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Abstract

This paper aims to study the g-wavelets and the g-wavelet transforms, using only the
g-Jackson integrals and the g-cosine Fourier transform, for a fix ¢ €]0,1[. For this
purpose, we shall attempt to extend the classical theory by giving their g-analogues.

1 Introduction

Wavelets were introduced by J. Morlet in 1982 as tool to study the analysis of seismic
data. Taking account of the success of this method, this author joint with A. Gossmann
(see [8]) gave mathematical assizes for the so-called wavelet transform. In 1985 Y. Meyer
recognized this theory and contributed for showing that it can be used to explain easily
many mathematical tools. This motivated many authors who published intensively in this

way.

The continuous wavelet transform on R was presented, in particular, by T. H. Koornwinder
n [15]. Since we are concerned, in the present paper, by showing the g-analogue of this,

we summarize some of their results in the even case as follows:
Let Fy be the even Fourier transform

Fo(H)N) = /000 f(z)cos(A\x)dz, XeC.
We have
Fooo(N) = cos(\z) Fo()), FooH, = H, LoFy,
where o,, x > 0, is the even translation operator defined by
o2(£)w) = 5[+ )+ flw— )],y € [0, +ool
and H, and H; ', a > 0, are the dilatation operators defined by

{ Ho(f)(x) = J2f(2);
Hy'(f)(x) = Vaf(az).

Copyright (© 2006 by A Fitouhi and N Bettaibi

(1.1)

(1.4)
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A wavelet is an even function g defined on R, square integrable (with respect the
Lebesgue measure), such that for A > 0,

d
¢y = [ 1)@ P (15)
is finite, positive and independent of A.
We construct a family of wavelets by putting for all ¢ > 0 and b > 0,
9a () = 0poHu(g)(z), x>0, (1.6)

where o3, and H, are defined respectively in (1.3) and (1.4).
The continuous wavelet transform of an even square integrable function f on R is given
by

J(a,b) = /O " f(@)a(a)de. (L7)

This transform ®, satisfies the following Plancherel formula

L@ = [T ey S (1.9

and can be inverted as follows

0 C/ / (@ bgop(x) 2 (1.9)

In the present paper, we give and study the g-analogue of the continuous wavelet trans-
form (1.7) by the use of the g-Jackson integral and some elements of g-harmonic analysis.
We also give its inversion formula which is a g-analogue of (1.9). Furthermore, a g-analogue
of Plancherel formula is proved and a g-analogue of the Parseval formula is established.

This paper is organized as follows: in Section 2, we present some preliminaries results
and notations that will be useful in the sequel. In Section 3, we summarize some results
stated in [4] and [2] and we establish some properties of the dilatation operators and
the g-Fourier cosine transform. In Section 4, we define the g-wavelet and the g-wavelet
transform, and discuss their properties. A special attention is devoted to the g-analogue
of the Plancherel formula and the Parseval formula, and an inversion formula is proved.
In Section 5, we characterize the image set of the ¢g-wavelet transform.

2 Notations and preliminaries

For the convenience of the reader, we provide in this section a summary of the mathe-
matical notations and definitions used in this paper. We refer the reader to the general
references [7] and [12]. Throughout this paper, we will fix ¢ €]0, 1[.
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2.1 Basic symbols.
For a € C, the ¢-shifted factorials are defined by

n—1

(@go=1 (a¢)n=]](0-0ad"), n=12,...

k=0

We also denote

(a1,a2,...,ap;q)n = (a1;Q)n(a2; @)n - - - (ap; @)n,

, z€C and [n]!=

2.2 Operators and elementary functions.

The g-derivative D, f of a function f is given by

f(x) — flqz)

1—gz if x#0,

(D f)(x) =

D (@;9)00 = [J(1 —agh). (2.1)
k=0

n=0,1,2,3,...00, (2.2)

n € N. (2.3)

(2.4)

(Dqf)(0) = f'(0) provided f’(0) exists. If f is differentiable, then (D, f)(x) tends to f'(z)

as ¢ tends to 1.
For a function f, we note

Dif =Dof, Dlf=Dg(Dp'f), neN,
Ag(F)(@) = flgr), AJ'(f)(x) = flg 'x)
and

Agf=A'Dif.

