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Abstract

We study two-dimensional triangular systems of Newton equations (acceleration =
velocity-independent force) admitting three functionally independent quadratic inte-
grals of motion. The main idea is to exploit the fact that the first component M (q1)
of a triangular force depends on one variable only. By using the existence of extra
integrals of motion we reduce the problem to solving a simultaneous system of three
linear ordinary differential equations with nonconstant coefficients for Mj(q;). With
the help of computer algebra we have found and solved these ordinary differential
equations in all cases. A complete list of superintegrable triangular equations in two
dimensions is been given. Most of these equations were not known before.

1 Introduction

In the last few years we have witnessed [3, 4, 8, 5] considerable interest in Hamiltonian
systems that admit a maximal number of 2n — 1 functionally independent integrals of
motion. Their trajectories are completely determined as the intersection of surfaces of
constant value of these integrals of motion. In the case in which one of these surfaces
is compact the trajectories are closed and solutions are periodic. Such systems are very
exceptional, but they are interesting in classical and quantum mechanics because their
solutions can be described analytically and in the quantum case their spectrum can be
often characterized in an algebraic way.

Remarkably some very important systems in physics, such as the homogeneous har-
monic oscillator and the Kepler problem are superintegrable and they admit 2n — 1 in-
tegrals of motion depending at most quadratically on momenta (velocities). This is the
feature of Hamiltonian systems solvable through separation of variables in the Hamilton-
Jacobi equation in more then one system of coordinates. Majority of presently known
superintegrable systems are separable and their all integrals of motion depend at most
quadratically on momenta.
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A first example of a superintegrable system with integrals depending on higher powers
of the momenta can be ascribed to C. G. J. Jacobi [2]. It is the system of n particles in
one dimension interacting with each other by an inverse square potential. This system is
called now the Calogero system since it has been rediscovered in the quantum case by F.
Calogero and then subsequently solved in the classical case too [1]. For n > 3 this system
has integrals that essentially depend on higher (than two) powers of the momenta and this
system is not separable through the classical version of the Hamilton-Jacobi method. In [8]
it has been shown that the Calogero system is superintegrable as well as the Euler-Calogero
system [5] where the particle variables are coupled to internal spin variables.

For superintegrable systems of equations that are not potential little is known. In
this paper we consider new a type of superintegrable systems that naturally arise in the
framework of theory of quasipotential Newton equations [6]

G=M(q)=—-A"'Vk(q), q=(q,q), (1.1)

with a triangular force M = (Mj, M)t so that the Newton equation has the coordinate
form

G =Mi(q1), do= Ma(q1,q2)- (1.2)

We assume here that equation (1.1) admits an integral of motion, F(q,q§) = %th(q)q' +

k(q), that is a quadratic function of velocities ¢ and is functionally independent of the
energy integral, G = %q% — [ Mi(q1) dq1, admitted by the first equation ¢ = Mi(q1).

The objective of this work is to find forces M for which equations (1.2) admit three
functionally independent integrals of motion which are all quadratic in the velocities. Such
systems are often called superintegrable or completely degenerate since in the compact
energy case all frequencies in action-angle variables are commensurable.

The main idea is to use the assumption about existence of three independent integrals,
together with the property that M;(q;) depends on one variable only, to derive ordinary
differential equations (ODEs) to be satisfied by Mj(q1). We do this by observing that
to each quadratic integral of motion there is related the quasipotential form (1.1) of the
force M so that Vk = —AM. Cross-differentiation of Vk leads to a first order linear
partial differential equation (PDE) for Mj, Ms and a similar equation is related to the
second integral of motion F = %q'tB ()¢ + 1(q). These equations and their differential
consequences lead to ODEs for M;(q).

In order to execute this idea in practice it has been necessary firstly to classify a
linear pencil of matrices A(q) + uB(q) with respect to affine triangular transformations

qg— Sq+h, S = (Z 2) preserving the triangular form of equation (1.2).

