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Abstract

An analog of Gelfand-Levitan-Marchenko integral equations for multi- dimensional
Delsarte transmutation operators is constructed by means of studying their differential-
geometric structure based on the classical Lagrange identity for a formally conjugated
pair of differential operators. An extension of the method for the case of affine pencils
of differential operators is suggested.

1 Introduction

Consider the Hilbert space H = Lo(R™; cN ), m, N € Z, and the correspondingly conju-
gated pair H* X H on which one can define the natural scalar product

(o) = [ do<pwsm [ dapT@p) (1)

where (p,1) € H* x H, the sign ” — 7 denotes the complex conjugation and the sign
” 17 denotes the standard matrix transposition. Take also two linear densely defined
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differential operators L and L :H — H and some two closed functional subspaces Hy
and Hy C H_, where H_ is the negative Hilbert space from a Gelfand triple

Hy CHCH- (1.2)

of the correspondingly Hilbert-Schmidt rigged [22, 1] Hilbert space H. We will use further
on the following definition.

Definition 1. (see J. Delsarte and J. Lions [2, 3] ). A linear invertible operator €2, defined
in H and acting from Ho onto Hp, is called a Delsarte transmutation operator for a pair
of linear differential operators L and L : H — H, if the following two conditions hold:

e the operator  and its inverse Q7! are continuous in H;

e the operator identity

LQ=QL (1.3)
is satisfied.

Such transmutation operators were introduced in [2, 3] for the case of one-dimensional
differential operators. In particular, for the Sturm-Liouville and Dirac operators the com-
plete structure of the corresponding Delsarte transmutation operators was described in
[5, 6, 4], where also extensive applications to spectral theory were done. As it was shown
in [5, 7, 4], for the case of one-dimensional differential operators, an important part in the
theory of Delsarte transmutation operators is played by special integral Gelfand-Levitan-
Marchenko (GLM) equations [20, 4, 5], whose solutions are kernels of the corresponding
Delsarte transmutation operators. Some results for two-dimensional Dirac and Laplace
type operators, were also obtained in [17, 7] .

In the present work, based on the results of [10, 9, 11, 14], we shall construct for a pair
of multi-dimensional differential operators acting in a Hilbert space H a special pair of
conjugated Delsarte transmutation operators €2, and 2_ in H and a pair Qf‘f and Q%
in H* parametrized by two pairs of closed subspaces Hy, Ho C H_ and Hp, 7:[8 C HE,
so that the operators ®(€2) := Q__Flﬂ, —1 from H to H and ®(2)® := Q%’_lﬂ@ -1
from H* to H* are compact ones of Hilbert-Shmidt type, thereby determining via the
equalities

Q(1+2(Q) =0, QY(1+2(2)% =0% (1.4)

the corresponding analogs of GLM-equations, taking into account that supports of both
kernels of integral operators 2, €2_ and Q_GE , Q2 are correspondingly disjoint. Moreover,
the following important expressions

QLo = L= Lo (1.5)
14+®(Q)L = LA+®(Q), 1+2(Q)%)L*=L*"1+2(Q)%)

hold. As in the classical case [4, 5, 20], the solutions to this GLM-equation also give rise
to kernels of the corresponding Delsarte transmutation operators €24 in H, that are very
important [1, 21] for diverse applications.

Another trend of this work is related with a similar problem of constructing Delsarte
transmutation operators and corresponding integral GLM-equations for affine pencils of
linear multi-dimensional differential operators in H, having important applications, in
particular, for the inverse spectral problem and feedback control theory [8].
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2 Generalized Lagrangian identity, its differential-geometric
structure and Delsarte transmutation operators

Consider a multi-dimensional differential operator L : H — H of order n(L) € Z :

L) plel
L(z;0) == ) Ga() 5 (2.1)

|a[=0

defined on a dense subspace D(L) C 'H, where, as usual, one assumes that coefficients
ao € S(R™; EndCY), o € Z7 is a multi-index, || = 0,n(L), and € R™. The operator
formally conjugated to (2.1) L*:H* — H* is of the form

n(L)

olel
L (50) == Y (=15 - da(a)), (2:2)
la|=0
x € R™, and the dot ” -7 above denotes the usual composition of operators.