(2.5)

(2.6)

(2.7)

We remark that if f is two times continuously differentiable, we have

d2f
Iim A = —=.
qir a(f) dx?

The g-Jackson integrals from 0 to a and from 0 to co are defined by (see [10])

/0 " f@)dgr = (1 - 9a S flag™)
n=0

/0 T g =09 S Fa""

n=—oo

provided the sums converge absolutely.

The g-Jackson integral in a generic interval [a, b] is given by

/ab f(z)dyx = /Ob f(z)dyx — /Oaf(a:)dqx.

(2.11)
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The improper integral is defined in the following way (see [14])

n

%f(:c)dqx:(l—q) i f % qz. (2.12)
0

n=—oo

In particular, for n € Z, we have

/0 T @)y = /O " fa)da. (2.13)

The g-trigonometric functions g-cosine and g-sine are given by ( see [4] and [16])

& 2n
_ X

cos(z;4°) =1 1 <0, ¢:q°, (1~ Q)2x2> = (-1 DW (2.14)

n=0 q-
and
2 3. 2 2 2 - p zird
sin(z;¢°) =z 11 (O,q ¢, (1—q)°x ) = (-1)gn- )7[27” IRE (2.15)
n=0 q-

Here 141 is a basic hypergeometric function (see [7]).

and we have for A\ € C:

The functions g-cosine and ¢-sine are majorized by @02
cos(\z; ¢?) is the unique solution of
Aqu(z) = =Nu(z),
{ w(0) = 1,/(0) = 0. (2.16)

2.3 Sets and spaces.
We denote by
R,={£q":neZ}u{0}, Ryy={¢":neZ} and R, =R, U{0}. (2.17)

o £.4(R,) the space of the restrictions on R, of even infinitely ¢-differentiable functions
on R, equipped with the induced topology of uniform convergence on all compact, for all
functions and its ¢g-derivatives.
e D,y(R,) the space of the restrictions on R, of even infinitely ¢-differentiable functions
on R with compact supports, equipped with the induced topology of uniform convergence,
for all functions and its g-derivatives.
e C.q0(Ry) the space of the restrictions on R, of even smooth functions, continued in 0
and vanishing at oo, equipped with the induced topology of uniform convergence.
e S.q(Ry) the space of the restrictions on R, of infinitely g-differentiable, even and fast
decreasing functions and all its ¢-derivatives i.e.

Vn,meN, P,mq(f)= sup |(1+ x2)mD§f(x) |< +o0.

z€R;0<k<n

Siq(Ry) is equipped with the induced topology defined by the semi-norms P, 1, 4.
o LI(Ry+), p > 0, the set of all functions defined on R, 1 such that

flan={ [~ 1P dqx}’l’ <. (2.18)
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3 The g-even translation and the g-cosine Fourier transform

The g-even translation operator T, ., © € R,  was defined (see [4]) on D,,(R,) by

Toe(H)W) = Y D@y, ¢")f(¢°y),y € Ry, (3.1)
where
S S S x 2s (qz%;q)oo 1’2 2s5+1
D(z,y,4°)f(¢°) = q (Q) T 1¢1(0;q?;q,q )- (3.2)

It verifies the following properties (see [4]), for f,g € Dyq(Ry),

To.0(N)) = Toy(f)(@), =y €Ryq, (3.3)
| Ty = [ f01d € R (3.4
| T 0adin = [ 1) Tlo) ) € R (3.5)
T, cos(ty; ) = cos(tx; ¢°) cos(ty; ¢*), @, y,t € Ryt (3.6)

and Ty , tends to o, defined by (1.3), when ¢ tends to 1.
It was shown in [2], that if we note

S={qe0,1]: 161(0;¢*?;q,¢'*?) > 0,¥r,s € N}, (3.7)

then, [0, 3_2\/5[C S and for all q € S and z € Ry +, the operator Ty, , is positive.