In Section 2 we recall [6] relevant facts from theory of quasipotential Newton equations:
the notion of biquasipotential systems and the notion of the fundamental equation. Our
method of determining all completely degenerate triangular Newton equations is presented
in Section 3. In Section 4 we classify linear pencils A(q) + uB(q) with respect to affine
triangular transformations. The result is summarized by Figure 1. These pencils, A+ uB,
are the starting point for implementation of the method of Section 3. The results of all
cases are presented in Section 5 which ends with Table 1 of all superintegrable triangular
Systems.
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2 Biquasipotential Newton equations

A Newton equation, ¢ = M (q), is called quasipotential if the force M(q) can be written
as

M(q) = —A(q)"'Vk(q), (2.1)
where A is a symmetric n X n matrix satisfying the so called cyclic condition,
82‘Ajk + a]A]“ + 8]9141] =0 foralli,jk=1,2, (2.2)

and k(q) is a scalar function. We use here the notation d; = 0/dz; and below we also
use the notation 0;; = 82/8xi63§j and 0y, = 83/8xi8xj8xk. A quasipotential system is
a generalization of a potential system when A(q) = Id. A quasipotential system always
admits an integral of motion depending quadratically on velocities of the form

Al : 1.
E(g,d) =5 > didij(a)d; + k(q) = d" A + k(q). (2.3)
2 5 2
Proposition 1. If A is nonsingular, the following statements are equivalent:
(i) The system § = M(q) is quasipotential.

(ii) The system § = M(q) has an integral of motion quadratic in velocities given by
E = 34" Alq)q + k().

Proof. By differentiating (2.3) with respect to time we find

n n n
E=Y) AijGj + 0k | @i+ 5 > OcAijdid;n
1

— | = Syl
Y " (2.4)
n n 1 n

=> A+ 0k | ¢+ ¢ > (@A + 05 Ak + Ok Aij) didjn-
i=1 \j=1 ijok=1

At different powers of ¢; in (2.4) we get equations (2.1) and (2.2): AG+ Vk =0, 0;A;, +
8jAM+3kA,~j:0for allé,5,k=1,2,... ,n. |

Remark 1. In two dimensions the general (symmetric) solution to the cyclic condition
is:

ags + bga + ay —aqiq2 — b1 — Lego + 38
—aqiqs — 3bq1 — teqr + 38 ag? +cqr +

: (2.5)

where a, b, c,a, § and 7y are real constants.

Suppose a Newton equation, § = M(q), admits two functionally independent integrals
of motion, F(q,q) = %q'tA(q)q' + k(q) and F(q,q) = %q'tB(q)q + 1(q), where A and B are
n X n symmetric nonsingular matrices satisfying the cyclic condition. Then we must have

j=M=—-A"'Vk=-B"'VI (2.6)
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and the system is called biquasipotential. We have assumed both A and B to be non-
singular. However, if A is nonsingular and B not, we can always take a new integral,
F = FE + \F, with the nonsingular matrix B = A + \B.

From (2.6) we have A~'Vk = B~!'VI. The compatibility conditions for derivatives of
l, 8121 = 8211, yields

01 (BA™'VE), — 0, (BA™'VE), =0, (2.7)

where (-); denotes the ith component of the vector. If we substitute k = K det A in (2.7)
and use the cyclic condition for A, we obtain a second-order linear PDE for K (q) which

is satisfied by K = k/det A:

0=2(A12B9 — A B12) 011K — 2(A11 By — A Bi1) 012K
+2(A11B12 — A12B11) 02K

3 (A1201Boy — B1201 Aoy + A202B11 — Bo0a A1) 01 K (2.8)

3(A1101Boy — B1101 A2 + A1202B11 — B1202A11) 0o K

3 (0142202 B11 — 01B2202A11) K
This equation is called the fundamental equation associated with the pair of matrices
(A, B). If we substitute A = Id into the fundamental equation, it reduces to the Bertrand-
Darboux equation [7] with K = V.

By interchanging A and B in the fundamental equation (2.8), we see that it only changes

sign. Thus [/ det B must also be a solution to (2.8) if (2.6) holds. The fundamental
equation is invariant under the transformation A — \A + uB, B — N A + u/B, where

AN, € R. The exact relationship between pairs (A, B) and the fundamental equation
is given by the following theorem, [6].

