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Abstract

In this paper, we study some remarkable spaces of S(;’*(Rq’_s_) space of the g-tempered
distribution introduced by M.A. Olshanetsky and V.B.K. Rogov [14], namely the
g-analogue of the pseudo-measure F,L>°(R, ), the g¢-function of the positive type
]-'q/\/ll, and we give a g-version of the Bochner-Shwartz theorem related to g-cosine
Fourier transform.

1 Preliminaries

To make this paper self containing we begin by recalling some notions used in Quantum
Calculus. For deep study the reader is invited to consult the Gasper-Rahman book [6]
and the references joint with this work. We will assume 0 < ¢ < 1 and we will use the
same notation in [12].

A g-shifted factorial is defined by

n—1

(a;q)o =1 ,(a;q)n:H(l—aqk) n=12---,00. (1.1)
k=0

And more generally:
(a1, ,ar;q)n = H(ak;Q)n- (1.2)
k=1

The basic hypergeometric series or ¢g-hypergeometric series is given for r , s integers by

o0
al, -+ ,Qp; n(n—1) _
rws(ah"‘ 7a7‘;b17'” ’bs;q,x) — Z (bl(l ; q;” (QQ)nq) [(_l)nq‘ 3 ']1+8 T(L'n
) yYsy 4 )n\Ys 4 )n

n=0

The g-derivative D, . f of a function f on an open interval is given by :

@I
Do f(x) = A—gz #0 (1.3)
and (D, f)(0) = f'(0) provided f'(0) exist. The g-shift operators are
(Agaf)(x) = flgx) (1.4)
Agzf)@) = fla o). (1.5)
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We consider the g-operator
Age=AD7 . (1.6)

The ¢-Jackson integral from 0 to a and to oo are respectively defined by

/Oaf(x)dq:c = (1-qa)_ flag")q", (1.7)
n=0
00 +oo
A f@dr = 1) @)™ (1.8)

The g-analogue of the elementary exponential functions are crucial, they are defined by :

o ne-n (1—¢g)"
Bwia) = (-1~ drigh = S g™ (0 wer (1.9
0 ) n
and
= 1—q o 1
e(x’q>_((1—q—oo 20: 7q 7|x|<ﬂ' (1.10)

Because of its product representation, e(z;q?) has an analytic continuation to
R\{ 1_1q2 ¢ %, k € N}. Further these functions satisfy the identity :

e(z;q)E(—xi¢) =1 . (1.11)
Some g-functional spaces will be used in the remainder. We begin by putting

R,+ = {+d"kez}. (1.12)

R+ = {+d¢*, kez}u{o}. (1.13)

and we denote by
e S, «(Ry+) the g-analogue of Schwartz space of even functions defined on R, 4 such that
D’;yxf(x) is continuous in 0 for all £ € N and

Nons(f) = sup | (1+a%)"Dg, f(z) |< 400 (1.14)
517€qu+

e D, «(Ry+) the space of even functions infinitely g-differentiable on R, with compact
support in R, . We equip this space with the topology of the uniform convergence of the
functions and their g-derivatives.

e Cy.0(Ry ) the space of even functions f defined on R, continuous on 0, infinitely
g-differentiable and

T f(@) =0 | f llegeo= sup | f(2) < +oc. (1.15)

z€Rq,+

o Hy.(Ry 4 ) the space of even functions f defined on R, 4 continuous on 0 with compact
support such that

I f I4,.= sup | f(z)| < +oc. (1.16)

T€Rq,+



568 A Nemri

e Lh(R,+), peEl,+oo], (resp L (Ry +) )be the space of functions f such that,

£ o= ([ 15) P dya)? < o0, (117
0
(resp
I £ o= ess sup | f(2) |< +00 ) (119
336qu+

Jackson in [10] defined the g-analogue of the Gamma function as

Ty (z) :M(l—q)m 0<g<liz#£0,-1,-2,.. (1.19)
(4% 9)o
moreover the g-duplication formula holds
1 1
Tq(22)T2(5) = (1+ Q> T2 ()T 2 (v + 5)- (1.20)

