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Abstract

We describe recent results on the construction of hierarchies of nonlinear evolution
equations associated to generalized second order spectral problems. The first results
in this subject had been presented by Francesco Calogero.

Introduction

In order to introduce the G-model considered recently in joint with L. Martinez Alonso
papers, one can exploit an invariance of this model under hodograph type transformations.
Namely, let us begin with the hierarchy of times t;, i € Z and the corresponding set of
commuting diferentiations D; = J;,. Choose ¢y as a basic independent variable and change
variables t = (...,t_1, to, t1,...) intox = (..., x_1, xg, Z1,...) by

Tro = q(t), Tj = tj, j#0 = bydxg = dty+ ngdtk - Zbkdt—k- (0.1)
1 1
Then
1 g—] forj > 0,
Do(q) = 3= Djla) = b, , (0.2)
0 ——= forj <0
bo
and we see that
D D
D, (D—;?) = Dy (D%Z) & Di(g1) = Do(g2)- (0.3)

This three-dimensional nonlinear PDE for the function ¢(t) represents one of multi-
dimensional versions of equations of G-model considered in the last paper of ref. [3].
The full set of equations of the G-model can be introduced by

Do(G) =< A,, G >, <A, B> ADy(B) — BDy(A), (0.4)
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where G is an auxiliary function and, for any n > 0, we set

def

b b bp—
AT pgan g, A, 0 L

= _|_>\n_1 NI .
In §1 we reformulate some results obtained by [3].
In §§2 and 3 we discuss applications of the G-model to the generalized second order

spectral problems

(0.5)

T/Jmm = U(SE,)\)¢, Dm = DO

with potential
_ _ m m—1 - —k _
U=U(z,\) = up(x)\™ + ui(z)\ + -t up(z) + Z)\ vg(z), x=to. (0.6)
k=1

The main point is that this generalization allows us to prove (Theorem 3) that there
exist well-defined mappings U < G of potentials (0.6) into solutions of the equations (0.4)
and vice versa.

All solitonic hierarchies are defined by the equations (0.4) up to this mapping and do
not depend from the particular spectral problem.

1 Integrability of G-models
Excluding an auxiliary function G from equations (0.4) by cross differentiation we get
Dy (Am) — Din(An) =< An, Ay, >, for any n, m. (1.1)
Replacing the wronskian in the right hand side by the commuatator,
[ADg, BDy) =< A, B> Dy, < A, B>= ADy(B)— BDy(A),
we get the zero-curvature representation of the G-model:
[Dy, — A, Do, Dy, — Ay Dol =0, for any n, m. (1.2)
Due formulae (0.5) one obtains for the infinite set of dynamical variables
oo bi i1, b0, 915 92,05 Gy (1.3)

the infinite set of equations which we take here for a definition of the G-model. It is
important to notice that the change of variables (0.1) gives rise to an analogous to (1.2)
set of commuting operators D; = 0,;:

D_,=D_,+b,Dy, Dy=byDy, D,=D,— gnDo. (1.4)

It can be proved (Cf [3]) that equations (1.1) are equivalent to equations (0.4) if we
insert in the latter the asimptotic expansions

bo+ Aoy 4+ -+ A" +... as A — 0.
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Thus, the function G can be used as the generating function of the hierarchy (1.2) and
the infinite set of equations of the G-model can be rewritten in very compact form

D,(G) =< (\"G)4+,G >, nez,

where, for any n > 0,

b b bp—
"G = NN g = An, ATG)p = by T = A

Summing up we formulate for future references:

Theorem 1 ([3]) The nonlinear partial differential equations (1.2), (0.5) for the infinite
set of dynamical variables (1.3) are equivalent to either equation of the following triad

Dn(G) =< An, G >, Dy(H)= Dy(A,H), Dy,(bgH) = \bgDo(A,_1H),  (1.6)

where the operators D,, are defined by (1.4), H = G~! and G is the generating function
(1.5).