Theorem 1. Let (A, B) be a pair of linearly independent matrices satisfying the cyclic
conditions (2.2). Then there is a 1-1 relationship between the linear span {A\A + pB :
A€ R} of A and B and the fundamental equation (2.8), i.e.,

1. any two linearly independent matrices A’ = aA+ 3B', B' = yA+ 5B determine the
same fundamental equation as (A, B) does and

2. if the pair (A', B') determines the same fundamental equation as (A, B) does, then
the matrices A" and B’ belong to the linear span {\A + uB} of A and B.
3 Completely degenerate triangular Newton equations

In this Section we study triangular Newton equations in two dimensions,

G = Mi(q1), G2 = Ma(q1,q2), (3.1)

admitting three functionally independent integrals of motion which are quadratic functions
of the velocities. Any triangular equation always has

G: /M1 q)dg1 =4q (0 0> /Ml q1) dq (3.2)
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as an integral of motion. Moreover we assume that there exist two extra integrals, £ =
%th(q)q' + k(q) and F = %q'tB(q)q' + 1(q), which are functionally independent.

The functional independence of these integrals can inferred from the linear indepen-
dence of the matrices, A, B and C, as follows from Proposition 2 below.

Proposition 2. Let E, F' and G be three integrals of motion to a given two-dimensional
system of equations, where E, F' and G are defined as

E=i'A@i+Hha), F=1d'B@i+ila), C=_id'Clai+mlq) (33)

and A, B and C satisfy the cyclic condition (2.2). Then E, F' and G are functionally
independent if and only if their respective symmetric matrices A, B and C are linearly
independent.

Proof. To show that functional independence implies linear independence of A, B and C
assume that there exist A,y and v € R such that A\A + uB +vC = 0. Then K = \E +
uEF +vG is an integral of motion not depending on velocities ¢ and 0 = K = (41,42)- VoK
implies that V,K = AV, E + uV,F +vV,G = 0 since ¢; and ¢o are arbitrary. The linear
dependence AA+pB+vC = 0 implies also that AV (q'tAq') +uVy (thQ) +vVy (th(j) =0
and therefore the full gradients AVE + uVF 4+ vVG = 0, where V = (Vq,Vq-)t, are
linearly dependent. To show implication in the other direction assume that F, F' and G
are functionally dependent so that there exist A, 4 and v such that for the full gradients
AVE + uVFEF +vVG = 0. This implies that AV k + puV4l +vVym = 0 and that 0 =
V0§ A+ uB+vC) ] =V [¢ M+ uB+v0)§| + V4 [¢" (M + uB +vC)q|. Since
each term has to vanish on its own, we get 2(AA + uB + vC) ¢ = 0 for arbitrary ¢ and
therefore A\A 4+ uB + vC = 0. |

We know that by solving the fundamental equation we obtain biquasipotential systems.
The integral G = 3¢? — [ Mi(q1) dgq1 can be written as G = 1¢'C(q)g + m(q) with C =

(é 8> and m(q) = — [ Mi(q1) dgi.

The existence of three functionally independent quadratic integrals, E, F' and G, for the
system, § = M(q), results in two fundamental equations for K = kdet(A), one for A and
B and one for A and C. Simultaneous solutions to these two fundamental equations give
superintegrable triangular systems. However, the solution of two fundamental equations
which are second-order linear PDEs for one unknown function is a nontrivial task.

The main idea of our approach is to study conditions for the components, Mj(q;) and
M>s(q1,q2), of a quasipotential superintegrable force and to derive ODEs which have to be
satisfied by the component M;. The advantage of this approach is that one works with
a system of first-order linear PDEs instead of fundamental equations that are PDEs of
second order.

An arbitrary triangular force M is not quasipotential, i.e. M # —A~!VE, since k may
not exist. For a quasipotential system we have from (2.6) that

An My + A12M2> _ (31k>

Ao My + Ao My Ok (34)

-

where A satisfies the cyclic condition (2.2). A sufficient condition for the existence of
k is that 02(AM); = 01(AM)s. By requiring this in (3.4) we get a first-order partial
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differential equation for components of M which, after using triangularity, 9 M; = 0, and
the cyclic condition (2.2), yields

—3(81A12)M1 — A12 81M1 = —3(32A12)M2 + A22 81M2 — A12 32M2. (35)

If A and C are linearly independent, equation (3.5) is a sufficient and necessary condition
for the system (3.1) to admit an extra integral, E(q, ¢), that depends quadratically on the
velocities.