We take the definition of g-trigonometric given by T.H.Koornwinder and R.F.Swarttouw
(see [12]) with simple changes and we write g-cosine and g¢-sinus as a series of functions

cos(z;q°) = 191(0,¢,¢% (1 — ¢)%2°) = > (=1)"ba(w; ¢%) (1.21)
n=0
sin(z;¢?) = (1-q)z1p1(0,¢° ¢% (1 — ¢)%2®) =) (—1)"enl2:¢%) (1.22)
n=0
where we have put

e —Q)zn 2
bo(z:¢%) = bp(l;¢?)z?" =t D 2L g2 1.23
(&0) L) (¢:9)2n (1.23)

S N o2\ 2n41 _ n(n—1) (1—g)** 2n+1
(43 @)2n+1

The reader will notice that the previous definition (1.21) derived from those given in [12]
with minor change, and we have

cos(z; ¢*)
lim = 0 . (1.25)
T—>+400 Sin(l‘; q2)

These functions are bounded and for every x € R, we have

1
2
cos(x; q < — s, 1.26
oStz ) (4:6*)2% (1.26)
1
: 2
sin(z;¢°) < 5 1.27
sin ) (@:0%)% (1.27)
More generally in [5], the ¢-Bessel function is written as
Jal;¢%) =D (=1)"bn,a(@, ¢°) (1.28)

n=0
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with
To2(a+ 1)g™m=1
bn,a 2 =bna(l %)z = 1 n 1.29
o2, 0") ol g (1+q)2"Fq2(n+1)1—‘q2(04—|-n—|—1)x ’ ( )
falos ) = Delo+ DD (1 gy ) (1.30)
where J,(z; ¢?) is the g-Bessel Han Exton [16], defined by
k k(k 1)/2 k x 2k
Jo . 1.31
(w3q) = (1—q> kzr k:+1 (a+k+1)<1—q> (131)
and
b1 (2:4°) = bu(w; 4°). (1.32)

The ¢-j, Bessel function j,(z;¢?) is defined on R and tends to the j, Bessel function as
q— 17.

By simple computation using (1.19) and (1.20) we obtain

j_1(r3¢%) = cos(ziq?), (1.33)
sin(z: g2
jr(wiq?) = (xq) (1.34)

Finally, let f be a function in Lé (Rg,4), the g-even translation operator Ty , is defined (see
[4]) by

Toaf(y / f@)dgpiay(t) (1.35)

where dgpu(t) is the measure defined for x and y in R, 4 by

+o0 12,
dypray(t) = Z(%?sM

D T eoe 10O Q(§)2, 4 q")q%0yqs (1) (1.36)

—0o0

and J, is the mass unit supported at u.

Note that in [4], for f in Dy .(Rq 4 ) the authors proved that the g-even translation T, .
can be written in the following form

> T
qacf qua

k=0 s=—

f(@®y), y#0 (1.37)

s=k (_1)k—sq(k—s)(k—s—1)/2
(G Drrs (G Dr—s

and also written as the form

Tyuf(x Zb 2 *) Ay f (), (1.38)
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where A, , given by (1.6).

Furthermore for f and g be two functions in L}I (Ry,+), we have

| Tty = / " f)dyy, (1.39)
0

(oo
/0 qxf( ) qy —/ f q,xg( )dqu (1.40)
in particular the following product formula holies
Ty,y cos(tx; ¢%) = cos(tz; ¢°) cos(ty; ¢%). (1.41)

The g-convolution and the g-cosine Fourier transform studied and given in [4], for f,g €
Lé (Rq,+) by:

f*qg(ﬂ:)ZW/o Ty f(y)9(y)dqy, (1.42)
_1%
FAHO) = ”q / F(t) cos(\ )y (1.43)

Note that from ([4 ],[5],[13],...) the g-translation operators and the g-cosine Fourier trans-
form satisfies the following properties

Tq,acf(y) = Tq,yf(l.)'
. AgaTyof(y) = DgyTyyf(z).

iii. T, . tends to o, whenever ¢ tends to 1~ ,where

lf@tw)+f@—y) ye ool

()W) =

iv. F, is an isomorphism from S, . (R, ) onto itself and F2 = Id.