As to the standard semilinear form < -,- > on C x CY one can write down easily the
following generalized Lagrangian identity:

< L'oh > — < o, L) >= ;(—1)’“3—%&[@,% (2.3)

where for any pair (p,1) € H* x H the expressions Z;[p, 1], i = 1, m, being semi-linear
on ‘H* x H. Multiplying (2.3) by the oriented Lebesgue measure dr := A _dx;, we easily

j=1lm
get that
[< Lo, > — < ¢, Lap >]dz = dZ Vi, )], (2.4)
where
Z(mfl)[go,i/)] = del ANdxg A ... Ndxi—q N Zi[p, ¥]dzizy A ... A dxy, (2.5)
=1
is a (m — 1)-differential form [12, 13] on R with values in C.
Consider now a pair (p, ) € Hj x Ho C H* x H_, where
Moo= (0(6) € H_: Lu(©) =0, d(©lr =0, §€ T C 7}, 26

H = {o(n) € H* : L*¢(n) =0, @(n)|lr =0, n € X CCP},

with ¥ C CP being some ”spectral” parameter space, I' C R™ being some (m — 1)-
dimensional hypersurface piecewise smoothly imbedded into R™, and H* D H*, H_ D H,
being as before the correspondingly Hilbert-Schmidt rigged [1, 22, 20] Hilbert spaces,
containing so called generalized eigenfunctions of the operators L* and L. Thereby, for any
pair (¢, 1) € HE x Ho one gets from (2.4) that the differential (m — 1)-form Z™=D[p, 4] is
closed in the Grassmann algebra A(R™;C). As a result, from the Poincaré lemma [12, 13]
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one finds that there exists an (m — 2)-differential form Q=2)[p, 4] € A" 2(R™:; C) semi-
linearly depending on Hj x Hp, such that

Ztm Vg, 4] = d™ g, 4. (2.7)
Now making use of the expression (2.7), Stokes’ theorem [12, 13] implies that
Js. ot pim2y 2D p(n) ()] =
J o2 Q2 [p(m), (€] = [ - Q" Do), ¥(€)] o= (2:8)

Qx(% 5) - Q:130 (77’ 5)’

for all (n,&) € ¥ x X, where an (n — 1)-dimensional hypersurface S+(a£m_2),0§;?_2)) CR™

with the boundary 0S; (ag(cm_Q), ag([;?_z)) =" ag([;?_z) is defined as a film spanning,
in some way, between two (m — 2)-dimensional homological nonintersecting each other
cycles ag(cm_Q) and ag([;?_z) C R™, parametrized, respectively , by some arbitrary but fixed
points x and zyp € R™. The quantities ,(n,§) and Q,(n,£), (1,§) € £ x X, obtained
above have to be considered naturally as the corresponding kernels [1, 19, 20] of bounded
Hilbert-Schmidt type integral operators €2,,€);, : H — H, where H := Lgp)(E;C) is a
Hilbert space of functions on ¥ measurable with respect to a finite Borel measure p on
Borel subsets of ¥, and satisfying the following weak regularity condition

lim Q(n, &) = Quy (1,€) (2.9)

T—T0

for any pair (¢(n),4(¢)) € Hg x Ho, (1,§) € ¥ x %.

Now we are just as with [9, 10, 11] in a position to construct the corresponding pair of
spaces 7:[6 and Hy C H, related with a Delsarte transformed linear differential operator
L : H — H and its conjugated expression L* : H* — H*,

i n(L) Hlal
L(x;0) =) (@) 5 (2.10)
|a|=0

with coefficients d, € S(R™; EndCV), a € Z7 is a multi-index, |a| = 0,n(L), z € R™,
under the condition that n(L) = n(L) € Z; be fixed. Namely, let closed subspaces
H5 C HE and Ho C H_ be defined as

Ho == {¥(€) € H_ : (&) = (&) - U1y,
(e(n),9(€)) € HE x Ho, (1,€) €S x T},
(2.11)
My = {p(n) € H* = d(n) = o(n) - QP 'QE |