The substituting formal expansions (1.5) into equation D, (G) =< A,,,G > define the
action of D,, on the dynamical variables g,, and b,,, respectively. For example, for n = 1, we
have Ay = A+ ¢ and obtain in this case an infinite system of 1+ 1-dimensional equations

Dl(gn) = D0(9n+1)+ < 91,9n >, Dl(bn) = DO(bn*I)‘{' < gl’bn > (17)

Analogous formal expansions of H = G~ as A — 0o and A — 0 yield the two series
of conservation laws for the equations D, (G) =< A, G >. The coefficients of these formal
series for H are defined by inverting the series (1.5) as functions of dynamical variables
(1.3).

Coming back to the change of variables (0.1), which was our starting point and will be
used later on, we can now demonstrate the invariance of equations (1.2) by proving that

Dy(H) = Di(A,_1H), ¥n#0. (1.8)

Thanks to (1.6) this equation means that the transformation zy = ¢(t) does not change
the form of equations yet results in the shift of the numeration n — n — 1 of independent
variables. Since

Di(4j) = Do(Aj+1)+ < g1, 45 >,
the equation (1.8) is a corollary of the last equation in (1.6):

Dn(H) — Dy (An—lH) = DQ(An)H + )\An—lDO(H) — (D1 - ngO)(An—lH) = 0.

Integration

It is most natural to ask what kind of restrictions will arise if the dynamics in the G-model
is defind by a finite number of independent variables t,,.
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Theorem 2. Let G()\) be generating function from Theorem 1 and, for fixed N > 0,
there exist constants €1,...,en such that

Dy +e1Dy-1+e2Dy_o+---4+enDg=0.
Then there exist formal series with constant coefficients

€1 £9 €3
€(A)=1+X+F+E+...

such that the product AVe(A\)G()) is a polynomial in A:

Ay — _ g1, 92 ., 9n
G =eNGO) =1+ 5+ 55 44 T

Proof. We have
Do(gn+1) = Dn(g1) = —[e1Dn1 + -+ +nDol(91) = —Dolergn + -+ + eng1]
since Dy,g1 = Dogn+1 (see Theorem 1). We use now that
Dy(g) = Do(h) < g = h+ const
which means that there exist a constant €, such that
In+1+E1gn + -+ engt +eng1 = 0.
It remains to notice that, for any m,
—m+1 = €1gm T T EMIL T Em41 = —Gm+2 = E19m+1+ T EMG2 T Em+191 T Em2
since
Do(gm+2) = D1(gm+1)— < g1, Gm+1 > -
Indeed, insert g,+1 = —€19m — -+ — €mg1; We obtain
= < g1 Gm41 >=€1 < g1, gm >+ + Em-1 < 91,92 > —Em1Dog1,
—D1(gm+1) = Dilergm + -+ emg] =

Dole1gmyr + - +emg2) +€1 < g1,9m >+ +em—1 < 91,92 > 1

Corollary. The roots v, ...,yn of the polynomial ANe(A)G()) satisfy the hyperbolic
quasilinear system as follows

(Dl +€1D0)’Yj = (Z ’yk)Do’yj, j = 1, 2, - 7]\/Y. (19)
ey

Indeed: the modifyed generating function G = e(A\)G(\) satisfies the same equations

D,G =< A,,G >



618 A Shabat

as the original generating function and

N

A gl A Dyryj g8l
e =TJa- Tk) = DGy, = 2]~ 2. (1.10)
1 Vi k#j i

If n =1, this yields (1.9) since
A=A+ aq :)\—Z%—el = A1|>\:q/j = —Z’yk—el.
oy

The hyperbolic system (1.9) has many applications including the gas dynamics [4] as
well as finite-gap potentials in spectral theory [6].

Using the roots variables ¥ = (71, ...,7vn) defined in (1.10) as dynamical ones we can
write down the whole set of equations D,G =< A,,G >, wheren =1,2,...,N — 1, in
the form analogous to (1.9):

Dy(vj) = ajn(¥)Do(v;), n=1,...,N -1
Introduce now an auxiliary vector field
Do(¥) = X(#), X=(X'...,xN).