In the sequel, we suppose that q € S.
The g-cosine Fourier transform and the g-convolution product are defined (see [4]), by:

FL () = ¢, /0 " F) cos(Ohzs R)dgz,  f € Dag(Ry), (3.9)
fmﬂ@z%ém%dwmthjmeDM&% (3.9)
where
-1 %
g = (1;;5(;)) (3.10)

In [4], the authors proved that F, can be extended to L}(R,) and we have:

Theorem 1. For f € Lé(Rq);

Fq(f) € Cigo(Ry) (3.11)

and

I/

[P (F)lleugo®y) < a1 (3.12)

N

(¢(1—1q))

(459 oo
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Theorem 2. For f,g € D.y(R,), we have

Fo(f *q9) = Fq(f)Fq(9), (3.13)
Fo(Tyuf)N) = cos(Aa; ) Fo(£) V), w €Ryy, AERy, (3.14)
and
Fo(Dgf)N) = =N2Fy(/)(N), AeC. (3.15)
In [2], the authors proved the following result.
Theorem 3. .
1) If f and Fy(f) are in LY(Rq4), then for all x € Ry, we have
f(z) =Cq/0 Fo()(y) cos(zy; ¢°)dgy, (3.16)

where cq is given by (3.10).
2) Fq(f) is an isomorphism of Syq(Ry) and .7:3 = Id.

They also proved that F, can be extended to Lg(Rq7+) and we have
Theorem 4. F, is an isomorphism of L2(Rqy), Fy' = Fq and for f € L2(Ry ), we
have
1Fg(Fllg2 = 1 fllg.2- (3.17)

Remak 1.
Using the previous theorem and the relation (3.14), one can see that, for f € Lg(]Rqu),

we have for all x € @q,+, Tyof € L2(Ry ) and

1Ty f

1
02 S 1/l q.2- (3.18)
) 4) o0

1 1 1

Theorem 5. Let p,p/,r €]1,2], such that — + = —1 = —. If f € L{(Ry ) and g €
p D r

Ly (Rg+), then fxqg € Li(Rg,+)

1S *q gllgr < BypBgp Bar [ fllapllgllap (3.19)
1-k
( 1 ) : L 11
where By, = T and ' is given by — + — = 1.
(¢(1—9))>(4:9)o0 o

To achieve this section, we state the following propositions, useful for the sequel.

Proposition 1. .
i) The dilatation operators satisfy

H = id; (3.20)
H,oHy, = Hg,, a,be Rq’+; (3.21)
H'=H,1, acRy,. (3.22)

ii) For all a € Ry, the operator H, is linear and isometric from Lg(RqHF) into itself.
iii) For all a € Ry, the operator H, is a topological automorphism of S.q(Ry) (resp

Crq(Ry))-
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Proposition 2. For a € R, 4, we have

FqoH, = H, 'oF,.

Proof. The change of variables rule ( see [12]) gives for a suitable function f

FioHu(f)a) = S [ 1) costtas )t

— Vaey [ ) cos(arus )dyu
0
= H ' (Fy())(@).
Proposition 3. Let f and g be in Li(Rq7+). Then
Jﬁ f*qg € Lg(Rq,—&-) iﬁfq<f)fq(9) S L?1<Rq,+);
2
/0 | [ *q 9(x) P dgx :/0 | Fo(H)() | Folg)(@) [? dz,

where both sides are finite or infinite.

Proof. The proof is a direct consequence of Theorem 4 and the fact that

fQ(f *q g) = fq(f)fq(f)-

4 ¢-Wavelet transforms

(3.23)

(3.24)

Definition 1. A g-wavelet is an even function g defined on R, and square g-integrable

such that
& d
0<Cy= [ 1A <.
0

Example

Put egg =

(1 =)z %)

1+q 2
z2 (—ﬁq t, —

(4.1)

the g-analogue of the exponential function ( see [7], and [12]).