<

F, can be extended to a one to one map from L*(R, ) into Cy.0(R,+) and we have

I Fo(f) llegu o< [1£1lg,1-

[NIES

1
(¢(1 —q))

vi. Inversion formula

For f € LY(R,+) such that Fy(f) € L} (R, ), we have f = F,(F,(f)).

vii. g-Plancherel theorem type
The g-cosine Fourier transform F, is an isometric isomorphism of L?(R, ) onto
itself. The inverse JF,° ! coincides with F.
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viii. For f,g € Ll(Rq,+),fq(f g 9) = Fq(f)Fq(9)-

ix. Fy: S;,q(R +) — S;7q(Rq7+) is an isomorphism satisfying 7, = F, '; and we have
(fq(T)v‘P> = <T7 Fq(@)% T e S;,q(Rq,"r)? ¥ € S‘L*(RQH‘)’

x [T RD©O0@hE = [T HORO©GS Fae LR,
xi. Fy(Tyaf)(€) = cos(x;6*) Fo(£)(€);  f € L (Ry)-
In the remainder of this work we choose ¢ such that % € 7 and we put
(14+q7)>
Cg = —F"— (1.44)
I L2(3)

2 The g-pseudo-measure F,L*> space

In this section, we introduce the notion of the ¢-pseudo-measure, taking in the account of
the fact that L>°(Ry4) C S;,*(Rqﬁr) and via the inversion theorem we have F,L>(R, ;) C

qu:]’*(Rq7+) C S(ll’*(Rq7+), we obtain the following definition

Definition 1. Let T in 5;7*(Rq7+) a g-tempered distribution. If 7" is in F,L°° then it’s
called a g-pseudo-measure.

Definition 2. Let T be a g-distribution in D:],*(Rq,Jr) and let f in Dy (R, ), we define
the g-convolution product 7", f for all ¢ in Dy (R, +) by

<Txg fop>=<T,fx*s0>. (2.1)

Proposition 1. Let T be a q-Tempered distribution in FqL*°(R, 1) then for all f in
L*(R,+), we have

1. The operator L(f) defined by

L(f) =T xq | = Fo[(F{T)(Fof)] (2.2)
is continued in L?(R, 1) and we have for all x in Ry
*g Tgaf) = Tqa(T *q f)- (2.3)
2. for ¢ in L®(Ry4), let the operator Ly, : f — (Fqp) *q [ defined in L*(Ry +) then
we have
I L [lg=l ¢ lloc.q (2.4)
where
Ly (f
Npll=  sup  lell) I 25)
fe LQ(R[]’JF) | f H27q

f#0
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Proof. Let f in L*(R,4) so F,f € L*(R,+) and F,T € L*(R, ) then we obtain
(Fof)(F,T) in L*(R, ) further the g-Plancherel theorem give

1T fllzg = | Fo(Txq 1) ll2.q=Il (FeT)(FoS) ll2,9

|| -7:qT Hoo,qH ]:qf ||2,q
Cst| f ||2,q , Cst=| FqT Hoo,q

INIA

Now we prove the second propriety,

| Lo (f) [l2, | Fo((Fap) *q f) ll2,q
H qu 2,41l ¥ Hoo,q
I f ll2.gll  lloo,q

IN A

2.1 The ¢-Function of positive type, ¢-Bochner theorem

In this subsection, we characterize the g-cosine Fourier Transform of a positive bounded
measure Fu M (R ).

Definition 3. A measure p is called bounded if for all f in Hy.(Rq ), we have

u(f) < Cq | f lIm,. (2.6)

where C; > 0 is a positive constant.
We note by M’ (R, +) the set of bounded measure on R, ;.

Definition 4. The g-cosine Fourier transform of measure p in MI(R%JF) , is defined :
for all ¢ € Sy(Ry4) by

+o0o
< Fapty @ >=< p, Fqp >= Fap(N)dgp(N). (2.7)
0
Remark 1. In theory of measure, for y in M’ (R, 1) the g-Jackson integral < p, o >=
+oo
/ o(x)dgp(x) have a sense if ¢ is a continuous and bounded function on R, . (for
0

example ¢ = cos(\.;¢?), A in R, 4 and relation (1.26)). More else, taking in the account
of the fact that L'(R, ) € M (R,1) C 5’;7+(Rq,+), the g-cosine Fourier transform F,

in L'(R,.) given by (1.43) can be generalized to M’ (R, ;). We obtain the following
proposition:

Proposition 2. 1. The q-cosine Fourier transform of a measure p in MI(RM_) 1$ the
g-tempered distribution Fyp given by :

