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Abstract

Using the theory of self-adjoint extensions, we study the interaction model formally
given by the Hamiltonian H, + V(r), where H, is the Aharonov-Bohm Hamiltonian
and V(r) is the §-type interaction potential on the cylinder of radius R . We give the
mathematical definition of the model, the self-adjointness of the Hamiltonian and pro-
vide relevant spectral properties, results for resonance effects and stationary scattering
characteristics.

1 Introduction

The Aharonov-Bohm effect has received much attention in recent years [2, 5, 6, 8]. Re-
cently, Dabrowski and Stovicek described a quantum particle interacting with a thin
solenoid and a magnetic flux with point interaction [6]. In this article, using the von
Neumann theory of self-adjoint (s.a.) extensions of linear symmetric operators [4, 3, 7, 9]
we investigate such physical properties as the stationary scattering theory, the spectral and
resonance properties for the non relativistic Aharonov-Bohm type Hamiltonian formally
expressed in polar coordinates as

Hy +V(r), (1.1)

where

2? 10 1,0 2
a2 ror Tialigg — (12

is the well known Aharonov-Bohm Hamiltonian acting in the Hilbert space H;

H, = -

V(r)=¢&0(r— R), with {€R, R>0. (1.3)
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In (1.2), we have fixed h = 1, m = 1/2. Besides, without loss of generality, we restrict
our study to the case 0 < a < 1.

2  The Model: Definition and Relevant Physical Properties

Consider the radial equation for § - cylinder interaction deduced from (1.1) using (1.2)
and (1.3), and formally given by the expression:

d? 2_1/4
+(a+m) /

—o3 2 +&nd(r — R)| fin(k,7) = k2 fin (7). (2.1)

Then, we assume the function f,,(k,r) continuous at r = R as follows:

fm(k7R+) - fm(k7R—) = fm(k7R)' (2'2)

Integrating the equation (2.1) between r = R — € and r = R+ € and taking the limit when
e — 0, we have:

frln(k7R+) - frln(k7R—) - gmf(k7R) (2'3)

Let us consider in L2(R?) the closed and non-negative operator H, = Ha|{coo RA\(GTOR}
0 s
with the domain

D(Ha) = {f € L*(R*) N Hjp2(R?)/f(9T(0, R)) = 0, Haf € L*(R?)}, (24)
where H;»"(Q) is the local Sobolev space of indices (m,n). Let us now decompose the
Hilbert space H = L?(R?), L*(R?) = L?(R")® L*(S!), S* being the unit circle in R2.
The isomorphism U is then introduced in order to remove the weight factor r from the
measure:

[ L2((0, 00 rdr) — L2((0, 50)sdr) = L2((0, )
U'{ f o (U () = VA (), (25)

so that we get the following decomposition of L?(R?):

m=+o00 im
@ U- L2R+)®{i/;},mez. (2.6)

Provided this decomposition Ha = @z,Jr; U~ 1ha mU Q@ 1, where the operator hmm in
L%(]0, <) is defined by
2 (a+m)*—1/4

ham = —— , 2.7
' dr? + r2 (2.7)

with the domain
Dlham) = {f € L2(0,00L,dr) 0 HZ2(10, 00])
F04) =0if (0 +m)® —1/4=0; f(Rx) = 0;
—f" 4 ((a+m)* - i)r_Qf € L*((0,00)) } , me Z. (2.8)
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The adjoint operator h(’;m of hmm is defined by
d_2+ (a+m)* —1/4
dr? r? '
with the domain
D(hin) = {f € L*(10,00[,dr) 0 Hy (10, 00[—{R}); f(04) = 0 if
(a+m)* —1/4=0; f(Ry) = f(R_) = f(R);

2 a+m)?—
(—%Jr( o 1/4>f6L2(]O,oo[)}, m ez (2.9)

- _
ha,m -

Consequently, we obtain H = @7=+% U_lhz,mU @ 1. The indicial equation reads

m=—0oQ

by fm (k) = k% fo(k,7), or equivalently

2 a m 2
[_% + ( - 7“)2 1/4] fm(kar) = kam(kaT)' (2.10)

Next, selecting, in the two-dimensional space of solutions, the solution which vanishes at
the point » = 0 and satisfies the boundary conditions (2.2) at » = R, we arrive at the
function

GO kR xF®  (kr); r<R

|a+m|—1 |a+m|—1 -
atml (k1) = 2 2 2.11
Tt T) = 5O By 6® k) e R 21
lotm|—3 lotm|—5
where

O () = (8) 0 (o §) e )

’ (2.12)

0 —in v+i 1o (2
G(y)(k,r):TF(V;_’_%)(g) QTQHi_:%(kT) .

Ji(z) and H, l(Q)(z) are the Bessel and Hankel functions of order [, respectively [1]. Putting
(2.12) into (2.11), we get

ir p1/2 p7(2) 1/2 .
f| N |(k; r) _ 7R / H|oz+m|(kR)r / J‘aer‘(kiT) s T < R, (213)
ot ZRY2 g (RR)PVZHD, (k)3 7> R

Since the indicial equation admits one solution, hmm has deficiency indices (1,1) and,
consequently, all self-adjoint (s.a) extensions of hq , are given by a l-parameter family of
(s.a.) operators [4] which is defined by

d_2+ (a+m)*—1/4
dr? 72 ’

ha,m,ﬁm = -
with the domain
D(hame,) = {f €L*(0,00[,dr) N Hy2(10,00[\{R}); f(04) = 0 if
f(R); f'(Ry) = f'(R-) = &nf(R);

(a+m)® —1/4=0; f(Ry) = f(R_)
2 a+m)?—
<—%+( i T)Q 1/4> f e L*]0,00[)}, (2.14)
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m € Z, —00 < &, < +oo. The case &, = 0 coincides with the free kinetic energy

Hamiltonian hq mo for fixed quantum number m. Let § = {£,,}mez and introduce in
L?(R?) the operator
m=-+o00

Hoe= P U ' hame, UKL (2.15)
m=—oQ

By definition, H, ¢ is the rigorous mathematical formulation of the formal expression (1.1).
Actually, it provides a slight generalization of (1.1), since £ may depend on m € Z.