If we assume that the system (3.1) has two functionally independent integrals of motion,
FE and F', we get two linearly independent equations to be fulfilled by the components of
the force M,

aMy + My =~yMy + § 01 My + 502 Mo, (3.6)
oMy + 3 01 My =~ My + 6 0 My + 3/ 92M>,

where the coefficient vectors (o= —301419, 8= —A12, v =—30A12,6 = AQQ)t and
(«/ = —=301B12, 3 = —By2, 7 = —302B12, ' = ng)t are linearly independent.
Equations (3.6) and (3.7) can also be written in a matrix form as

(OG- E-COE -
§ B')\0My) \o —) \My g 0) \0aM;)" '
=:D

Without loosing generality we may assume that 63" — 36’ # 0 since the condition 0 =
0 — B8 = Ai2Bgs — BiaAss means that A, B and C have to be linearly dependent
contrary to the assumption. We can express the derivatives 9y My and 0, M> as

91 M — 1 ﬁ/ _ﬁ o =7 M,
OoMy) 65 =8B\ -0 & o —y' ) \ M,
+ 1 (ﬁ/ —ﬁ> <ﬂ 0> (31M1>
o =8B \—-8 ¢ B 0) \0sM;
__ L (Ba=pa’ —By+py\ (M) (0
83 =B \—da+dd  y—5y M, M)

Equality of the mixed derivatives, 0o(01 Ma) = 01(02M>), leads to a third partial differen-
tial equation, similar to (3.6) and (3.7), viz.

O/IMl + ﬁ/l "My — 01 My = ’}/”Mg + 5" O My + g 62M2, (39)
where
/ / ! / ! /
" _ f'a— Ba 0o — oo y  0a—da
e <6’5—65’> o (6’5—65’> ==

i (SN L (Ba=BYN e S0 s BBy
1 315 — 3o 2 B35 —p55 )’ 35 — 35" 35— B8
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Equations (3.6), (3.7) and (3.9) can now be rewritten as the following linear system of
equations for derivatives of M7 and Ma,

« ﬁ 0 M1 Y 1) ﬁ M2
o ﬁ/ 0 61M1 = ’}/, o’ ﬂ, 61M2 . (310)
O/I ﬁ/l -1 311 ]\4’1 ,YI/ 5// 8” 82 ]\4’2
N———
=P =Q

If det(Q) = 0, then rows in matrix @ are linearly dependent and by linearly combin-
ing the three equations in (3.10) we can directly get a second-order ordinary differential
equation for M.

On the other hand, if det(Q) # 0, we can multiply both sides with Q~! and we then
get

Ms My
My | =Q7 P | o.M,y (3.11)
02 Mo —r \OuM;

or in components

My = Ry1 My + Ri2 01 My + Ry3 011 M,
01 My = Ro1 My + Ra 01 My + Ra3 011 My,
02My = R31 My + R3 01 M + Rs3 011 M.

The compatibility conditions for the derivatives, 03(01Mz) = 01(02Ms), 01(My) =
01 My and 05(Ms) = 0o My, lead immediately to three ordinary differential equations for
M.

From 82(61M2) = 81(82M2) we get

aMy + boy My + c011 M7 + do111 M7 = 0, (3.12)

where a = 62R21 —31R31, b= 82R22—81R32 —R31, Cc = 62R23—31R33—R32 and d = —R33.
From 0;(Ms) = 01 M, we get

a'Ml + b’81M1 + c’811M1 + d’6111M1 =0, (3.13)

where a' = 81R11 — Rgl, bl = 81R12 + R11 - RQQ, C/ = 31R13 + R12 — R23 and dl = ng.
Finally from 0y(My) = 02 My we get

a”Ml + b”81M1 + C”811M1 =0, (3.14)

where a” = 32R11 — Rgl, b” = 32R12 — R32 and C” = 32R13 — R33.

If equations (3.12 - 3.14) are linearly independent, the highest derivatives can be elimi-
nated to reduce the system (3.12 - 3.14) to a first-order differential equation. The solution
to this first-order differential equation is required to satisfy (3.12 - 3.14). It may happen
that a system of linear ODEs does not have a common solution, although higher deriva-
tives can be eliminated. A list of superintegrable triangular Newton equations and the
corresponding integrals is given in Table 1 and Table 2.
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4 Classification of linear pencils A + uB