Then the above N —1 equations for the roots variables can be rewritten as N —1 dynamical
systems

D,(¥) = A,(7), wheren=1,2,...,N —1. (1.11)
These dynamical systems can be integrated in quadratures with the help of
Ferapontov’s Lemma ([5]) Let

-1

def
Do(v;) =z() [ [Tvin | + = v—m (1.12)
ki

where the N functions in one variable z;(vy;) are arbitrary.
Then N dynamical systems (1.12) together with (1.11) for root variables ¥ = (v1,...,7n)
define N commuting vector fields.

Remark. Together with (1.12) the dynamical systems (1.11) can be rewritten as
dy = dtA(Y) or, equivalently, as df = d%g(ﬂl’) (1.13)
where

= def
4y = (z1(n1)d, - - 2n () dyw)

and the differential form in the right hand side (1.13) is a closed one by commutativity of
the corresponding vector fields.
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2 Generalized spectral problems

Applications of the G-model to the second order spectral problems

Vpz = Uz, \)tp (2.1)
are based on a mapping G — U defined by the exact formula
1 z(A)
A) =A{D,, , D.=D 2.2
U(,I, ) { G(CE,)\)} + G(CE,)\)2 0 ( )

where z(\) is an z-independent normalizing coefficient and

3F? 1F
{DxaF(x) d:ef s = Pax + ‘10; if F=e . (2'3)

Rewriting (2.2) in the bilinear form
AUG? + G2 — 2GGqy = 2(N) (2.4)
and differentating it with respect to x we get the third order linear differential equation
Grze = 4UG, + 2U,G. (2.5)

On the other hand, the deffirentiating (2.2) with respect the “time” 7 and using equa-
tions (1.6), (2.5) one gets

D (G) =< A, G> = 2D,(U) = 4UA, + 2U A — Agay, = 1. (2.6)

Remark. Recall that if ¢, 19 constitute a basis of the linear space of solutions (2.1)
then G = {12, 12, 11102} is a fundamental system of solutions of (2.5). Vice versa, in order
to reconstruct 11, ¥» from a given G and the wronskian w =< 1,99 >= 192 ; — V2t)1 5
we have

_ %_1#1,1
G =192 = " i

Tzz)2,:v < ¢1,7;Z)2 > _ T;Z)2,:v _ ¢1,m
(N G Yo 1

wl,x:l %_E ¢2,x:l %‘i‘g

wl 2 G G ’ Ibg 2 G G ’

Recall also that the second equation in (2.6) which describes the evolution of the potential
U is the consistency condition for the equations

+

Thus

Ve = U, and 1, = Ap, — %Amiﬁ

Lastly, one can notice that latter equation for ¢ together with G = 1112 yield the first of
equations (2.6) D-(G) =< A, G > .
In the general case the mapping G — U defined by (2.2), where

N =A" 4o tag+ Y AT,
7>0
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and G represented by the asimptotic expansion, yields the formal Laurent series
[o.¢]
U=U(z,\) = N +uy (x)N™ 1+ fu,(z) + Z A Fup(x), where z =tg. (2.7)
k=1

Equation (2.1) with the potential U represented as A — oo by its asimptotic expansion
(2.7) is said to be the generalized spectral problem.

Theorem 3. Let the potential U(z, A) of the generalized spectral problem (2.1) be
represented by the formal Laurant series (2.7) with m > 0. Then the third order equation
(2.5) associated with the spectral problem possesses a unique normalized solution G =

Y =3 ypA7F such that

Yo, A) =1+ AN Fyp(e), -2V, +Y7 +4UY? = 42", (2.8)
k=1

Proof. We need to prove that equation (2.8) uniquely defines the coefficients yy, where
k=1,2,... in terms of the coefficients of the formal powers series (2.7).