1—q . 2)
i+’ 4 o0

Let G(x,t;¢%) = A(t; (]2)(511_2‘1’5(1“’2)7 where A(t;¢%) = (¢7 — 1)

We have (see [4]) for all t € Rp2 |,  — G(z,t;¢?) is in S,q(Ry) and
FoGlt:q")) (@) = ™, € Ry
Then, g = A,G(.,t;¢%) is in Siy(R,) and we have
Fol9)@) = —2*Fo(G(. ;) (@) = —ae )™,z €Ryy
Thus,

VaeRy+, 0<|Fy9) \2 (a) < a4e;2t“2

1+q 3

__1-q _14q
(tq)qt> ~ 1-q4

t; qz)
o0
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and

* 2 e * 3 a2
0< | Fo(g) |7 (a) < a’e ;" dqa
0 a 0
1 (-4 %)
1+t (—¢*,-1;¢*)
1
(1 + )t

So, g is a g-wavelet and it constitutes a g-analogue of the so-called Mexican hat wavelet.

Remark 2.
1) For all A € Ry 4+, we have

dqa

¢, [ T Fyla)an) 2 9

a

2) Let f be a nonzero function in S.q(R;) (resp. Ciq(Ry)). Then g = A, f is a g-wavelet,
in Siy(Ry) (resp. Ciq(Ry)) and we have

= Ooa3 a 2 a.
cg—/o | Fy)a) 2 d,

Proposition 4. Let g # 0 be a function in Lg(Rq,Jr) satisfying:
1. F4(g) is continuous at 0.
2. Ja > 0 such that Fo(g)(z) — F4(g9)(0) = O(z®), as x — 0.
Then, (4.1) is equivalent to
Fy(9)(0) = 0. (42)

Proof. - Assume that (4.1) is satisfied.
If F4(g)(0) # 0, then there exist pg € N and M > 0, such that

vn = po, | Fe(g9)(d") [= M.

Then, the integral in (4.1) would be equal to co.

- Conversely, assume that F,(g)(0) = 0.

Since g # 0, we deduce from Theorem 4, that the first inequality in (4.1) holds.

On the other hand, from the relation (2), there exist ng € N and € > 0, such that for all
n > ng, we have

| Fq(9)(q") |< eq™.
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Then, using the definition of the ¢-integral and Theorem 4, we obtain

o0 dqa > n
GOl e SR EATICON
no fe')
= (1-q) Y | F@@)P+0-q Y [F(9)d")
n=-—00 n=ngp+1
< (17(]) i n|f( ny (2 1— = 2na
< & 0" | Fo(9) (@) P +(1—q)e > q
n=-—00 n=0
2
< qu(g) q,2 + 1- q €
qno 1 _ qQCX
el g
- qno 1— q2a :
Which completes the proof. |

Remark 3.
Owing to (3.11), the continuity assumption in the previous proposition will certainly hold
if g is moreover in L}(RRg 1). Then (4.2) can be equivalently written as

/000 g(x)dgz = 0.

Using a g-wavelet, the operator H,, a € R, 4 and the g-even translation operator Ty,
b € R, 4, we are able to construct a family of g-wavelets, by

ga,b(x) = Tq,b(Ha(g))($)7 forall € Rq,+, (4'3)
where T;,;, and H, are defined respectively by (3.1) and (1.4).

Proposition 5. Let g be a qg-wavelet in Lg(Rqﬁr). Then for all a € Ry and b € I@qﬁ,
ap is a q-wavelet in L2(Ry 1) and we have

o xb dgx
Crup=a [ o (Zss?) | )0 P 7. (0.0

Proof. According to Remark 1 and to the properties of H,, we can easily see that g, is
an even function in Lg(Rq7+).

Now, using Proposition 2 and the properties of the g-even translation, we obtain for
acR,and be Ry,

Folgup)(@) = %Awnumw»@mefWJ
— o [ Ha) 0T, costat: )yt

= cos(mb;qQ)cq/ Ha(g)(t)cos(xt;QQ)dqt
0

= cos(xb; ¢°) Fy(Ha(g))(x) = cos(xb; ¢*)H, ' Fylg)(x)
= Vacos(zb; ¢*) Fy(g)(az).
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So,
> 22 2 dg
Coy = a | conlabia®)? | Fylg)(aw) *
& b dgx
= o[ o) | Fl)) P
0 a Xz
by the change of variable u = ax.
Thus,
a &0 dgx aC,
0<C g/ Fylg)(x) |2 28 = %o
= (g% Jo | Falo)a) [ =, (6 0%
which proves the result. |

Proposition 6. Let g be a q-wavelet in Lg(Rq7+). Then the mapping
F:(a,b) — gap
is continuous from Ry 4 IRZIHF into Lg(Rq7+).