(o), ¥(§)) € Hy x Ho, (1,§) € B x X}}.
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Here, similarly to (2.8), we defined the kernels of bounded invertible integral operators
0% and QF : H — H as follows:

fS-{»(U‘;(cm_Q),U;(c:)n_Q)) Z(mil)’T[ﬁp(n% ¢(§)]
= J o2 QU Tip(), (€)] = [ -2 Q2T [ (), ()] (212)
= QF(n,€) — Q5 (1,€)

for all (n,&) € ¥ x X, where homological (m — 2)-cycles o™ and ag([;? 2 c R™ are

the same as taken above. Thereby, making use of the classical method of variation of
constants as in [10, 14, 9], one gets easily from (2.12) that for any (¢(n), ¥ (§)) € H§ % Ho,
(m,§) € X x X,

() = (9, ) = 2Te(n), (2.13)
where the integral expressions
Q. =1— [ dpé) [5,dp(m)P ()L (E fs o2 o{m=) Zm=D[p(n), ],
(2.14)

QF =1 [, dp(€) [ dp(n)@(n)Qs; " (€.n fs (04" oim- 2 4 Zm=DT 4(¢)]

are bounded Delsarte transmutation operators of Volterra type defined on the whole spaces
‘H and H*, respectively.

Now, based on operator expressions (2.14) and the definition (1.3), one easily obtaines
the expressions for the Delsarte transformed operators L and L* :

L=Q,. L' =L+ [Q, L]Q "
(2.15)
L*=Q%LQ% ' = 1* + 0%, 1*|0% .
Here also note that the transformations similar to the above in the one-dimensional case
were studied in [4, 20, 5, 6]. They satisfy evidently the following easily found conditions:
Lp=0, L'¢=0 (2.16)
for any pair (¢, ) € Ho x Hyp, which can be specified by constraints
Br=0,  @lp =0 (2.17)

for some hypersurface I' € R™, related with the previously chosen hypersurface I' ¢ R™
and the homological pair of (m 2)-dimensional cycles O'é "2) and O'(m 2 crR™. Thereby,

the closed subspaces Hy and Hj; can be re-defined similarly to (2.6) :

Ho:={() e Ho: Lyp(§) =0, P(§)|p =0, € X C CPY,
(2.18)

Hg = {p(n) e H- : L*¢(n) =0, @(n)|z =0, n€ X C CP}

Moreover, the following lemma, based on a pseudo-differential operators technique from
[1, 20, 14], holds.
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Lemma 1. The Delsarte transformed operators (2.14) obtained via (2.13), are differential
if the operator L : H — H is taken differential.

As a simple consequence of the structure of the Delsarte transformed operators (2.14)
one finds that for any pair (¢,v) € H{ x Ho the following differential forms equality holds:

2t V[p, 9] = dd™ Vg, 9], (2.19)
where, by definition, a pair (¢, ) € Hj x Ho is fixed and the equality

(< Lo, > — < @, L >) dz = dZ™ V[, ] (2.20)
holds. The equality (2.18) makes it possible to construct the corresponding kernels

(€)= [ -2 Q"D [B(n), ¥()),
) ) ) (2.21)
(1, €)] = [ gn-s O~ D[3(), 916

of bounded integral invertible Hilbert-Schmidt operators Qx,ﬁxo : H — H, and corre-
sponding kernels

AP0, €) = [ on-n) A=DT[p(n), (&),
(2.22)

QF,(1.6) = [ gn-n Q" 2D[(), $(€)]

of bounded integral invertible Hilbert-Schmidt operators Qw,ﬁxo : H* — H*. Then the
following equalities hold for all mutually related pairs (,v) € Hg x Ho and (¢,9) €
'HS X Ho :

¥(&) = () - 'y
(2.23)
o) = @(n) - AP TOF,
where (1,£) € ¥ x X. Thus, based on the symmetry property between relations (2.10) and
(2.22), one easily finds from expression (2.23), that expressions

Q= 1= o dp(€) fy dpmv(©R, (€ m) [, o2 o) 2 D[pl0), ],

:(m_l)vT (224)