The results of Table 1 and Table 2 are calculated for standard forms of linear pencils
A+ pB determined in a similar way as in [6]. Since triangular equations are not invariant
w.r.t. the full affine group of transformations, we have to rework the classification of [6].
In general a biquasipotential system is a system of the form

j=M=—-A"'Vk=-B"VI, (4.1)

where A and B are two linearly independent solutions to the cyclic condition (2.2), i.e.
matrices of the form:

A [CHQ% +higz+or —aqige — 3big1 — 3c1g2 + %ﬁﬂ (4.2)
* a1qi + c1q1 + '

B_ [CLQQ% +boga + a2 —a2q1q2 — 3boqy — $C2q2 + %ﬁﬂ (4.3)
* a2qi + c2q1 + 72 ’ '

where * denotes elements determined by symmetry, A = A’. Each matrix, A and B, de-
pends upon six independent parameters and affine coordinate transformations, (g1, g2) —

(QI’QQ)’
q=5Q+h, S € GL(2,R), heR? (4.4)

can be used to reduce the number of parameters.
The system (3.1) is transformed to a new triangular system, i.e. Mj(q1(Q)) = M1(Q1),
if S is a triangular matrix,

(-6 ).

where the triangular matrix S can be further factorized (commutatively) into a product
of two simpler matrices, a diagonal matrix and a lower triangular matrix with ones on the
diagonal.

Under the coordinate transformation (4.4) the integral of motion (2.3) transforms as

E(q(Q),d(Q) = Q"S"A(¢(Q))SQ + k(¢(Q)), (4.6)

where ¢ = SQ. The integral remains quadratic w.r.t. velocities and the matrix Ap(Q) =
StA(q(Q))S also satisfies the cyclic condition (2.2).

Note that nontrivial linear combinations (AA 4+ uB, N A + p/B) generate the same bi-
quasipotential system since A\E + uF and N'E + p'F are quadratic integrals of motion.
Since affine transformations or linear combinations do not change the polynomial degree
of the matrices A and B, we can divide the matrix pairs (A, B) into inequivalent classes
according to different polynomial degrees of A and B. Each class is represented by an al-
gebraically simple pair of matrices A and B (with smaller number of parameters) obtained
with the use of affine triangular transformations,

()= 9 (@) () a
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and of taking linear combinations of matrices A and B.

We now adopt the notation A® (1 = 0,1,2) for all matrices satisfying the cyclic con-
dition and having the highest polynomial entries equal i. By [A®, BU] (i = 0,1,2) we
denote the class of (nonordered) pairs (A, B) of linearly independent matrices A and B,
where one of the matrices has degree ¢ and the other has degree j. Obviously [A(i), BU )] =
[AY), BW] and we thus have six such classes. Note that, if (4, B) € [A®), B®)], we can
kill @y in B by taking B — B — g—fA so that every element in this class belongs to
[A®) BMW)]. We are thus left with five classes which are invariant w.r.t. affine triangular
transformations and w.r.t. taking linear combinations of matrices. In Figure 1 we give a
list of matrices (A, B) having the minimal number of free parameters.

0 an B2
A p) a1 NI
[ ’ ] 0 Y1 % Y2
(2) o1 —%Q2 Q3 %
* q |’ % Yo
[A(l)7 B(O)]
(b) [fh —%(h} {042 6—22}
* Mo’ % Y2
[A(l) B(l)] q2 + oy —%fh : o2 —%(I2
’ * g g1+
[A(Q) B(O)] [q% +ar —q1g2 } {042 B—;}
’ «  @dtm] (2 oy

@| [¢d+ar —qe+2] [ —iep+2
* ai +m o+

[A®) O]

(b

=

Bt+ar —qae+2] [pta —ta+2
* a+m |’ * V2

Figure 1. Triangular affine inequivalent pairs [A(i),B(j)}.

For the purpose of finding superintegrable triangular systems we can use a3 = as =0

L 0) and they do not appear in Table 1.

since they can be removed with the use of C' = ( 0 0
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5 Summary of results

We now summarize superintegrable systems in Table 1 and their integrals of motion in
Table 2. Equations and integrals of motion in these tables have been calculated with
the use of computer algebra for all standard forms of matrix pairs (A, B) showed in Fig-
ure 1. Remarkably nearly all superintegrable triangular equations in Table 1 belong to
the case det @ = 0. Note that there is no superintegrable system in case [A(l),B(l)].
There can be distinguished three types of equations: a) uncoupled, b) linear second-order
inhomogeneous equations for g, with ¢; (¢) determined from the first equation and ¢) non-
linear equation for ¢» as in the case [A(Q),B(l)] (a). They all admit three autonomous
time-independent integrals of motion that depend quadratically on ¢; and ¢s, as listed in
Table 1.