It suffices to verify that consequently equating in (2.8) the coefficients of equal powers
of A

DD Ut D LD St SO

we get a triangular type system. Thus we find

1. 1_ — ~
yl = —5’&1, 7yn - —§’U,n + (bn(yh 7yn—1;u17"'7un—1)7"'7
where
~ uj forj <m
u]‘ = .
Vj_m forj>m

and functions @, (-;-) are differential polynomials in their arguments. The first m coef-
ficients are obtained in a purely algebraic way since the equation (2.8) rewritten in the
form (2.2) implies that the coefficients uy, ..., u,, of the potential coincide with the cor-
responding coefficients of the series A™Y 2. 1

Now we can incorporate G-model into the theory of spectral problems. Namely, choose
Y (z,\) defined in Theorem 3 as the initial data at ¢, = 0 for the dynamical equations
(1.6). Then, thanks to eq. (2.6), the mapping (2.2) transforms solutions of this initial
data problem into solutions of the hierarchy of evolutionary equations

2D, (U) =4U A, » +2U Ay — Ap gz, An=(N"Y)4, n=1,23,... (2.9)
for the potential U = U(t,\), where ty = z, of the generalized spectral problem. In

particular, for the generalized Schrédinger spectral problem with

V1 V2
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we find, by setting A; = A+y; and Dy = 2Dy, , the following generalization of Korteveg-de
Vries equation:

1
Up — §umx +3uuy = 201,, Ui+ 201U + UV g = 202, - (2.10)

which is equivalent to eq. (1.7).

Proof of Theorem 3 describes the inversion of the mapping introduced by the basic
eq. (2.2) with z(A) = A™. This mapping Y = G + U defines a differential substitution
uj = V() transforming equations (1.6) into (2.9). For example, expressing U in terms
of Y for m =1 and m = 2 with

U:)\+u1+2)\7kvk, and U:)\2+)\u1+u2+2)\*kvk,
k>1 E>1

respectively, we find, in addition to eq. u; + 2y; = 0 above, that
2 1 3 1 9
v1 = —2ys +3y] + §y1,:m3, 209 = —4y3 + 12y1y2 — 8yy + Y222 — Y1Y1,z — §y17m (211)
if m=1 and
Uy = =2y + 3y%, 201 = —dyz + 129192 — 8y} + Y14w (2.12)

if m=2.

The polynomial case

Under the conditions of Theorem 2 we have, with a slightly misused notations,

N
G(x,2) = AV e(W)Y (N) = [T = m(2)). (2.13)
1
The differential equations for the roots ~1,...,yn are now obtained (Cf Ferapontov’s

Lemma) by substitution A = v;, where j =1,..., N in (2.4). This yields

-1

L= T ] 20 200 = 5v20) (214
k#j

since the potential U(z, A) is assumed to be regular without movable singularities in the
A—plane.

Dubrovin’s equations (2.14) are completely defined by the function z(\). In its turn,
z(A) is defined by the right hand side of (2.4) and has to be an (m + 2N)th degree
polynomial in A for spectral problems with mth degree polynomial potentials. The other
way round, the formula (2.2) defines the potential as a degree m polynomial in A for any
polynomial z(\) of degree m + 2N thanks to the following

Dubrovin’s Lemma Let z(\) be meromorphic and the roots 7; of an N—th degree
unitary polynomial G(z, A) satisfy equations (2.14). Then

2(A) = G2 (=, )

G(z, ) =0

A=7 = G2,2) =0 = 2Ge(z,A) +
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Corollary Let us, under conditions of Dubrovin’s Lemma, denote by Z(A,7) an N—th
degree polynomial in A such that

2()‘7 7)|>\:“/j = Z(A)b\:“/j’ 2I(>‘; 5;)|>\:’Yj = Z/(A)b\:yj-

Then eq. (2.2) for potential U of the generalized spectral problem can be expressed as
follows

WO =) =200 — 2\ 7).

3 The problem of constraints

The change of variables in the G-model defined by (2.2) allows us to reformulate the
problem of reductions (of an infinite set of dynamical variables to a finite one) in terms
of equations (2.9) for coefficients of the formal series (2.7). Thus the truncation v; = 0
for j > 1in (2.10) yields the classical KdV equation while the next possibility v; = 0 for
j > 2 leads to the system of equations for u = u; and v = 4v; :

2Up = Uppy — OUUL + Vg, Vi + 20U, +uv, = 0.