+00
Fap(A) = Cq/ cos(Az; ¢*)dypu(x). (2.8)
0
2. for all x, A € R, we have

+o0o
ToaFqp(N) = cq/ cos(xt; ¢*) cos(\t; ¢*)dgpu(t). (2.9)
0
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Proof. for all ¢ in S, (R, ),

+0o0 +0o0
<, Fap > = cq/ / ) cos(At; ¢)dgAdyp(t)
= /0 go(/\)(cq/o Cos()\t;qQ)dqu(t))dq/\

“+o0
- /0 (N Fypi(N)d\
= < Fgpp >

the result follows immediately. We prove (2) in the same way as (1). [

Definition 5. A measure p is called positive if for all f in Hy.(Rq +),
f =0 we have u(f) > 0.

Definition 6. Let f in L*°(R, 1), f is called a g-function of positive type if for all ¢ in
Dy«(Ry+), we have

—+00
/0 ¢ *q p(x) f(x)dgz >0 . (2.10)

Proposition 3. Let f € L®(R, )N LY (R, ).
f 1s a g-function of positive type if and only if there exist ¢;,c; > 0 such that

+oo
(1-9)° > cicjTyu f(z)) > 0. (2.11)

1,7=0

Proof. Let ¢y a g-approximation of unity we can show 1)\ = px*,¢) is a g-approximation

“+oo
of unity . Consider ) = Z ¢iTyz;p(z), we have for f € L®(R, ) N LY(R, ),
i=0
400 oo =
> e Ty f(2)) = lim 7 cieiTya f g ale;) = lim 3 cic;f #g Ty a(a))
i,j=0 i,j=0 i,j=0
+o0
= hm Z cici f *q Ty, (0 *q o) (25)
4,j=0
+oo
= Ahm cicj / (Tyg2s02) *q oA(5))dgy
1,j=0
+oo
= )\h_H}O CZC]/ q:tZSO)\ * Tq,a:j(P)\)(y)dqy
= lim f( )9)\ * 9)\( )d Yy > 0.

A—0 Jo
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Conversely, for all ¢ in D, (R, +) with supp ¢ =[0,h] , h >0, we have

/0 mso*q o(x)f(z)dgr = / m / +Oo Tyyo(@)p(y) f(x)dgadgy

= /+°° /+OO qyf( )dqfﬁdqy
- / / Ty f (2)dydyy

= (1-¢) Z W2qI Ty F(d'h)p(d'h)e(d’ h)

1,j=0
+oo
= (1= ) ceiTyuf(a) =0,
i,j=0
where ¢, = zpo(zp), 2k = ¢°h k=17 . u

Proposition 4. Let ;i a positive measure in FyL>™(Ry ) then p is in M(Ry ).

Proof. Let L, : f+—— px, f for L*(R, ) in L?*(R,+) and let f be the indicator function
of the set [0,7] ;7 € R,y defined by

1, z€l0,7]
fl) =1 () = (2.12)

0 , otherwise

for all y € [0, r], we have

frafy) = ¢ /0 Ty o100 (1) dgy
" T
= chq,:v(/o 1[0,r](y)dqy) Zcq§

to prove the proposition, it is suffices to notice that for all h in Hy.(Ry +)

sup | (h) |< +oo, (2.13)
(1lloo,q<1

but, when supp h C [0, 7], we obtain

+oo +oo +oo
W) = o [ fratwdn) =¢ [ [ @)L @dn)d
+0o0
= cq/o f(x)p*q f(x)dgz
< gl xg fll2gll £ ll2,
< cq [l Ly llgll f ll2.qll f ll2,q= cqr || Ly [llq -

On the other hand
“+o00

P g fY I RD=cq [ Fxg F) [ h) | dgnly) = oy | ()|
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then

r

3 | w(h) (< u((fxq £) TR <A lloo,g w(f g £) <7 (1] Ly |llg
ie

| p(h) IS 2([| Ly [llg <400 . (2.14)
Hence the result follows. |

Lemma 1. For z;,x; in R, 4 such that x; # x;, we have :
+o0o
/ cos(Azy; ¢%) cos(Azj; ¢*)dy\ = 0 S AER 4. (2.15)
0
Indeed, using (1.41) and (1.39), we deduce that
+o0 +oo
/ cos(Az; ¢%) cos(Azj; ¢H)dg\ = / Ty.; cos(Azj; ¢%)dg\
0 0

+oo
= / cos(Azj; ¢*)dy\
0
B [si1r1()\xj;q12)}+OO
- T 0
=0

the result follows by (1.25).

