will consider
the particularly important case of equation (1.1) with f,, not depending on .

It is convenient to check the integrability conditions (C1, C2), taking into account
eq.(A.3) of Appendix A, i.e. the fact that, if higher symmetries and conservation laws do
exist, the following equalities must be valid

5unp" (an” 0 (1=1,2,3), (2.60)
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5 . .
P () RN () ;= 1,2). 2.61
i) = (i=12) (261)
From (C1, C2), pﬁf) and 7“53) are defined explicitly in terms of f, of eq.(1.1). So the
conditions (2.60, 2.61) with ¢ = 1 are explicit. One only needs to apply partial derivatives
and arithmetical operations, and than checks if a function is equal to zero. Such checking
can be easily done by a computer.

To check eqs.(2.60, 2.61) with ¢ = 2, we need first to find the functions qf(Ll), 353). It

turns out that also these conditions can be written in explicit form. All partial derivatives

of q,gl), 37(11) w.r.t. Upik, Untr are found by differentiating the relations (C1, C2) with

(2)

i = 1. Taking into account the form of p;,’ given in (C1), we see that only the following

two terms: 2/lq7(11) and 2u6q7(3) /Ot in ]57(12) cannot be rewritten in an explicit form (cf.
eq.(2.5)). However, after applying variational derivatives w.r.t. w, or u,, we get an
explicit expression for eq.(2.60) with ¢ = 2. Exactly the same will happen for rf) given
by eq.(C2).

(1)

As an example, let us consider eq.(2.61) with ¢ = 2. The function 7, ’ is a restricted

function of the type of eq.(2.1) with i1 = 1, is = —1, j1 = jo = 0. This means, see
Appendix A, that r,(ll) and sg) cannot depend on 4, and thus

st = st up, un_1) (2.62)
Consequently

o os o8 o8 L o

n ot Oup " OUup_q nt Oy,

and differentiating eq.(C2) with ¢ = 1, one obtains

85%1) B 3?“7(11_)1 857(11) . 81"%1)
ou,  Ou, Oup_1  Oup_1
So we have

oy 9wy, Pl
Sin 8—%(%—1 —Tpi1) T iz

=0. (2.63)

In this way we have obtained an explicit integrability condition. As r%l) has no dependence

on .k, differentiating eq.(2.63) w.r.t. u,, we obtain
DPfn)0ut =0 Yn. (2.64)

This is a very simple and general necessary condition for the integrability which implies
that any integrable lattice equation of the form (1.1), (1.2) may have only quadratic
dependence on 1iy,.

Let us study the particularly important case of equations (1.1, 1.2) with df, /04, = 0.

In this case the integrability conditions can be greatly simplified. From the form of rg)
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and from eq.(2.62) it follows that conditions (C2) with ¢ = 2 is equivalent to s~ 0

(see eq.(A.8) of Appendix A). Also, the conserved density p,(ll) of conditions (C1) do not

depend of 4,1k, and thus it is trivial, i.e. is a total difference: pg) = (T — 1)wy. We have

qﬁll) = Wy, as wy is defined up to an arbitrary function of {. By redefining;: pg) — 2p,(12)

and qff) — 2q,(12), we can express p7(12) and p,(l?’) of conditions (C1) in terms of wy, as stated

in the following Theorem.

Theorem 3. When

for any n, the integrability conditions for the lattice equations (1.1, 1.2) can be simplified
and, instead of conditions (C2) with i = 2 and conditions (C1) with i =1, we have

sV~o,  pV=T-1)w, (C3)

where wy, is a restricted function. The conserved densities pq(lz) and pf) of conditions (C1)
are replaced by
Afn

Py = p(t) in, P = dp () + njuin) + 417 (wi + aT) : (2.66)

Let us notice that we must interpret the functions q,(f ), s,(f), wy, and p(t) in the same

way as in all the previous integrability conditions: we have only to require the existence
of those functions, such that they satisfy the conditions (C1, C2, C3). When studying a
given equation, i.e. for a given function f,, we at first define the functions q,(f ), sg), Wy, up
to an arbitrary ¢ - dependent integration function, i.e. up to elements of Ker(7'—1). Then
we have to require that some concrete t-dependent functions exist (instead of arbitrary
ones) such that the conditions are satisfied.