QY =1 [ dp(€) [5 dp(n)e(n)Qs; " (&,m) Js. (otm> oy 4 [ %))

for some homological (m — 2)-dimensional cycles 5£m72),5§;?72) C R™ are Delsarte trans-
mutation integral operators of Volterra type inverse to (2.14), satisfying the following

relationships:
Y =799, wln) =2 3(n) (2.25)

for all arbitrary but fixed pairs of functions (p(n),%(£)) € Hy x Ho and (@(n),¥(€)) €
HG < Ho, (n,§) € ¥ x X. Thus, one can formulate the following characterization of the
constructed Delsarte transmutation operators.
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Theorem 1. Let a matriz multi-dimensional differential operator (2.1) acting in a Hilbert
space H = La(R™;CN) and its formally adjoint operator (2.2) acting in a Hilbert space
H* = L5(R™;CN), possess, respectively, a pair of closed spaces Ho and Hy (2.6) of their
generalized kernel eigenfunctions parametrized by some set X C CP. Then there exist
bounded invertible Delsarte transmutation integral operators Q. : H — H and fo :
H* — H*, so that for this pair (Ho, H§) of closed subspaces (2.6) and their dual (2.18)
the bounded invertible mappings (2.14) Q4 : Ho — Ho and Qi) Hy — 7:[8 are compatibly
defined. Moreover, the operator expressions (2.15) are also differential, acting in the
corresponding spaces H and H*.

The above structure of the Delsarte transmutation operators (2.14) makes it possible to
understand more deeply their properties by means of deriving new integral equations that
are multi-dimensional analogs of the well known Gelfand-Levitan-Marchenko equations
[4,5, 20,7, 6] to be a topic of the next section. We will only mention here that our approach
devised above is a special case of the general De Rham-Hodge-Skrypnik theory [15, 16]
of differential complexes on metric spaces recently successfully adapted to construction of
Delsarte transmutaion operators in multi-dimension.

3 Multi-dimensional Gelfand-Levitan-Marchenko type inte-
gral equations

While investigating the inverse scattering problem for a three-dimensional perturbed
Laplace operator

3. 92
Lwid) ==Y 5 +ala), (3.1)
j=1""J

with ¢ € W2(R3), z € R3, in the Hilbert space H = Lo(R3; C), L.D. Faddeev [17] suggested
studing the structure of corresponding Delsarte transmutation operators 2, : H — H of
Volterra type, based on a priori chosen half-spaces Sf),m ={yeR3:<y—a,+y> >0},
parametrized by unity vectors v € S?, where S? C R? is the standard two-dimensional
sphere a three-dimensional analog of the integral GLM-equation, whose solution gives rise
to the kernel of the corresponding Delsarte transmutation operator for (3.1). But two
important problems related with this approach were not discussed in detail: the first
one concerns the question whether the Delsarte transformed operator L = Q,YLQ; Lis
also a differential operator of Laplace type, and the second one concerns the question of
the existence of Delsarte transmutation operators in the Faddeev form and their interior
spectral structure.

Below we will study our multi-dimensional Delsarte transmutation operators (2.14),

parametrized by a hypersurface S+(ag(cm_2),a§;?_2)) piecewise smoothly embedded into
R™,
Consider now some (m — 2)-dimensional homological cycles o™ and ag([;?_Q) Cc R™

and two (m — 1)-dimensional smooth hypersurfaces

S+(0'g(cm_2) O,(m—Q))’ S—(O'g([;m_Q) O_(m—2))

) xo 7 o
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(m=2) _(m— 2))

spanned between them in such a way that the whole hypersurface Sy (o3 ~, 0wy

US,(U;(r ), 53? )) is closed. Then as in Section 2 one can naturally define two pairs of
Delsarte transmutation operators for a given pair of multi-dimensional differential opera-
tors (2.1) and (2.9), namely the operators 4 : H = H, QF : H* = H*, defined by (2.14)
and the operators Q% : H* = H*, Q% : H* = H*, where, by definition,

Q=1 [5dp(€) [ dp(mP (€)% (€m) [ o2 o{m) Zm=V(p(n), ),
7 (3.2)
Q% :=1- [5dp(&) [, dp(n)p(m)Qs ™" (&,n) Js_ (otm=2 olm2) Zm=DT[ (€]

As to the Delsarte transmutation operators (2.13) ) and (3.2) the following operator
relationships

L=0.007' Q%r8af'=1r" (3.3)

hold. As in the theory of classical GLM-equations [4, 5, 20, 6], we can now construct linear
integral compact operators ®(2): H — H and ®(Q)® : H* — H*, so that the expressions