The polynomial constraints have been considered in [3]. They correspond to the case
where U(t,\) and z()) in (2.2) are polynomials of the same degree in A and give rise to
some interesting modifications of the classical solitonic hierarchies (see next subsection).
These polynomial constraints are in good agreement with Dubrovin’s Lemma but one has
to keep in mind that this lemma and its corrolary do not forbid pole singularities in .

In order to highlight the possibility of more direct approach to the problem of con-
straints let us consider a simple example related with the Biirgers hierarchy. The infinite
system of equations

DG =<X+g1,G > (3.1)

for the coefficients g; can be reduced, apparently, to a single evolutionary equation for the
function u = g1 in a very elementary way:

g = fl91,012) = w=Df(u,u;), where u=g;, D¢=D;. (3.2)

Lemma Let an evolutionary equation of the second order u; = Dgf(u,u,) possess the
conservation law with density ¢ = g(u,u;). Then g = a(u)u, + b(u).

Proof. Denoting by ~ equivalence modulo Im Dy and setting g9 = 9,9(u,u;) and
g1 = Oy, g(u,u1) we obtain by integration by parts

Dy(g9) = goDof + g1D3 f ~ Dof(go — Dog1) = frgniuzg + ...

By assumption D;g € Im Dy, so the right hand side should be represented by Doh(u,uy)
and thus fig11 = 0.1

The constraint (3.2) should be compatible with the original system if equations (3.1)
allow one to express all coefficients g; as differential functions of w (i.e., functions of u
and derivatives of u with respect to x). Using Theorem 1 and the above Lemma one can
readily prove the following
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Proposition The constraint (3.2) is compatible with the system of equations (3.1) if
and only if go = g7 + €191,z + €291 + €3, where ¢; are arbitrary constants.

Camassa-Holm equation

Straightforward application of Theorem 3 to the polynomial potentials (2.7) gives rise to
the constraints v; = U(%) = 0. Using formulae (2.11), (2.12) it yields, for example,

1
m=1 = 2y2 = 3y% + §y17m, m=2 = 4y3 = 12y1y2 — 8yi1)’ + Dgyl

These constraints correspond to KdV and NLS hierarchies, respectively.
Invoking Theorem 1 and hodograph type transformations one can substantially enlarge
the set of differential costraints defined by (2.2) in the polynomial case (see [3]). For

simplicity we confine ourselves to the case m = 1 and, accordingly, set z(A\) = A + ¢ in
(2.2). In terms of H = G~! this yields (Cf (2.3)):

U(t,\) = {Do, H} + (\ +¢)H>. (3.3)

The main point is that (3.3) allows us now to relate the Taylor series expansion of H at
A = 0 (Cf (1.5)) with the asimptotic expansion H = 1 + hyA~! 4 ... at the A\—infinity
used in Theorem 3 and which implies that U = A 4+ €+ 2k in (3.3). Thus, at A = 0 eq.
(3.3) implies a new form of the constraint:

H:ao—i—)\al—i—... = 2h; = {Do,ao}-i-e’fa%—z’f
and a modified KdV equation (Cf [2]) as follows

1

Considering equations with negative numbers in the hierarchy (1.6) it is natural to
introduce renormalization as follows

H=0bH, bay=1= H—1\—o00), H—1(\—0). (3.4)

Combined with the “hodograph” (0.1) change of variables t — x and Dy = byDy it
transforms (3.3) into

U(x,\) = A2 + & ={Do, H} + (A +)H?,  ap(t)by(x) =1 (3.5)
since

{Do, H}) = 3({ Do, H)} — {Dy,a0)}), Do =boDy, H =bH.
In the notations

D,=Dy, Dr=D_3, H=1+Xu+..., A—0
we obtain, with Theorem 1,

AD,(H) = D,[(1 = MAu)H] = by, + (ubg), = 0. (3.6)
Eq. (3.5) yields the constraint

1
bg =14 2cu — §um

which together with the last equation in (3.6) is equivalent to the Camassa-Holm equation

[1].
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