Let us notice that the integrability conditions (C1, C2) are the same as those of the
previous papers [8] and [6], where the equations and their local generalized symmetries
and conservation laws had no explicit dependence on n and t. The dependence on time
introduce a new function u(t) which, when no ¢ dependence is allowed, reduces to a
constant.

Equation (1.3) is an example of equation with ;i # 0. In fact,

fo = (T = 1)e" %=1 — aq, — 20°n ~ —adl, , (2.67)
(1)

pr’ of condition (C1) has the form ) = (T — 1)u, and g =i, + B(t), where [ is an

@

arbitrary integration function. py’ ~ 2ut, and we can find its time derivative:

PSP~ 2t + 24 fn ~ 2 — pr)is,

(see eqs.(A.4, 2.67)). Condition (C1) with ¢ = 2 implies i = ap which shows that i # 0
if a # 0. Equation (1.3) satisfies all conditions (C1, C2). This is not surprising, as the
transformation

Uy, = Up + 2n(at — loga) t=e (2.68)
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reduces eq.(1.3) to the Toda lattice equation (2.11) [18]. Eq.(2.68) is a point transforma-
tions depending on n and ¢ which do not change the integrability of eqgs.(1.3, 2.11). The
two equations related by the transformations(2.68) are equivalent.

The following three lattice equations are other examples of equations which satisfy the
integrability conditions (C1, C2):

Uy = P(un)(@(un—l-l - Un) - @(Un - u’ﬂ—l)) )

¢'(2) =Qp(2)) ,  P"(2) =Q"(2) = const ; (2.69)
"(uy, SR(z

iin, = (R(uy) —12) (un+11— R —1un_1> + R(2 ) : aig ) _ o . (2.70)

iy, = exp(Uup+1 — 2Up + Up—1) - (2.71)

All the coefficients in the polynomials P, @}, R are arbitrary constants (which may be
complex too), i.e. really eqgs.(2.69, 2.70) are classes of equations with many constant
parameters. The Toda lattice equation (2.11) belong to the class (2.69).

Equations (2.69)-(2.71) give a complete list of equations, up to point transformations

U = op(t,uy) t=0(t), (2.72)

satisfying the conditions (C1, C2) in the n- and t-independent case [8]. For any fixed
constant coefficients, the lattice equations (2.69)-(2.71) are integrable in the sense that
have infinite hierarchies of generalized symmetries and conservation laws [6].

As a further example, let us consider two known equations with an explicit dependence
on the discrete variable n which are of the form (1.1, 1.2) and are related to the Toda
lattice. The first of them was considered in the paper [15] and has the form:

il = @, e2nt2Un+1=0nln 4 | oOnt1Un=Cn-1Un—1 4 Anui + Bpi, + Cp (2.73)
where

on=En+C#0,  £#0 (2.74)

for all n, and the other coefficients are specific functions depending only on n. The second
one has been found in [9]:
(1 Un+1 — Un Up — Un—1

=eXxp———— —€Xp ———— (2.75)
On+10n On+1 On

with g, given by eq.(2.74). Both of them belong to the class
iy = an(t)eﬁn(t)Un+1+’Yn(t)Un + I (t, Uy Up, Un—1) (2.76)

with a3, # 0. Applying the conditions (C1) with i = 1 to eq.(2.76), one easily can check
that

(1

D)~ (But 4 Yn)itm + (Bt + V) tin ~ 0

)
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and immediately obtains the following condition: 3, = —v,41 for all n. Both equations
(2.73) and (2.75) do not satisfy this condition and, consequently, cannot have the local
symmetry structure. It is not surprising, as for example eq.(2.73) has in the corresponding
spectral problem the spectral parameter with a dependence on the time (as a master
symmetry) [15]. The equation (2.75) is closely related to the potential Toda lattice (2.71)
by a transformation of the form:

Up = Oplnt1 — Ont1Un + M ,

where 7, is a specific function defined by g,, (if u,, is a solution of eq.(2.71), then @, satisfies
eq.(2.75)). After this transformation, standard generalized symmetries and conservation
laws of eq.(2.71) become nonlocal (are not expressed in terms of restricted functions (2.1)).