Proposition 5. Ifu € M/_;’_(Rq’Jr), his q-cosine Fourier transform Fypu = f is a g-function
of positive type.

Indeed,
400 +oo
(1=a)? ) cicjTyf(z;) = (1= Y cicjTye, Foulw))
4,j=0 4,j=0
+oo “+o00
= (1-9)%q Y Cicj/ cos(Az; ¢%) cos(Aaj; ¢*)dgp(N)
i,j=0 0
+oco +o00
= (1-q)%, ZC?/O cos®>(Azi; ¢H)dgu(N) >0
=0
3 Examples

In this section we give some basic functions where are g-function of positive type :

Example 1. The function v — e(—tz?;¢*) ( see [4]) is a q-function of positive type
since :

Fo(G(t:6°)(N) = e(—tA*; ¢7) (3.1)
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where
Clati®) = AN Lge(——2 i) (32)
,t; = Lq)e(—————: _
! D+ 21
1-q1 14q 2,. 2

_1 1 (CTEE s T d ) o
Alte) = ¢ 21— T T s (3.3)

(—Trg g ~ 1240’ ¢%)oo

which is a positive function in L' (R, ).

Example 2. The function x — jo(x;q°) ( see [5] , [2]) is a q-function of positive type,
indeed it’s the q-cosine Fourier transform of :
PqQ (a + 1)

m%(;ﬁﬂp,ﬂ))@) = ja(Xi ) (3.4)

Fal

where Wy (z;¢%) defined in [5] by :

(22¢% ¢) oo (3.5)

. 2)
Wale: €°) = a2y

which is a positive function in L'(Ry ).

Indeed ,
T To(a+1) Fe(a+1) 1
e Wz g?)1 a:dx:q/Wax;Qda:
| Fe e @i = (20 [ W
1+q71) . 14q¢7*
= (F ; jal03q7) = B9 1)
qz(i) Fq2(§)

Proposition 6. Let T in D(/L*(Rq#), these assertions are equivalents:
1. for all ¢ € Dy.(Ry4), we have < T, f? >> 0.

2. T is a positive q-distribution
(i.e for all € Dy (Ry+); ¢ >0 implies that < T, >>0 ).

3. T 1s a positive measure.

Indeed ,
(1)== (2), it is sufficient to say that for all ¢ € Dy, (Ry+);¢ > 0, is a limit of functions

fZ where f € Dg.(Rq ). Let fr(z) = xq(2)y/p(x) + 1, where x4 in D(/],*<Rq,+) positive
equal to 1 in the support of ¢ then :

f(x) —pla) = — 0 ,k—oo inD,,(Rgy)

and the result follows.
(3)= (1) evident.
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(2)==(3), it is sufficient to prove that 7' € H;’*(Rq7+). Let K a compact of R, 4, consider
Vi € Dy «(Ry+) such that i > 0 and ¢ =1 on K, then for all ¢ > 0, supp ¢ C K,

- H ¥ Hoo (0 §H ¥ Hoo YK (3.6)
then

I<T,o><Ck | ¢l ;Cx=<TvK > (3.7)
then T' € H;*(Rq,Jr).

Theorem 1. (of Bochner) Let f € L>®(Ry ), if f is a q-function of positive type, there
exist 1 € M’ (R, ) such that

f = Fon. (3.8)
Proof. Let f € L*(R, ), of positive type and putting T =Fqf.
for all g € Dy.(Ry+), we have : Fyg in Sy.(Ry+) C LY(R, +) then

<T,¢°> = <TFof,¢> >=<f.Fylyg )>
= < f,Fqg*qFqg> >0

thus T is a positive ¢g-distribution. Again, by using proposition 6 it’s a measure of positive
type. But since T' € F,L>*(R, ), by proposition 4 this measure is bounded, the result
follows after minor computation. |

Remark 2. the following result leads that for all f in L>(Rg 4 ),
qu;7*(Rq7+) = { g-function of positive type } =PRy+).
In the following, we shall give some properties

Proposition 7. We have :

1. Iffl?f?)"' 7fl€ € P(Rq,+) then fl +f2 ++fk € P(Rq,+)-
2. If f € P(Ry1), A € Ry s then Af € P(Ry.).

3. 1If f1, f2 € P(Rq+) then f = fifs € P(Rq4).