1+9(Q):=0;'- 0, 1+8Q)% =% . q° (3.4)

are Fredholmian [18] operators. Making use of the expressions (3.4), one easily gets a pair
of linear integral GLM-equations

Q- 1+2(Q)=0_, QF 1+2Q)%) =a®, (3.5)

whose solution is a pair of the corresponding Volterra type kernels for the Delsarte trans-
mutation operators €24 and Q_GE Thus, the problem of constructing Delsarte transmutation
operators for a given pair of differential operators (2.1) and (2.9) is reduced to describing a
suitable class of linear Fredholm type operators (3.4) in the Hilbert space H, satisfying the
following natural conditions: operators (1+®(€2)) : H — H and (1+®®(Q)): H* — H*
are onto, bounded and invertible and, moreover,

(1+®(Q))L =L(1+®(2)), (1+®(Q))L* = L*(1 + %(NQ)) (3.6)

owing to (3.5) and (2.14). This problem is very important for applications of the theory
devised here to find diverse spectral properties of a given pair of Delsarte transformed
differential operators (3.3). We plan to study this in detail in another place.

4 The structure of Delsarte transmutation operators for
affine pencils of multidimensional differential expressions

Consider in the Hilbert space H = La(R™; C") a pencil of multi-dimensional differential
operators defined in terms of an affine polynomial in A € C, having the form:

r(L)

L(z;9\) : Z)\Z (4.1)
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where x € R™, ordL;(x;0) =n; € Z4, i = 1,r(L), the order r(L) € Z is fixed and

Z i ( 3@‘ (4.2)

xo‘z
|c; |=0

are differential expressions with smooth coefficients a; o, € S(R™; EndCY), i = 1,r(L).
The pencil (4.1) can be, in particular, characterized by its spectrum

o(L)={AeC:3Y(x;\) € H_, L(z;0|\)¢(x; ) = 0}. (4.3)

As it was demonstrated in [8] the transformations of the pencil (4.1) which preserve a
part of the spectrum o(L) and simultaneously change in a prescribed way the rest of the
spectrum (so called an assignment spectrum problem [8] ) are very important for feedback
control theory and its applications in different fields of mechanics.

We shall interpret these "spectrum assignment” transformations as ones of Delsarte
transmutation type, satisfying some additional special conditions. Thus, we look for such
transformation € : H — H of the pencil (4.1) into a similar pencil

L(z;0|\) = ZA’ Z i 0 ( g;; (4.4)

|as|=0

with @; o, € S(R™; EndCY), i = 1,r(L), A € C, of the same polynomial and differential
orders, so that

L=L+[Q LQ =L (4.5)

For such an operator @2 : ' H — H to be constructed, we suggest an extension of
the polynomial pencil of differential operators (4.1) to a pure differential operator L, :=
L(x;0|0/01), © € R™, 7 € R, with R > 7-independent coefficients and acting suitably in
the parametric functional space H,) := Li(R.;H). Thereby we get to the same situation,
which was studied before in [11]. For completeness, we shall give a short derivation of the
corresponding affine expression for the Delsarte transmutation operator 2 : H — H.

Let a pair of functions (o), w(T ) € H(T) X H 7y be arbitrary and consider the following

semi-linear scalar form on sz ) X Hr

(o) i= [ dr [ dogl (@i @) (16)

Then as to the interior semi-linear form < -,- > on CNxC" one can write down for
the operator L, : H(;) — H(;) and any pair (@), V() € H’(kT) X H(7y the following
Lagrangian identity:

* _ g7(m)
< L(T)(p(T),l/J(T) > - (P(T),L(T)w(,r) >|dr Adx = dZ( ) [ Ib] (4.7)

where Z [gp Y] € A™(R; x R™;C) is the corresponding differential m-form with values
in C, parametrlcally depending on 7 € R. Thus, for defining the closed subspaces HEKT) 0 C
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H?T) _ one can write down, respectively, the following expressions:

Himo = {n)(©) € Hin -+ Lin¥in (§) = 0,

TER, Y (§lr =0, £ €X CCPY,

(.0 = L@ e Hiy _: Liyee(n) =0,
TER, pr(n)r=0, neX CCP,

where I' CR™ is some piecewise smooth boundary hypersurfaces in R”. One can also write
down similar expressions for the Delsarte transformed operator expression L : Hy —

Hiry -
7:((T),o = {T/;(T) &€ H(T%_ : E(T)Q/;(T) & =0,

TER, (€l =0, € C TP,

~ZFT),O =A{bm () e K,y _ - L@ (n) =0,
TER, ¢rn)lp=0, neX CCP

where I’ CR3 is some piecewise smooth boundary hypersurface in R™.