2.1 The resolvent equation

We get the following:
Theorem 1. (i) The resolvent of hamg,, s given by

(ha,m,ﬁm - k2) = (hOé,m,O - k2)_1 + :U'm(k) (f\aer\(_E)v ) f|a+m|(k)7 (2'16)

k% ¢ P(ha,m,gm), Im(k) > 0; m € Z, where pm(k) = —&nll + &mgm (R, R and
(ha,m,o — k:z)_l, is the free resolvent with integral kernel

-1

(k,r) x |(0) i (k,")y; " <r,

ml =3
B (kr)xc;'(‘” (k,r')s 7 >

ml—g
We note that gm x(R,7) = flaym|(k;7), T m(k) >
(it) The resolvent of Hy ¢ is given by

G

=

0
G’y = { o (2.17)
+

m=-+00 imae img
—1 — € _ e
(Ha,£ - kZ) = (Hoz 0— kQ + @ ,U'm ( f|a+m|( k)\/—Q_ﬂ" > H 1f|a+m|(k)\/—2—ﬂ_7

(2.18)
k* € p(Hue), Im(k) > 0.

Theorem 2. The domain D(ha m,&m ) CONSists of functions of the type Y (k,7) = Fom(k,7)+
P (B)Fom (ky R)gm ks (R, 1), Fam € D(hamo) and k2 e p(hamen), Im(k ) > 0. This de-
composition is unique and with V¥, € D(ham.e,,) of this form, we obtain (ham.¢,, — k*)m =
(ha,m,(] - kQ)Fa,m-

Proof. One may follow step by step [3], where a similar result was obtained for point
interaction. |

2.2 Spectral properties

Spectral properties of hq ¢, are provided by the following theorem where o(.), oess(.),
0ac(.), 0sc(.) and op(.) denote the spectrum, essential spectrum, absolutely continuous
spectrum, singularly continuous spectrum and point spectrum, respectively.

Theorem 3. For all &, € (—00,00), Oess(ha,m.en) = Tac(Pamen) = [0,00), 0sc(hamen) =
0, ophame,) N[0,00) = 0. The negative eigenvalues of hom.e,, are obtained from the
equation 1 + &§ng,, ;. ~p(R, R) =0, E <0, which has at most one solution Ey < 0.
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2.3 Resonances of ¢,
Using the boundary conditions, the resolvent equation is given by

1

(hoz,m,gm - k:Q)i = (ha,m,O - k2)71 - gm[l + gmgm,k(R, R)]il (fa,m(_E)a ) fa,m(k)

k2 e p(ham.en), Im(k) > 0; m € Z. The resonance equation is then 14+&,, 9, (R, R) = 0,
or equivalently 1 —¢&,,i5 RH |(3rm|(kR)J|a +m|(kR) = 0. This equation generates an infinite
set of resonances off the imaginary axis for hq i, ¢,, , Whatever the partial wave characterized
by the quantum number m and &,, [8]. The only difficulties one encounters to prove this
statement arise from the complexity of the mathematical expressions that appear more and
more less treatable analytically as the quantum number m raises. For instance, taking just
a =1/2 and m = 0 or —1 leads to an intricate nonlinear system. Numerical computations

allow to go round these difficulties.

2.4 Stationary Scattering Theory for the pair (ha m.e,,;Pam.o0)

The phase shifts of hy ¢, may be obtained through the asymptotic behavior of F, o ¢, (k,7)
as r — 00. So doing, we get

k>0
fm,a,ﬁm (k?, 7") — Am(k) sin (k?" _

r— 00

m(jo +m| — 1/2)) N
2
(0) (0)
+Mm(k)ﬂa+m|fl/2(k’R)F]a+m|fl/2(k7T)Bm(k)

X exp [_i (k _ o= 1/2))}

= [C}u(k) + G5, (k)] sin <kr _ Mot T;L‘ —12) 5m,5m(/<:)>

)

+o(1) (2.19)

and the phase shifts express as

Buu(Wpm(E | (k. R)

As(k) = B (Rt (R (EL oy o B))

Om.¢,, (k) = — arctan (2.20)

where Ay, (k) = 2~ (letmI=1/2) (p=letm|=1/2\P (2| a4+ m|+ 1) (Ja+m|+1/2)~" and By, (k) =
1/(kAn(k)). The corresponding on-shell scattering matrix is defined by
. 0 2
S (k) = 1= 2ik B2 (k) (k) (F (Y 1 (K, R)) (2.21)
while the on-shell scattering amplitude f¢(k,w,w’) corresponding to Hy ¢ is given by

m=+00 —imw’ imw

fﬁ(k7w7w/):477 Z fm,ﬁm(k)[e\/% °

], (2.22)
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k>0 ; w,w €S The partial wave scattering amplitude f,,¢,, (k) reads
2 O 2
P () = ~ B2 (0 () (ECL (e R)) (223)

The on-shell scattering operator Sg(k) in L%(S1) corresponding to H, ¢ is defined by

(5e1)9) () = 60) = 5= [ ! fell )00, (2.24)

211

. — im(.) im(w)
k>0 5 w, o €8, Se(k) =1+2ik =10 foe (k) (ﬁ ) e
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