Proof. It is clear that F'is a mapping from R, 4 x I@Wr into L2(Ry,4) and it is continuous
at all (a, b) € R%_A,_ X R(LJ’_.
Now, let a € Ry 4. For b € R, 1, we have
I Fa,0) = F(a,0) I = | Typ(Halg)) — Halg) I3
= H fq (Tq,b(Ha(g)) - Ha(g)) 3,2

— /OOO | 1 — cos(zb; q2) !2| Fq(Ha(g)) ‘2 (z)dgz.

However, for all z € R, 4 and b € ]qu,Jr, we have

- ;)2 2| Fo(Hag)) 2 ()

| 1 — cos(zb; q2) !2| Fq(Ha(9)) |2 (r) < (1+
and Fy(H,(g)) € Lg(Rq,Jr). So, the Lebesgue theorem leads to
lim | F(a,b) — F(a,0) [lg2= 0.
b—0
be Rq7+

Then, for all open neighborhood V' of F(a,0) in Lg(Rq7+), there exists an open neighbor-
hood U of 0 in I@qﬂL such that, Vb € U, we have

F(a,b) € V.

Thus, {a} x U is an open neighborhood of (a,0) in R, xR, and F({a} x U) C V. The
continuity of F' at (a,0) holds. [
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Definition 2. Let g be a g-wavelet in D,,(R;). We define the continuous g¢-wavelet
transform associated with the operator A, by

D,4(f)(a,b) = cq/o f(@)Gap(x)dgr, a€Ryq, be I@q7+ and f € Dy(Ry), (4.5)
which is equivalent to

g g(f)la,b) = f*qHa(g)(b)
= F4(Fq(f =q Ha(g)))(b)
= fq[f() ¢(Ha(9))] (b)
(@)

= \/&cq/ Fy(F)().Fy(9)(az) cos(bx; ¢*)dya,

where ¢, is given by (3.10).
We establish some properties of ®, 4 in the two following propositions.

Proposition 7. Let g be a g-wavelet in L2(R, ) and f € L2(Ry ). Then
i) for alla € Ry 4 and b € ]qu,Jr, we have

| ®aa(1)(@,) 1< L a2l (4.6)

ii) for all a € Ry 4, the mapping b— P4 4(f)(a,b) is continuous on @q,+ and we have
blirn @, 4(f)(a,b)=0. (4.7)
Proof. i) From the relation (3.18), we have for a € R, and b € ]qu,Jr,
PNt | = ol [ @
o 1 x
o [ 1 Tunt@) | S 10 | dya

‘Q72'

IN

c
< ﬁ”f“qﬁ”g
’ o

ii) It is sufficient to prove the continuity at 0. For b € ]liq,Jr, we have

Dq6(f)(a,0) = Fy [Fo(f)-Fq(Ha(7))] (b)
and
1
(@:9)%
Since f,g € Lg(Rq’Jr), then from Theorem 4, we have F,(f) and F,(H,(g)) are in L? 2Ry 1)
and the product Fo(f).F¢(Hqa(g)) is in L(Ry ;). Thus, the Lebesgue theorem, gives

Vo € R, 1, |cos(bx;q?®) |<

lim  ®44(f)(a,b) = lim cq/ Fo(f)(x).Fy(Ha(9))(x) cos(bx; qQ)dqas
b - 0 b — 0 0
beRy+ beRy+

= (I)q,g(f) (a,0).
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Which proves the continuity of ®44(f)(a,.) at 0.
Finally, (3.11) implies that

Dy g(a,b) = \/a]:q[fq(f)‘fq(Ha@))](b)
tends to 0 when b tends to oco. |

Proposition 8. i) For all a € R4 and f € LE(Ry4), p €]1,2], the mapping b —

1 1 1
®q4(f)(a,b) is in Ly(R, +), with r € [1,00] such that =53 and we have

Hq)q,g(f)(aa y

gr < Bq,qu,2Bq,r’||f||q,p||9||q,2> (4.8)