Making use of the expressions (4.6) and (4.7), we easily find that the differential m-
form Z((:;) [, ] € A™(R; x R™;C) is exact for any pair (¢,v) € Hiy0 X Hzyo- This
means due to the Poincaré lemma [12, 13], that there exists a differential (m — 1)-form

ngfl)[go,i/)] € A" (R, x R™;C), so that
Z{Mp,v] = ™ Ve, ] (4.10)

for all pairs (o), T)) € H( .0 X H(7),0- Now we are in a position to begin our definition
of the corresponding Delsarte transmutation operators ) : H(;) o — ’H(T)p and Q¥
Hiro = Mo

b (€) = Q) - ¥ (€) = ¥ (€) - Uty Qo) =

() *

( 1/}( )* (o T) fS(am D glm= 1)) ((T) [ ])w(T (5)
(4.11)

- L ®,—1 _
P(r) (77) = Q(®7—) “P(r) (77) =Pn) (77) ’ Q(mﬂ—) Q(@io,q—) -

(1= 2y [ iy 285 T b Doy ()

Here (¢y(n), %) (£)) € HE‘ )0 X Hr00 &, G 3, and, due to (4.9), for kernels Q, (1, &),
Qo (1,§) € H® H and Q® (77 §), Q (n,€) € H* @ H* of the corresponding

(:Bo,T)
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integral operators €, 7, Q- : H — H and Q% % : H* — H* one has

(:B,T)’ (1'077—)

Jstotm om0y 205 Lotm ) %) (O] = [ gn AT~ oy (), ¥y (©)

(4.12)
m—1
- f(,g(cr:—l) QET) )[<P(T) (1), Y ()] = Q) (1,6) = Qg r) (1, 6),
~(m), ~(m—1),

St om0y 205 Tty (1), 9y () = s Q™ oo (1) %) (€)]

= S0 O o (1), iy (O] = QF, 1y (1.6) = Q) (0.€).
where, as before, S (J;E«m*l), 0&”71)) C R™ is a smooth hypersurface in the configuration
space R™, respectively spanning between two arbitrary but fixed nonintersecting each other
homological (m — 1)-dimensional cycles aém_l)and ag?_l) C R™, parametrized by points

x, xg € R™. As a result of the construction above, the Volterra type integral operators

oy = 1= [ dp(e) [ doln)iin O () [ 20 Doy (), ), (413)

(o) gfm=2y (1)

and

® _ _ s ®,—1 7(m71)7T‘
20, =1 [ dn©) [ aotmzn ol [ - gy 2 1Y)
(4.14)

being bounded and invertible act, correspondingly, in the spaces H,) and 'H’(kT). Moreover,

the Delsarte transformed operator fl(T) : H(zy — H(s) can be written down as

~ B »
Liry = Q) L)) = L) + [Qn), L) ] Q) (4.15)

being, due to reasoning as in [14, 9], also a differential multi-dimensional operator in H,).
Now we can make the pullback reduction of our 7-dependent objects, recalling, that
our operator (4.1) is independent of the parameter 7 € R. In particular, from (4.8) one

obtains for any (SO(T) (77)7 1/}(7') (6)) S HE:—)’(] X H(T),O? §mneX,

P (&) =AM, o) =ea(n)e " (4.16)
with A € o(L) Na(L*) and for any pair (px(§),¥r(€)) € H§ x Ho, &1 € by
Ho := {¥a(§) € H- : L(x;:0|A\)a(§) = 0,
VAl =0, (N €) € (L) Na(L*)xEs},
(4.17)
HG == {ea(n) € HE : L*(z;0|A)pa(n) =0,

ex(mlr =0, (Asn) € o(L) Na(L*)x s},
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where, by definition, ¥, x C C X is some ”spectral” set of parameters. With respect to
the closed subspaces Hop C H_ and Hj C H* the corresponding Delsarte transmutation
operators  : H — H and Q® : H* — H* can be retrieved easily by substituting the
expressions (4.16) into (4.13) and (4.14) :