3 Applications

We apply here the integrability conditions to some classes of equations characterized by
the fact of either have many point symmetries or are of physical interest. They belong
to the particular case of eq.(1.1, 1.2) when 9f,/0u, = 0 for any n. We are not able
to classify such equations completely, but we can solve the problem in each of the two
following subclasses:

0% fn)OUp110Un_1 #0 Vo, (3.1)
82fn/8un+18un_1 =0 Vn. (3.2)

A number of lattice equations contained in the papers [16] and [17] belong to those sub-
classes.

There is in [16] a classification of equations of the form (1.1), (2.65) according to their
Lie point symmetry algebras. One can assume that the existence of many symmetries is
an indication of integrability. Consequently we can ask ourselves if some of the equations
of [16] are integrable in the sense we discuss here. The highest dimensions of the symmetry
algebras are 7 and 6, and the corresponding equations (1.1, 2.65) are defined by three types
of functions f:

fo=anll . fo=et T =aylog&n + by (3.3)
where
gn - an(“n—l—l - un) - an—i—l(un - un—l) 5 (34)

v # 0,1 and the coefficients a,, «, do not vanish. Let us notice that also the potential
Toda lattice (2.71) belong to this class. All such equations belong to the class (3.1). 5
dimensional symmetry algebras correspond to functions f,, which are of the form

0?2 n
Fo = bt n) + 0n(8) (i1 — wn) % 40 (3.5)
fo = anull uGrul anbpd, # 0 | (3.6)

fro = (Ung1 — un) <M> ; (3.7)

Up — Un—1
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with &, given by eq.(3.4)). Eq.(1.1), with f,, given by egs.(3.5, 3.6) are always of the class
(3.1), but eq.(3.7) belongs to this class only if z4//(z) # 24¢/,(z) for any n. If ¢,(z) =
an 2> + by, anby, # 0, eq.(3.7) is of the class (3.2). In the following we will investigate the
integrability for almost all the equations defined by the functions (3.3 - 3.7).

In the paper [17] the authors investigate the following system:

m1g = o (Weg1 — vg) — az(vp — wg) + £[B1(wWrg1 — vg)? — Pa(vp — wy)?]

matiy = ag(vk — wi) — o1 (wg — vg—1) + €[Ba(vr, — w)? — Br(wg — vk—1)?] (38)

where (o, B, m;,€), i = 1,2, are nonzero constant coefficients. Eq.(3.8) describes the
evolution of a perturbation on a diatomic chain. Eq.(3.8) belong to the class of equations
(1.10) and can be written as

M, iy, = (Pn+1(un+1 - un) - (Pn(un - un—l) s (Pn(z) = 51122 + an s (39)

where M, &, and (, are two-periodic functions of n, a subclass of eq.(1.9). Eq.(3.9) is
of the class (3.2), and studying this class, we can look for an integrable approximation to
system (3.8).

In the last part of this Section, we will present two Theorems which will provide results
for lattice equations of the form (1.1, 1.2, 2.65) satisfying condition (3.1) or (3.2). First
of all, let us present a preliminary calculation in the general case (2.65).

To rewrite the condition (C2) with ¢ =1 in a simpler way we introduce the functions

2
Z’N,(t?una un—1)7 yn - a 88271' - exp 8'511)7
UnpOUn—1
0zn 0
(D . 8T(Zn+l + 2n), (3.10)

with sg) given by eq.(2.62). As 9y, /0unt1 = Ynt+1 and Oy, /Oun—1 = Yy, , the exponent

of condition (C2) with ¢ = 1 reads:

OV Ofn  OYp  Ofn
Op—1 Otpi1  OUupiy Oup_y

Consequently f,, and 1, are functionally dependent i.e.