1

1
L )15 and 1’ verifies . + 7= 1.

(9(1-9)) 2 (g:9) 0
ii) If g is in Siq(Ry), then for all f in S.q(Ry), the mapping b — Pg4(f)(a,b) is in

SiqlRy).

where By p = (

|

Proof. The proof is easily deduced from the relation
Py q(f)(a,b) = fxq Ha(g)(b)
and the properties of the g-convolution product. |

Theorem 6. Let g € Lg(Rq7+) be a q-wavelet.
i) Plancheral formula for &,
For f € Lg(Rq,_i_), we have

o [ ey P g = (4.9

ii) Parseval formula for @,
For f1, fo € Lg(Rq,Jr), we have

| st = o [T [T g ) e n e, (1.10)

Proof. The use of Fubini’s theorem, Theorem 4, Proposition 2 and the relation (3.24)
gives

I [ 1ewn@yptg - [ ( 1w o (">dqb> -
- /OOO (/OOO | Fy(£) (@) 2| Fy(Haog). | (a:)dqfﬂ> %

- [T 1AwE P ( |7 17w P ) do
= ¢, [ 1N P dga =Gyl

The relation (4.9) is then proved. [
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ii) The result follows from (4.9).
Remark 4.
Ifge Lg(Rq7+) is a g-wavelet, then for all f € Lg(Rq,Jr), we have

= dgadgb
P g(f) € Lg(Ry s x Ry y; =—5%) and

H‘i’q,g(f)\liz( = Cyll f172-

~ dgadgb
Rq,+XRq,+§7qa2q )

Theorem 7. Let g be a g-wavelet in Lg(Rq7+), then for f € Lg(R(LJ’_); we have

dyadgb
2 b

a

fa) = 2 / h / " @yg(F)(a: D)gan(a) € Ryt (4.11)

Proof. According to the relation (4.10) of the previous theorem and the definition of ®, 4,
we have for all h € LZ(RLLJ’_),

/0 Rt = g‘; /0 h /0 by, (f)(a,b) ( /0 R ()0as() dqt> dngqb
- /0Oo (g; /OOO /0°° Pyq(f)(a, b)ga,b(t)dngqb> h(t)dyt.

Now, let + € Ry and h = J,. We have h ¢ LZ(R%JF) and the previous equality is
equivalent to

dyadyb
-

a
a

)= g /0 /O By o) (. D)gas(x)

5 Coherent states

Theorem 6 shows that the continuous g-wavelet transform ®,, is an isometry from the

Hilbert space Lg(Rq7+) into the Hilbert space Lg(RqHr X Hiq,Jr; dgzaig‘;b) (the space of square

integrable functions on R, 4 X I@q,+ with respect to the measure M). For the charac-

a?Cy
terization of the image of ®, 4, we think of the vectors g,p, (a,b) € Ry 4+ X R 4, as a set
of coherent states in the Hilbert space Lg (Ry4) (see [15]).

Definition 3. A set of coherent states in a Hilbert space H is a subset {g;},cc of H such
that

i) L is a locally compact topological space and the mapping [+ g; is continuous from
L into H.

ii) There is a positive Borel measure dl on £ such that, for f € H,

I £ 2= /E (o) 12 dl

where (.,.) and || . || are respectively the scalar product and the norm of H.
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Let now H = LZ (Rg4), L=Ry4 x I@Wr equipped with the induced topology of R2.
Choose a nonzero function g € Li(Rqﬁr) and put g; = gqp given by the relation (4.3) with
l=(a,b) € L. Then we have a set of coherent states. Indeed, i) of Definition 3 is satisfied,
dqadyb

a?Cy,
(see Theorem 6). By adaptation of the approach introduced by T. H. Koornwinder in [15],
we obtain the following result:

because of Proposition 6, and ii) of Definition 3 is also satisfied, for the measure

dyadyh
a?2Cy /°

Fa,b) = ég /OOO /OOO Fld. V) </OO° ga,,b,(x)w(x)dqx) dq(‘gf)lgb/. (5.1)
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