Indeed ,
If p1, p2 are two bounded measures in Ry 4, it = p1 x4 p2 defined by :
for all ¢ in Hy.(Rg+)

—+oc0o —+o00
< o >=< U1 *q 2, P >= Cq/o /0 Tq2p(y)dgpr (x)dgpa(y) (3.9)

defined a bounded measure in R, ;. If we take ¢ = ¢, cos(Az; ¢?), we obtain :
o [0 [T 2
<pe> = g / / Tg.w cos(Ay; g7 )dgpu (z)dgpa(y)

+oo  ptoo
/ / cos(Az; ¢%) cos(Ay; g )dqm( )dgpi2(y)

2
= fq{ﬂl)() (Mz)()\)
= Falr)(N)
= Fq(u1 *q p2)(N).
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Moreover if p1, p1o are positive then g *4 po too, the g-Bochner theorem leads that the
product of two functions of positive type is of positive type too.

4 The ¢-Distributions of positive Type : g-Bochner-Schwartz
theorem
In this section, we summarize some of properties studied by A. Fitouhi, M. M. Hamza and

F. Bouzeffour in [5]. The g-analogue of Kober-Erdely transform is given by :
For o # —%,—1, —%, ..and fin Dy (Ry+)

Xeal o) = Cla ) [ Wl sa) it o 20 (1)
and
Xang(f)(0) = £(0) (4.2)
where
I 2(04 + 1)
Cla, %) = q 4.3
(a,q7) T (Ula+ 1) (4.3)
and
2.2, 2
Wa(x§q2) = m = 1¢1(q1_2a7 _7q27x2q2a+1) (4'4)

and the g-transposed operator “xa.q of Xa.q is given for f in Dy, (R, ) and o # —3%, —1,
,q ,q q, q, 2

—%,... by :

, gl g ) (e 1) [T T 2
voal ) = g RS [ WG (4.5)

The operators xa,q and ‘x4 define isomorphisms on D, (R, 1) ( see [5] ).
The g-generalized Bessel translation can be defined via the g-transmutation operator by

1

T fly) = Xa,q,rXa,q,y(Tq_,a?X;,}g,y(f)(Z/)) (4.6)

_1
where T, ;7 is the g-even translation defined by (1.35).

For f and g in Dy (R4 +), the g-Bessel convolution and the Fourier transform are given
by :

O I o
f *a 9(1‘) = FqQ(O‘""I)/O Tx f(y)g(y)y2 —quy, (4-7)
—1\—« +o0o
FaaHO) = EEL 2 [ p0 i s P (48)

FqQ (a + 1) 0
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It satisfies

Xog(f *¢9) = Xayq(f) *a (9), (4.9)
-7:047!](]0 *a g) = fmq(f)fa,q(g)a (4'10)
Foyg = Fq0'Xag- (4.11)

where *, design the g-even convolution given by (1.42).
If we proceed as in [5], we can show easily that

thz,q(f *Oé g) = tXa,q(f) *q thz,q(g)' (412)

Definition 7. Let T be in D;V*(]Rq#), T is called of positive type if for all ¢ in Dy (Rq 4 ),
we have

<T,pxqp> >0 : (4.13)
Example 3. The g-distribution T of D;7*(Rq,+) defined by :

<T,f>=("xga) ' (£)(0) o € Dgu(Rg,+) (4.14)

is a g-distribution of positive type
where 'Xq.a is given by (4.5).

Proof. Let f in Dy .(R, 1), using the relation (4.12), we obtain :

f *o f(O) = < T’th,a(f *ao f) >
< T,"Xg.a(f) *q ‘Xga(f) >

on the other hand by (4.7)

+oo
f*a f(0) = Cq/o f2(y)x2a+1dqy >0 (4.15)

the result follows immediately. |

Theorem 2. (Bochner-Schwartz)
Let T in D;’* (Ry4), the following assertions are equivalent

1. T is of positive type.

2. T is a q-tempered distribution, and it’s the q-cosine Fourier transform of a g-tempered
positive measure.

3. there exist a positive measure u and integer k > 0 such that :

+o0o
(@ [ a+a ) <

(b) T = Fyp.
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Proof. 2)=— (1) f F,T =p¢€ H;’*(Rq7+) N S:L*(qulr) we have, for all ¢ € Dy, (Ry+)

< Fap,oxq0 > = <, Folp *q ) >
= <:U’7(fqg0)2> ZO

(3)= (2) evident.