Table 1: Superintegrable systems

[4©), pO)]

7 # 0,82 #0
My = Ciq1 + Ca, My = Cig2+C3

[A(l)’ B(O)} (a)

P2 =0,72#0
My =Ciqn+Cy, My = %Q2+§—§
P2 # 0,72 =0 . . .
M1201+\/—q2_1, M2=—72q§%+cﬁ—/32
[A(l),B(O)] (b)
71 =0,72 #0
My =Ciq1 + %, My = 4C1q2 + 35 <01Q1 - %) + (s
4 272 34

11 #0,827#0,7%2=0

3 [C
My =Ciq1 +Ca, My = b (%ﬁ + Coq1 + Cs> + C1qo

[A®), BO)]

11 =0,72#0
C: 1

M1201Q1+—§, M2201Q2—C2&—+
q 272 q

continued on next page
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continued from previous page

il :0,ﬂ2 7&0772 =0

C: 3C C
My = Ciq + = M2=<C1——42>QQ+—3

a’ qi a3

7 #0,02#0,72=0

2¢7 + 2¢3 +3 C
M, =Ciq1 + 027%2 +W1 , My = (Cl + 027( q21 7)13(1/12 2 7( 5 2 )3/2
Va4 tm Q7+ a4 +m

Y1 # 0,082 # 0y2 #0
My = Ciq1, M= Ciq

[A®), BO] (a)

f1=0,02=0
M, = O, (1 +72) (6] + 2veq1 + 273 + 1)
= 3
(a3 + 27201 — ™)

gt + 67163 + 81v2qr + 4y1vs + i
3
(a3 + 2721 — M)

+Co

Cy (3¢3 + 672q1 + 473 +
M, = _1( q7 Y241 20 ’Yl) q2 4Oy

4 (@ +2na-m)

(¢ +3na+200) e | Cs
(a2 + 2v201 —m)° a3

ﬁl :O’r}/l :0772 :0362 7&0

C _
M1=—21, ]\42201(]2 3ﬁ2
q1 q1

[A(Q), B(l)} (b)

B1=0,71#0,72=0

M, = C} Baqi +m 4Oy (285 + 1)t + 27101 + 1153 + 291

(@1 — B2)? VE+ 1 (@1 — B)?
]\4’2 — Cl ﬁ2Q2 + 02 ((2ﬁ% + 71)Q% + 3’Y1ﬁ%(h + 2’}/%ﬁ2) q2 C3

(@1 — Ba)° (a +m)*2 (1 = o)’ (@ +m)"”

71 =0,72=0

C A4g* — 609¢% + 432q1 — 33

M, = 171 e ‘hi 532(11 + ﬁzgfh B
(q1 — £2) ¢ (q1 — B2)

_ C12¢7q2 — 3p14f + 361 8oq1 — G133 LG (647 — 8021 + 3065) (28292 — A1) e

My
2 a3 (q1 — B2)? 2 qHqr — Ba2)3 a
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Table 2: Integrals of motion

(A0 BO)]
11 # 0,82 #0
. C
Z%qg—é 5 — Csqo
1 Cy
= QQ1C]2 - _Q1QQ - 542
2 2
1:2 Cl
=547 — 7(11 Coqr
[,4(1)73(0)] (a)
B2 =0,72 #0
c Cy o Csq
E=-1gdid+ 306+ S —q45 + <% 2+7—2
a3
. Cl 1C5
F=1 q2
2612 8 qs + = 9 q%
Cy
G=1i¢ 7(1% - Coqn
62 7£ 0772 =0
Cq Cy ¢35 Csq0
E=-lpgad@+ind+— 1 —@+ 7\/% BV
Cq Cy @ C3
F= 42 @2
QQ1C]2 5 27 T +— o
G =341 — Ciq1 —2C2 /@
[A(l)’B(O)] (b)
7 =0,72#0
) .. O Co B2q1 + 272q2 | Cs
Bl s2_1 Cr 3 4 o 2 C2 C3 9
59247 — 591 142 + o (B2q? + 27241 02) + M 2 to A
B2
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