Jn = @n(t, un, wn) ) 3%/3% #0. (3.11)
So, instead of the first condition of (C2), we have the representation (3.11). As we are
considering the case when f;, satisfies the condition (2.65), the first of the conditions (C3),
contained in Theorem 3, implies sg) = (T — 1)3,, where 8, = §,(t,up—1). Then y, can
be represented in the form
Pn
Yn =
Pn—1

Two other integrability conditions will be used partially. From eqs.(C1, C3, 3.12) one
has

s Pn=palt,un) (3.12)

Ofn Opn 0pn
1 - =1 1 ~ 1 ~ 0. 3.13
pTL Og 8un+1 Og aw + Og yn+1 Og 81/]” ( )

n
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As ¢, depends on the same variables as 1, taking into account eq.(A.9) we get

o2 agpn 0 0 Pn 0? ©n
O 110up—1 tog M Oupt (yn 0y, log a¢n) N ynﬂyna—ﬁ log O 0 (3.14)

for all n. From eq.(3.14) we get

Oen _ €A Ap = an(t, un)n + bp(t,uy) - (3.15)
OMn
From eq.(3.11), by differentiation
02 fn,
/ = anynﬂyneA". (3.16)

aun+1aunfl
So, the conditions (3.1, 3.2) can be formulated in terms of a,,

0 fa
RS Ca—" RN n=0. 3.17
8un+18un_1 a ( )
The following condition

S(2) _

Y29 (Hwn)t ~0, Wnp = wn(t’una Un—l) y

takes place (see eqs.(C3, 2.66)). Consequently the second of eq.(2.60) with i = 2 is
equivalent to the following three conditions:

2wy, o0, out’2Q,
— =0 = —_ = 1
8unaun_1 9 auTL 0 Y 8t 0 Y (3 8)
where
Swp, 0
Q, = &n _ —(wnt1 +wn) -

" Su,  Oun

The first two conditions of eq.(3.18) require that €, = &,(t), the last one implies &,(t) =
Z/n,u(t)_l/ 2 where v, depends only on n. Then the function w, satisfies the condition

wp, ~ & (t)uy, (3.19)
We can now prove the following theorems:

Theorem 4. An integrable lattice equation of the form (1.1), (1.2), (2.65) satisfying the
condition (3.1) is equivalent (up to a point transformation (2.72)) to the potential Toda
lattice (2.71).

Proof. In the case (3.1), it follows from eq.(3.17) that a, # 0 for any n. Let us use the
condition (C1) with ¢ = 2, where pg) is given by eq.(2.66). Taking into account egs.(3.19,

A.4), one has

)~ i fu+ (L) tn ~ 0 .
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The equality 11&,0? f,,/Oun110u,_1 = 0, obtained taking into account eq.(A.9), gives &, =
0, which implies w, ~ 0.

We can use the second of conditions (C3) to find the partial derivatives of wy,. It follows
from eqgs.(3.12, 3.13, 3.15) that pg) = an¥p + by +10g prt1 — log pn, = wpt1 — wy, , and
thus we obtain

ow Owp41 Odlo 1
L= —QnYn , ia ApYnt+1 + ﬂ

Oup—1 Ounq1 Oup i1

The first of conditions (3.18) implies a(gzp n) = a(%"/ 2n) — 0| and consequently a, = an(t),

Un,

pn = pn(t). As wy ~ 0 (see eq.(A.3)), one can find

Ny = — = an-1Yn — An41Ynt+1 = 0.
Thus, as we have to do with the kernel of T'— 1,
AnGn—1Yn = Ani1anYn+1 = K(t)

and it is possible to find an explicit expression for y,

K(t)

an(t)an—1(t)

From eqgs.(3.10, 3.15), we get

Yn =

An = Up+1 + Up—1 + Cn(t7 un)

Gn+1 anp—1
and eq.(3.13), i.e. A, ~ 0, provides us an equation for cy:

0N, K dcy,
=2—+—=0.
dup, an + ouy,

Taking into account the results so far obtained, we can rewrite eq.(1.1) as
1
an = _eAn + dn(t7 un) 5 (320)
an
where
0N, Kk Ocy

2 4,
dup, an+8un

A point transformation of the form u,, = u, + (,(t) and a ridefinition of a,, d,, allow one
to rewrite eq.(3.20) as