Q= 1= [y AN fs, Ao (6) fs, dps. ()0 (6)
Qm_ol(A; 55 77) ‘[S(O;mil),a;glil)) Z(m) [SD)\ (77), ']’
(4.18)
Q¢:=1- fo’(L)ﬁ&(L*) dps(A) fza dps, (§) fo’(L)ﬁa'(L*) fza dps, (M@ (n)
XQi?dil()‘; 5’ 77) fs(ag(cmfl) 709(6751*1)) Z(m) ['? ZZ)A (5)]’

where dp, X dps,, is the corresponding finite Borel measure on Borel subsets of o(L) N
g(L*)x¥, C X,

V(&) = a(€) - Q7 1y,

(4.19)
&) == pa(n) - Q270
Owing to semi-linearity, the expressions for kernels
Qx()‘a 3 77) = Q(x,r) [SD)\B_S\T, wkeh—],
Qg (A1 6,1) 1= Dy my[02e T, 2], (4.20)

Zm oy, ] = Z((:;) [oae ™7, e ],

from the Hilbert space Lgp)(zg; C) ®L;p) (X4;C) don’t depend on the whole on the param-
eter 7 € R, but only on the spectral parameter A € o(L)Na(L*). Now we write down the
differential m-form Z0™[py, 4] € A™(R, x R™5C), (2(€), Ua(£)) € Hg x Ho, &1 € 5.
as

m
Z(m) [QD)\,TZJA] = del ANdxog A ... Ndxi_1 N Zi[gpA,lﬁ)\]dT Adxir1 A
i=1
W Ndxy + Zolpa, ¥a]de. (4.21)
Then, owing to the specially chosen (m — 1)-dimensional homological cycles (ag([;m_l)

(m—1) (m=1) _(m-1)

0z, ) and the corresponding closed m-dimensional surface S(oa ’, 0w )
at which dr = 0, the differential m-forms Z(™[py, 1] € A™(R™;C), X € o(L) N 6(L ),
satisfies the following expressions:

Z™ [px, a] = Zolpn, ¥a)dz, (4.22)

since for any i = 0,m

Zilon ¥a] = Zi i lore ™, re™], (4.23)
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being not dependent on the parameter 7 € R but only on A € o(L) Na(L*). Thus, due
to (4.21) and (4.22) one can finally write down Delsarte transmutation operators (4.12)
and (4.13) as the following invertible and bounded of Volterra type integral expressions:

Q:=1- [g dps, () [y, dps, (n)Pa()

g N &) [s(om om0y Zoyloa(n). Jde,
(4.24)
Q® = 1 — fEO_ dpzo_ (5) fU(L)ﬂa'(L*) fEO_ dpzo' ("7)@)\(77)

x Qg (A €m) fs(agcm—np%n—l)) Zoyl ¥a(§)]dz,

where, by definition, (¢x, ) € Hi x Ho, (Zp)\,’l[})\) € Hj x Ho and X € o(L) NG (L*). The
operator expressions (4.24) were defined on closed subspaces of generalized eigenfunctions
Ho and ‘H(. When these spaces are dense, respectively, in ambient spaces H_ and ‘H* , the
kernels of the operator expressions (4.24) can be naturally extended to their corresponding
Hilbert spaces H_ and H* defining invertible integral operators of Volterra type in their
corresponding spaces H and H* due to duality [22, 1] between Hilbert spaces H_ and
‘H, where the latter space is dense in H. Just as above in Section 3 one can construct
the corresponding pair (3.5) of Gelfand-Levitan-Marchenko integral equations for an affine
polynomial pencil (4.1) of multi-dimensional differential operators in the Hilbert space H.
This completes our present analysis of the structure of Delsarte transmutation operators
for pencils of multidimensional differential operators. As for their natural applications to
the inverse spectral problem and related problems of feedback control theory mentioned
before, we plan to study them in more detail later.
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