(1)== (3) we remark that for all ¢ € D, .(R; ), the function ¢ —— T x4 ¢ %4 ¢ is
of positive type, because for all ¢ € D (R +)

<Tkqgoxqo, Y xgp > = T, 0xq0% 0 xq9 >
= <T,(pxq¥)*q (pqg) > >0;

then by the theorem 1, there exist a measure p, € H:L*(Rq#) such that p, = Fy(T*qp*q¢)
we choose ¥ € Dy (R, +) such that Fyip(A) #0 , A € Ry 4 and let u = (Fyp) " 2(\)py

then p is a positive measure, we can write :

Fo(T #q o *q pxqgthxqgh) = (qu)zﬂcp = (-7:1190)2,“1# (4.16)
then

pe = (Fgo)’ 1 9 € Dgu(Ry4). (4.17)

we deduce that

<T,pxgp> = <Txg,0>=<T 50,0 %q 04 >=<T %4 p xq ,0q >
= (Fqre)(0)

= /0+OO dqpip(t)

+o0 9
= [ e
ieforall xg=9¢*qp ;¢ € Dy«(Ry+) we have

+o0
< Tyxg >= /0 (Faxa) @)dgh(t) =< Fypts xg > - (4.18)

so the result follows.
Now we prove (a), let x € Dy «(Rq 4 ) such that supp x C [0,1] and Fgx(A) be > 0in R, 4.
Since for 0 < & < 1, putting y.(z) = e *x(e¢ '2) and m = /1\r<1fi | Fgx(A) |. Furthermore if
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we use the theorem 3 in [13], there exist £ > 0 and C' > 0 such that

el “+o00
po<a<e) <ot [ Faendp) < m [ Fendin)

= mil ’< T?XE >’

< C sup |ADXe()]
p<k
T € Ry
< Cie ' sup |ADx(2))
p <k
T € Ry
— 025_1_2k-
This prove that for R — oo, the measure p defined in [0, R] is an ©(R'*?) this achieve
the proof of (a). [ |
L, . 1 1 FqQ(VTH) —v—1 .
Example 4. The q-distribution x —— ¢"72(1+¢q)" "2 T.C7) |z |7, Rev > -1 s
e\ 2
a q-distribution of positive type.
Indeed,
In [5] we have,
T oo(vtL
Fila 1) = g ) g e (4.19)
Lp(—%
On the other hand : for all ¢ >0
+o00
<zl o>= / zp(x)dgr >0 (4.20)
0

Theorem 3. All q-distribution of positive type T defined in D;y*(Rqﬁ), can be written as:
T=01-A.)f(z) ,keN
where f is a q-function of positive type.

Proof. We have for all ¢ € Dy (R, +), by theorem 2 there exist £ € N and p a positive
measure such that
+00
<T,p>=<F, T, Fgp >=< p, Fyp >= Fap(N)dgpu(N) (4.21)
0

and

+oo 1
/0 7(1 n )\Q)kdqu()\) < 400
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and putting d,v(\) = (1 + A2)7*d,u(N), the measure v is a positive measure, bounded.
Then by proposition 5 we have fi(\) = F,v(A) is a g-function of positive type , furthermore
for all p € Dy« (Ry +),

+oo
<T,p> = Fap(N)dgpe(N)

° +oo +oo
= af [ s+ X )y
0 0
= o[ U A oo )
+oo +0oo
_— /0 /O (1= Ag) ((8)) cos(M: ) dgr (N dt
+0o0

- /0 (1= Ag)*o(t) 1 ()dgt.

where
“+o00
At = ¢, / cos(M: 2)dgr (V) = Fyv(N) (4.22)
0
then
<T,p>=<f1,(1 = Ag)fo >=< (1= Ag)* fr. 0 > 190 € Dgu(Rgy)
m
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