Up, = GXP(5n+1Un+1 — 20pup, + 5nflun71) + dn(ta un) ’ (321)

with 0, (t) # 0 for any n.
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Let us apply to eq.(3.21) the second of conditions (2.60) with ¢ = 3. The coefficient

of 4, gives 2ud’, + /'8, = 0, and thus one can write 6, (t) as 8,(t) = apu(t)~Y? with o,
depending only on n.
The transformations
Up, = 1(t)up , t=0(t), 0 =n*+#0 (3.22)
Up = Entin + An () , en #0 (3.23)

do not introduce i, in the equation. Using them we can reduce the equation to the form
(3.21) with 4, = 1.
Now u/ = 0 and the condition (2.60) with ¢ = 3 give an equation for d,,:
0%d,, ady,

44 (3.24)

2(dn+1 - 2dn + dnfl) = W o

Differentiating eq.(3.24) w.r.t. uy,+1, one has dd, /Ou, = 0, and thus
dy, = B1(t)n + Ba(t). (3.25)

Eq.(3.21) with d,, given by eq.(3.25) and §,, = 1 is reduced by a transformation of the
form (3.23) to the potential Toda lattice (2.71). I

Theorem 5. Any integrable lattice equation of the form (1.1, 1.2, 2.65) satisfying the
condition (3.2) is reduced by a point transformation (2.72) to the Toda model (2.11) or an
equation linear in Upy1, Uy and Up—1.

Proof. In this case a,, = 0, and the conditions (3.13, 3.15) imply by, ~ 0. Then b,, = b, (1),

and using eqs.(3.10, 3.11, 3.12), we can express the right hand side f,, and pgl) of condition
(C1) and wy, of condition (C3) as

fn — ebn(t)wn + Cn(t7 un) , (326)
P =bn+ (T —1)logpn ,  wy =logpn + bt) .

We now use eq.(3.18) with ,, = ag)fnp" and obtain

108 pn = &n(t)tn + Gu(t) . &n(t) = wap(t) /7. (3.27)
Using the condition pf) ~ 0 with pg) given by eq.(2.66) we can check that the following
equivalence relation takes place:

01 0 0
:U’_1/2p£12) ~ M_1/2 HM + VnCn + Vnebn “ntl + Vn+1ebn+l ﬂ ~ 0.
ot . Ouy, Oun 1

M1/2 52
Yn+1 8un+18un

In accordance with eq.(A.9), we apply the operator and obtain the condition

(see also eq.(3.12)):

Vgeb"(t) = VZHeb”“(t) =b(t) . (3.28)
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We can now split the proof into two different cases: b=0and b # 0.
Let us consider at first the case b # 0. Using formulae (3.10, 3.12, 3.26, 3.27, 3.28), we
find the functions py, Yn, ¥n, by, frn and obtain as a result an equation of the form:

Vnﬁn — eén-{»lun-ﬁ»l*énun‘i’an-{»l(t) _ egnunfgn—lun—l+an(t) + ﬁn(t’ un) . (329)

The function &, has the specific form (3.27) and v, depend only on n. Using egs.(3.22,
3.23) we are able to transform eq.(3.29) into the simpler one:

iy, = eUn+1=Un _ pln—Un—1 4 ’Yn(taun) . (330)
Taking into account that w, = u, + d(t), we have
pg) ~ WUy + ey ~ 0,

and this condition implies: g = 0v,/0u, = 0. From eq.(2.66) the last integrability
condition reads:

) ~ 202 (v + d)i, ~ 0 .

Then v, = —d(t), and the point transformation @, = u, + d(t) turns the eq.(3.30) into
the Toda model (2.11).

In the case b = 0, one can see from eqs.(3.12, 3.27, 3.28) that y, = yn(t). Using
egs.(3.10, 3.26), eq.(1.1) takes the form:

ﬁn = an(t)un-‘rl + /Bn(t)un—l + ’Yn(ty un) ) (331)
with a8, # 0. For an equation of this kind, the functions pq(q,l), W, pg) and qq(f) may
depend only on n and ¢. This implies that pS)) ~ 11207, /Ouy,. From eq.(A.8) we get that
p,(lgz ~ 0 can be replaced by the condition u29~,/0u, ~ 0 which gives 92+, /0u? = 0.
Then the right hand side of eq.(3.31) is also linear in wu,. I

4 Conclusions

In this work we have presented 5 necessary conditions for the existence of local higher
order generalized symmetries and conservation laws for equations explicitly depending on
n and t of the form (1.1, 1.2). This conditions imply that any integrable equation of
the form (1.1, 1.2) must satisfy eq.(2.64) and consequently may have, at most, quadratic
dependence from 1.

We have used the obtained conditions to study a few classes of interesting equations.
Unfortunately, as Theorems (4, 5) showed, the classes (3.1) and (3.2) (in the case (2.65))
contain only, up to point transformations of the form (2.72), the well known integrable
equations (2.11) and (2.71). Moreover, we can prove that there is nothing new also when
the function f, = f,(t,w,x,y, z) defining eq.(1.1, 1.2, 2.65) is two-periodic w.r.t. n and
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satisfies condition (3.1) for one n and condition (3.2) for the other. In another words,
among systems of the form

i}k = (I)(t7 Vk, WEk+1, wk‘) ) q)’wk+1q)wk 3& 0 )
wk = \I}<t7 Wk, Vi, 'kal) ) \I/,Uk\I/Uk_l 7é 0

(see eq.(1.10)) which also contain eq.(3.8), there is no new integrable approximation of
eq.(3.8).

The request of existence of local high order generalized symmetries seems to be too
stringent. The next possibility is to allow for some nonlocality (as e.g. example of eq.(2.75)
shows). Work on this is in progress.
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Appendix

A Properties of Restricted Functions

Let us discuss some properties of restricted functions. Most of properties can be proved
very easily, and thus in that case we will only present the results.

Let us define an equivalence relation for restricted functions (2.1). Two restricted
functions g, and g, are equivalent (g, ~ g,) if their difference can be represented in
the form g, — gn = (T — 1)y, with ¢, a restricted function. In particular, g, ~ 0 if
gn = (T' — 1)o,. For any function ¢, = ¢,(t) (i.e. depending on n and ¢ only), one has
¢n ~ 0, as the equation 0,1 — 0, = ¢, can always be solved for o, = 0, (¢).

Let us discuss the case when a restricted function g, can be represented as a total
difference:

gn = (T = 1y | (A1)
where h,, is another restricted function. If g, = 0, then h, = h(t). If g, = gn(t) (ie.
depends only on n and t), then h,, always can be found and is a function of the same kind:
hy, = hy(t). In more general case of (2.1) we have two cases:

1. i1 = 42, then the function h, cannot depend on variables wu, 1 at all.

2. i1 > ig, then h, may depend only on {up4i,—1,.- ., Uptiy}-
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Moreover, for a function of the form (A.1), from formal variational derivative one has

—ig

5un Oouy,

k=—11
On the other hand, if §g,,/du, = 0, g, is equivalent (up to a total difference) to a function
Gn (gn ~ gn) which has no dependence on {unJrk}f:il.

The same can be said about the dependence of g,, from variables {un+k}§f‘: ;.- Summa-
rizing, we can say that

. dgn dgn
n ~ ff — =——=0. A.
0 i Su 8ty O (A-3)
As we can easily see, when
Ogn,
n ~ 0 = Dign ~ 0, WNO, nt)gn ~ 0, (A.4)

where D, is the operator of total differentiation and 7(t) is an arbitrary function of ¢.
Moreover, for any restricted function g, we have from eq.(2.5)

Ogn  Ogn . dgn
Dygpn ~ ot + Eun + mfn ) (A.5)

as for example 6u By ™~ 8%” 21, , and hence from eq.(A.2)

i1

Z aagn . 3gn ki — Z 59n+l — 5&%' (A.6)

(7 u
n+k k=12 l=—11 n

Let us consider a function g, independent on t,1; and such that D.g, ~ 0, then
eq.(A.D) gives

Agn dgn .
W + mun ~0. (A7)

The left hand side of eq.(A.7) must be independent on ,,, hence dg,, /du,, = 0, and eq.(A.3)
implies g, ~ 0. Taking into account eq.(A.4), we get that if dg,, /0,41 = 0 for all k, then

Dig, ~0 & gn ~ 0. (A.8)
One simple, but very useful property of restricted function g, is:

0, i = — P gy, (A.9)
n ) 1 2 aun—f—il au”+i2 . .
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